ne ie 


NUOVO CIMENTO 


ORGANO DELLA SOCIETA‘ITALIANA DI FISICA 


hn 
SOTTO GLI AUSPICI DEL CONSIGLIO NAZIONALE DELLE RICERCHE 


pron. 1, N. 4 Serie decima 1° Aprile 1955 


Determination of the Ultrasonic Absorption Coefficient 
of Benzol with Thermal Method. 


i ; K. GROSSETTI 


Istituto di Fisica dell’ Universita - Napoli 


(ricevute il 24 Dicembre 1954) 


Summary. — Measures effected with the thermal method for the fre- 
quency 1.8 MHz to determinate the ultrasonic absorption coefficient in 
‘benzol are reported. The value obtained for « is much higher than the 
theoretical one. This anomaly could be ascribed to the high value of 
the second volume viscosity coefficient, according with Liebermann’s 
measures. 


ma) 


In a preceding paper (') we have given some measurement of the u.s. absorp - 
tion coefficient effected with the thermal method, that is, founding on the 
heat quantity generated in a calorimeter by u.s. waves passed through various 

layers of liquids; we have found that for increasing frequencies, also the values 
_ obtained by this method result higher than the theoretical ones, but slightly 
lower than those determined by mechanical methods. It is well known that 
_benzol differs from all other liquids for its very high value of the u.s. absorption 
" coefficient. On the other hand LimBeRMANN’s measurements of the second 
t viscosity coefficient have effectively demonstrated that this coefficient is remark- 
ably higher for benzol; this fact induces to assume that the discrepancy in 
the ultrasonic field originates from this extremely high value of the volume 
| viscosity coefficient which before was not taken in due account. Because of 
the importance of the question we have measured with this thermal method the 
absorption coefficient for benzol, as this method is apt to give a more reliable 
ae x 

(4) E. Grossertr: ifuowe Cimento, 11, 250 (1954). 
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result than the other ones. If with the thermal method we would also have 
obtained such a high value, the thesis ascribing the anomaly of benzol to its 
high value of the volume viscosity coefficient would have been confirmed. 

We made only some few changements to the apparatus used and deseribed 
in a preceding paper (’). 

The perspex’ calorimeter A was substituted with a double wall calorimeter 
made with thin brass sheet and the tube L was reduced to about 30 cm. 
Instead of the cellophane leaf we placed a thin alluminium leaf. We worked — 
at 1.8 MHz, that is on the third harmonic of the emitting quartz crystal. 
We measured the temperature increase of the benzol in the calorimeter 
due to the heat generated with the arriving ultrasonic waves. We measured | 
the increase of temperature for the quartz at 8, 12, 16 cm, from the plate. The 
duration of the ultrasonics was 5 min and the increase of the temperature was 
obtained from the galvanometer deflections which we red every 30 seconds — 
during 5 minutes before and after the arrival of the ultrasonics. 

In Fig. 1 we give the pattern of one of these measurements, the position 
of the quartz being 16 cm from plate R. The increase of temperature is | 

measured by AB. The measurements effected 

on benzol with the thermal method at 1.8 | 

MHz have given the value of the absorp- | 

Fa tion coefficient « = 2.72-10-? + 0.17-10%, | 

which is a value 100 times higher than the 

classical one, and very close to the one ob- | 

tained by other authors with mechanical and | 

a ulrosonic optical methods. In conclusion, the absorp- | 

tion coefficient of benzol obtained with the 

thermal method is anomalous, at least at 

Fisted: the frequency used which is nearly the same 

| as the one used for the measurement of the} 

second viscosity coefficient; the observed anomaly could be explained assu- 
ming a high value for the volume viscosity coefficient. 

Further measurements will be effected with other frequencies. 


100 


galvanometer deflection 


50 


I am much indebted to Prof. ANTONIO CARRELLI for the material assist-| 
ance provided and for the valuable suggestions given. 


RIASSUNTO 


Si riferiscono misure effettuate col metodo termico alla frequenza di 1,8 MHz per de-' 
terminare il coefficiente d’assorbimento ultracustico in benzolo. Il valore ottenuto per « 
é molto maggiore del teorico, anomalia che potrebbe essere ascritta all’elevato valore del 
secondo coefficiente di viscosité di volume secondo la misura di Liebermann. 
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the Supersonic Waves (V). 


A. CARRELLI and F. PORRECA 
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(ricevuto il 28 Dieembre 1954) 


Summary. — Continuing the examination of the diffracted line persistence, 
after stopping the ultrasonics, the dependence of the effect on the 
frequency is showed. Moreover, the duration ¢, in the suspensions con- 
taining particles with different mass, separated by centrifugation, shows 
clearly that the effect is bigger in the suspensions with particles of lesser 
mass, at the same concentration. Then, the line persistence increases 
with increasing contact surface particle-liquid. 


Continuing our experimental investigations on the diffraction phenomena 
persisting in some liquid suspensions after stopping the ultrasonics (1*), we 
have studied in which way the time of persistence ¢, of the diffracted lines 
varies a8 a function of the ultrasonic frequency ». 

In a preceding note (3) we fixed the laws of dependence of the duration 
of the lines as a function both of the ultrasonic duration ¢, for a power w and 
of the ultrasonic power for a constant ¢,; the graphs were obtained at different 
frequencies, thus bringing to view the deciding importance for the duration t, 
of this third parameter besides the other two, namely duration ¢,, and power w 
of the ultrasonics. 


1. - In order to illustrate this dependence on the frequency we report 
(fig. 1) the maximum values of persistence of the diffracted lines for a constant 
power and a duration t, of the ultrasonics which gives the highest f¢,. 

(4) A. Carretii e F. Porreca: Nuovo Cimento, 9, 90 (1952). 

(7) A. CaARRELLI e F. Porreca: Nuovo Cimento, 10, 98 (1953). 

(?) A. CaRRELLI e F. PorRECcA: Nuovo Cimento, 10, 883 (1953). 

(4) A. CaRRELLI e F. PorrEcA: Nuovo Cimento, 10, 1406 (1953). 
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We have made some other experiments to define better the pattern of the 
graphs; beside the frequencies employed in the preceding work — 0.590 MHz, 
1.770 MHz, 2.910 MHz, 4.130 MHz — we used also the frequencies 0.35 MHz 
and 0.625 MHz employing an other piezoelectric quartz. . 

The graphs of Fig. 1 refer to that ultrasonic power at which we have the 
diffracted lines until the 4-th order. They show a maximum. of ¢, for the 
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@® HgCl in water O Starch in water 
A BaSO, in water © Polyvynil alchool in methyl alcohol - 
xX Starch in ethyl alcohol © Polyvynil alcohol in ethyl aleohol 
@ Starch in methyl alcohol ©} Polyvynil alcohol in amyl alcohol 
15" 
= 14” 
13” 
12" 
Mir 
10" 
a 


= NO BUNDY ®@ O 
r sr 


| 3 
L : 
; Fig. 2. — Ultrasonics with diffracted lines up to the VIII order. 

© Starch in water Polyvynil alcohol in amyl alcohol 
@ HgCl in water ® Polyvynil alcohol in aethyl alcohol 

® BaSO, in water A Polyvynil alcohol in methyl aleohol :§ 

frequency 1.7 MHz + 0.3, excepting polyvinyl alcohol in amyl alcohol which i 

diagram shows a not very cleat maximum at a frequency (which is therefore § 


not easy to fix) comprised between 2,0, and 4.0 MHz, a clearly higher value 
; than the one relative to the other substances. 
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It is also necessary to remark-that the wey giving the highest t, varies 
notably with the ultrasonic ‘power. \\:: 

Fig. 2 shows similar graphs obtaimed with ultrasonics of such a power to 
give eight orders of diffracted ‘lines. We deduce therefore that the examined 
substances show the maximum of.¢;:at different frequencies, that is for poly- 
vinyl aleohol in methyl, ethyl:and amy! alcohol t, is maximum at the frequency 
of 0.6 MHz + 0.2; for BaSO,,-HgCl:and' starch in water t, is maximum for 
L9 MHz + 0.2. haces ak 


2. - We wanted to determine the dimensions of the grains of those substances 
which give the effect. We obtained a limit value sifting. the powders 
through a series of filters having different thickness. The radius of the grains 
resulted to be less than 107% em. ‘: 

In order to obtain more exact: values we referred to the rate of falling 
of the particles in suspension (given in note (‘)), assuming the law of Stokes 


TABLE: I. 


if 


Ss ? r-10* (em) of the j 
V em/hour : 

suspended particles 
es - Vie sc NS Be || 
| : : | 
Bbaremeime-water 3 :z, af. nik ook 2.4 411.2 1.9 =. 0:5 
a —-| { 
| srt | 
Starch in ethyl alcohol . ..;...1.. / 8.0 + 2.2 2.9. + 0.9 i 
a be .% & { 

Starch in methyl alcohol...) 2.) 10.0 44.5 apes 13 
Su iht e u iad : | 
| Peeamoewaten Gi. 6) ui Ree ca 10.0. + 4.0 3.8 + 1.5 ) 

es > - = = 
i i ! 
BEMOUPERIE IV ACCL wae pre et tye Dre eB PI AK ae { 
/ Polyvynil alcohol in ethyl alcohol ©: ) 27.0 + 8.5 Gl 20 


to be verified (*). It is thus possible to obtain the values (listed in Table [) 
for the radius of the grains which we assume to be spherical. . 
We have also investigated about the dependence of the t, on the different 
mass of grains in suspension, all the other parameters remaining constant. 
It is clear that suspensions: of the same concentration formed by particles 
with a smaller mass must contain a higher number of grains. 


(*) It is convenient to specify that in this note the speed values listed in Table ‘I 
can be derived from Figs. 5 and 6 only by admitting that the diffracted lines disappear 
when the particles in suspension deposit on the bottom of the batch containing the liquid. 


| 
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With stationary waves the presence of a higher number of grains accu- 
mulating on the nodal planes must produce a higher variation of the refracting 
index, and therefore a longer duration of the diffracted lines, because of the 
higher number of grains which have part in the phenomenon at the stopping 
of the ultrasonics. To resolve this problem we centrifugated some suspensions 
having initially the same concentration and containing grains of different 
sizes. Operating at high speed (1200 turns per minute) it has been easy to 
separate a suspension containing smaller grains (sol. A) from the remaining 
substance which deposited on the bottom. 

After this first separation the remaining suspension has been stirred again 
and subjected to a centrifugation at smaller speed (750 turns per minute). 
We could thus separate from the substance deposited on the bottom a second 
suspension containing bigger grains (sol. B). 

It is not easy to establish if the two portions thus selected have the same 
concentration. There is no doubt however that the higher quantity of substance 
deposits on the bottom when we operate at the highest number of turns per 
minute: therefore sol. A must be less concentrated than sol. B. 

Besides, the light transmitting power of sol. B is lesser than the one of 
sol. A, and that also points to the fact that sol. B is more concentrated than 
sol. A. - 

We then measured in these solutions the duration ¢, of the persistence of 
the diffracted lines at the stopping of the ultrasonics in function of their 
duration t,. These measurements refer to values of t, between 0 and 108 
for which the time of persistence ¢t, is practically maximum. 

All these experimental determinations have been carried out at the same 
ultrasonic power which has been chosen very high to have a big effect, as 
it results using the data of reference (?). We saw that the maximum t, obtained 
with 8-10 orders does not vary for small fluctuations of the ultrasonic power. 
Notwithstanding the minor concentration, the four suspensions with part- 

icles of smaller mass (sol. A) have 
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for » = 1.770 MHz and »= 2.910 MHz) and in Figs. 4a and 46, (BaSO, in 
water at the same frequencies). They show a clearly higher t, than the one 
relative to the particles of bigger mass (sol. B), exactly as it was to be expected 
on the basis of what we have just‘said. The effect is so big that the t, of 
the solutions B, notwithstanding their higher concentration (*), is decisely 
lesser than the one measured in the solutions A which contain grains of lesser 
mass and which have certainly a minor concentration. It is therefore pos- 
sible to conclude that the ¢, depends more on the number of grains per em? 
than on the total mass of grains per cm? and the persistence effect increases 
as the surface of the particles in suspension increases. 


() A. CARRELLI e F. Porreca: loc. cit. (7), p. 99. 


RIASSUNTO 


Continuando lo studio sulla persistenza delle righe di diffrazione, al cessare degli 
ultrasuoni, si mostra la dipendenza dell’effetto dalla frequenza. Inoltre, i tempi di per- 
sistenza ¢, in sospensioni con granuli pit piccoli, selezionati mediante centrifugazione, 
mostrano chiaramente che l’effetto ¢ maggiore per le sostanze con granuli di minore 
massa, a parita di concentrazione. Quindi esso aumenta con la superficie di contatto 
liquido-granuli. 
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Behaviour of Suspensions Crossed by a Small Light. 
Beam Modulated by Ultrasonics. 


F. FANTI and F. PORRECA 


Istituto di Fisica Sperimentale dell’ Universita - Napoli 


(ricevuto il 28 Dicembre 1954) 


Summary. — In this paper we continue to study the change of the light 
intensity along the diffracted image of the slit, caused by the passage trough 
liquids subjected to ultrasonics, of a monochromatic light beam, the thick- 
ness of which equals the supersonics, wave-length. The distribution in 
the liquid suspensions, in which the diffracted lines persist after stopping 
the ultrasonics, is unlike the one in the substances not showing this effect. 
Moreover, the first suspensions, show two different diffraction patterns — 
by displacing the supersonic grating of /,,/4, at right angles with the 
light direction. A similar experiment has been made by coupling two 
model phase gratings (parallel shts cut in a plexiglas plate) and we ob- 
tained results like the one in the suspensions which show the persistence: 
effect. This supports the assumption that such an effect is due to the 
building of a second phase grating, formed by the suspended particles 
accumulated in the nodal planes of the supersonic phase grating. 


1. — Continuing previous researches (') we report some observations made 
on the optical behaviour of suspensions subjected to stationary ultrasonic 
waves, crossed by a monochromatic light beam having an amplitude nearly 
equal to the ultrasonic wavelength A in the liquid. 

We used the same experimental arrangement previously described (Fig. 1). 
The amplitude of the luminous beam can be reduced by means of a slit F,, 
which can be made equal to the value of the ultrasonic 2 in the liquid. In 
these conditions one observes, as it is known, a single widened line in the 


(1) F. Porreca: Nwovo Cimento, 9, 274 (1952). 
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focal plane F. The broadening (?) depends on the u.s. intensity and on the 
depth of the u.s. beam. We have already shown (*) that, if we keep these two 
parameters constant, different liquids show great and definite differences with 
the same u.s. power. These diffe- «- 
rences must be ascribed — after 
having accounted for experimental 
errors — to a not perfectly sinu- 
soidal distribution of the refractive 

| index, contrary to the actual as- 
sumption made in theoretical cal- 
ewlations. We therefore thought Fig. 1. 
it interesting to extend these re- 

searches to the suspensions which present the permanence effect (*). 

As we are of opinion that the suspended particles which accumulation for 

a time in the nodal planes produce the persistence and modify the value of 
‘the refraction index relatively to the pure liquid, we have made some exper- 
iments to confirm this assumption. 

’ From microphotograms of the diffraction patterns we obtained graphs of 
the luminous intensity of the diffracted slit image. The determinations have 
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(2) R. Lucas and P. BrquarD: Journ. de Phys., 7, 474 (1932). 
(3) F. Porreca: Nuovo Cimento, 9, 280 (1952). 
- (*) A. Carretit and F. Porreca: Nuovo Cimento, 10, 1406 (1953) and notes in 
the bibliography. 
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been made at two different u.s. powers corresponding to the appearance of the 
diffraction fringes of 3-rd and 5-th order, counted when the slit /, is much larger 
than A. Figs. 2, 3 and 4 show respectively the intensity pattern in pure water, 
in a suspension of starch in water, and in a suspension of BaSO, in water. There 
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Fig. 4. — a) H,O and BaSO, without u.s.: 6) H,O0 and BaSO, with ws. up to the 
III order; c) H,O and BaSO, with u.s. up to the V order. 
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a) b) ¢) 
Fig. 5. — a) Benzol without u.s.; 6) Benzol with u.s. up to the III order; 


c) Benzol 
with u.s. up to the V order. 
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Fig. 6. — a) Benzol and starch without us. ; 


b) Benzol and starch with u.s. up to 
the III order; -¢) Benzol and starch up to the V order. 


is a very clear difference between the pattern for the suspensions and the one 
obtained in pure liquid. On the contrary there is no difference between sus- 
pensions, which do not show the permanence effect, and the pure liquid. 
Compare for instance Fig. 6 referring to starch in benzol and Fig. 5 referring 
to pure benzol. 

We have further been able to show that with those substances which give 
the permanence, a deplacement of F,, at right angles to the light beam di- 
rection, causes a periodic variation of the diffraction pattern with the period 4/4, 
a phenomenon which does not take place with the pure solvent. 


a) b) 
Microphotograph n. 1. — Starch in water. 


a) Vertical abscissa of F,=a2; b) Vertical abscissa of FP,=a + 21/4. 


Microphotograph 1 shows the diffraction pattern for a suspension of starch 
in water, for two positions of #, differing by 4/4. 


2. — Conclusively, these experimental results seem to prove that the sus- - 
pensions giving the permanence of the diffraction fringes of the even orders. 
produce a pattern differing from the other ones. 

‘In the case of tle pair benzol-starch the intensity has the same distri 
-bution as for pure benzol, 
and this means that the pre- 
sence of the suspended par- eh 

-tieles accumulated in the 

nodal planes of the waves | 
does not alter the distribu- : \ | | [\ 
tion of the refraction index \ | 

of the liquid; on the con- Be i, \|  ipto aecaste ae eohay 
trary this distribution is ‘ SER ee re te cre 


modified in the other class a 

of suspensions (BaSO, in wa- poo, 

ter and starch in water). It x 

is to this alteration that the se a 

persistence of the diffracted aa ; Bes 

orders after stopping the porte eA 
ultrasonic perturbation is b) 

due; that is, a second phase Microphotograph n. 2. — Phase gratings. 
grating is built with the a) Vertical abscissa of F,=x; 6b) Vertical abscissa 
constant 4/2, which — dif- Hy = Ot Aly. 


fracts the light and coexists 
with the other phase grating due to the pure liquid. 

We obtained a direct experimental proof for the co-existence of the two 
gratings by superposing two artificial gratings obtained from plexiglas plates 
ruled in such a way as to have the one with a constant double than the other; 

in the microphotograph (2) we used these two artificial phase gratings instead 
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of the batch, with slit #, having a width equal to the larger of the two constants. 
Also in this case we obtained the same diffraction pattern, and displacing the 
gratings relatively to F, we observed the same variations of pattern as we 
have observed for the suspension water-starch. 

In microphotograph 2 we show the results obtained for a displacement 
of 2*/4. Microphotograph 1 is less blurred owing to the sharper discontinuity 
of the artificial eratings as compared to the ultrasonic ones. 

It is therefore clearly proved that in the suspensions presenting the per- 
manence effect two phase gratings exist, one of them being due to the gathering 
of the suspended particles in the nodal planes. 


We wish to thank here Prof. ANTONIO CARRELLI to whom we feel greatly 
indebted for assistance given and valuable suggestions and guidance. 


RIASSUNTO 


In questo lavoro si continua lo studio della distribuzione della intensita luminosa. 
della figura di diffrazione, che si ottiene facendo attraversare un mezzo liquido sotto- 
posto agh ultrasuoni da un sottile fascio luminoso di larghezza uguale alla lunghezza 
donda ultrasonora. La distribuzione ottenuta nel caso delle sospensioni che presen- 
tano Veffetto di persistenza delle righe diffratte al cessare degli ultrasuoni, é diversa. 
da quella presentata dalle sostanze che non presentano tale effetto. Inoltre, per le prime, 
spostando il reticolo ultrasonoro di /,,/4, si ottiene lalternarsi di due caratteristiche 
figure di diffrazione. Analoga esperienza é stata compiuta sovrapponendo due reticoli 
modello di fase, ottenuti con fenditure equidistanti incise su lamine di plexiglas, con 
risultati identici a quelli avuti con le sospensioni che danno Veffetto di persistenza 
della figura di diffrazione al cessare degli ultrasuoni. Questa costituisce una prova indi- 
retta che tale effetto @ dovuto alla formazione di un secondo reticolo di fase, costituito 
dalle particelle sospese accumulate nei piani nodali del reticolo di fase ultragonoro- 
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Singular Potentials in Relativistic Equations of Motion. 


J. WERLE 
Physical Institute P.A.N. - Warsaw (Poland) 


(ricevuto il 28 Dicembre 1954) 


Summary. — It is shown that in relativistic equations of motion for a 

particle moving in external potentials some additional forces of purely 

relativistic origin appear. These forces are repulsive for scalar and pseudo- 

< scalar potentials thus preventing the particle from coming too near to 

‘the singularity of the potential in spite of its apparently attractive cha- 

racter. An adiabatic approximation to the interaction potential for two 

nucleons interacting through the pseudoscalar field is obtained. An inte- 

resting feature of this potential is a strong repulsive term acting at short 
distances between nucleons. 


One of the most interesting problems in the recent theory of nuclear forces 
is the problem of repulsive forces acting between nucleons at short distances 
apart. The existence of a repulsive core postulated on purely phenomeno- 

* logical grounds by R. JAsTRow (*') has been supported by M. Levy (?) in his 

-non-adiabatic theory of two-nucleon systems. Regarding the problem of the 
repulsive core the question arises whether it is necessary to have an evidently 
repulsive potential in relativistic equations of motion. If so, the repulsive 
core would be connected with higher order in the coupling constant ‘processes. 
But there also exists another possibility: that the effect does not depend on 
the sign of the potential and is hidden in the relativistic form of the equations 
of motion. In this second case the existence of the repulsive core could be 
independent of the higher order terms in 9?. 


(¢) R. Jastrow: Phys. Rev., 81, 165 (1951). 
(7?) M. Luvy: Phys. Rev., 88, 725 (1952). 
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The aim of this paper is to show that rather this second alternative is true. | 
It can be shown that all relativistic equations of motion of a particle in an 
external potential contain in a hidden form some additional forces of purely 
relativistic origin. These forces are especially important near the singularities. 
of the potential. The sign of these additional forces is independent of the | 
sign of the potential and depends solely on the transformation properties of | 
the potential. The forces are attractive, when the potential is the fourth com- 
ponent of a vector (e.g. Coulomb potential), but they are repulsive for scalar | 
and pseudoscalar potentials. | 

The existence of additional forces of the above mentioned character can — 
be shown in various ways. The simplest method consists in transition from 
the relativistic equations of motion to the approximate non-relativistic equat- 
ions. This transition is to be done in such a manner as to get rid of all restrict- 
ions of the type v<e, or gi< me?, ete., which are untenable in the vicinity — 
of the singularity. An expansion of the relativistic equations can be given, — 
which in the first approximation leads to non-relativistic equations satisfying 
these requirements. As an illustration let us take Klein-Gordon equation 
describing the motion of the particle in a scalar ® and a vector potential 
Ae eas As. std oes t00) 
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and assume that the operation (ih/me?)¢/ct raises the order of the expression 
by one, i.e. is equivalent to a multiplication by 24’< 1. Comparing the terms. 
of the same order in 4’ we get an infinite set of equations. In the lowest order. 
approximation we thus obtain non-relativistic Schrédinger equation 

gO) i tae, e ,\? | : 
8 ih =} —|— av — - ‘ 
(3) ane? ian wm pA} + Vet Vm ie 


but with modified potentials 
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We call potentials (4) « equivalent » because inserted in a non-relativistic Schré- 
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‘dinger equation they describe very well all relativistic effects inherent in (1). 
The approximation is very good provided that the condition (ih/me?) Oyp/ ot<1 
is satisfied. This has a simple physical meaning in the case of static potentials 
and stationary solutions. Then it reduces to the condition | ¢| =|— me? |< me?, 
where # denotes the total energy, me? the rest energy of the particle. The 
non-relativistic equation (3) also describes all relativistic effects in the vicinity 
of the singularity, if and only if «< me?. From the form of equivalent potent- 

‘ials (4) we see that the additional force is attractive if ¢ —— iA, is the fourth 
component of a vector but it is repulsive for a scalar potential ®. The dif- 

ferences between solutions of (1) and of approximate equation (3) vanish in 

the limit 2 = «/mc? +0. The same results can be obtained by means of a 
similar expansion method in classical theory (°). 

The whole effect is of course independent of the approximation method used. 
The existence of repulsive or attractive forces can be shown in a more straight- 
forward manner by examining the behaviour of the wave function Y near 
the singularity. For instance in the case of attractive central potential y = g(r), 
_A,=@=0 the additional attractive force raises the probability density of 
u finding the particle near the singularity. That is the reason why even for a 


Coulomb potential ey =— Ze?/r no stationary solutions of (1) exist for 
Z4>137/2 and!=0. If » contains a still higher attractive singularity of 
the type ep =— a?/r” (n > 1) then no stationary solutions exist at all, because 


the asymptotic form of Y contains a superposition of two highly oscillating 
terms (*) 


nia: 
aay 
Therefore the eigenvalue problem in the physical meaning of this word does 
not exist if the singular potential gm is the fourth component of a vector. For 
a scalar potential ® with the same atrractive singularity g@ =—a?/r” we 
find the following factor in the asymptotic form of WV: 


(5) Y ~ ¢,(#) exp 


+4 


yr-i 


s + on(B) exp 


A 
om 


(6) Y ~ o,(B) exp |-+ = 


A 


| + ¢,(H) exp 


In order to get quadratically integrable solutions we must put c,=—0. The 
eigenvalue problem is now well defined. Strong repulsive relativistic force 
diminishes enormously the probability density of finding the particle near the 
singularity: |W |?~ exp [— 2A/r"-]. 


(3) J. WERLE: Bull. Ac. Pol. Sc., 1, 281 (1958). 
(4) K. M. Casn: Phys. Rev., 80, 797 (1950). 
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Let us now briefly discuss Dirac equations with singular potentials gy, @ 


of the same kind. Of course a transition to the approximate non-relativistic — 


Pauli equation can be made. One finds in this way the same equivalent po- 
tentials V, and V,, but with additional spin dependent terms, which have the 
game structure but opposite signs for both cases. However the relativistic force 
can be investigated more directly by examining the asymptotic behaviour of 


the solutions of the Dirac equations in the vicinity of a static central attractive — 
singular potential. After separation of the angular dependence we obtain for — 


the radial part of the Dirac function two equations (*) 


7 duu a j “| i 
( ) dr ed , yh f yn e%) 
4 2 
(8) cay sa =(2 +A4T)u, 
ye Oe Yr r 


where we set i =c =m =1, x =+(j +4), A = e/me?. The upper sign in 
(8) refers to the vector potential gm = (1/i)A, and the lower to the scalar po- 
tential ®, both containing an attractive singularity of the same type. Dif- 
ferent signs in (8) cause quite different asymptotic behaviour of Y% In the 
first case solutions of Dirae equations contain a superposition of the same 
oscillating functions 48 in (5). In the second case we again have a factor 
containing (6). Thus we see that in Dirac equations also, the eigenvalue problem 
for the scalar potential always exists, because at small distances the attractive 


orce changes into a strong repulsive force. This relativistic force prevents 


the particle from coming near the singularity. The probability density of 
finding the particle near the singularity falls again very rapidly: |W|?~ 
~ exp [— 2A/r-1]. 

Now let us consider Dirac equations with pseudoscalar potential @’: 


(9) - ih a iheaV + osme? + go.P' wv =a 


Setting 


(10) 


ie es ’ 
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 -we ean write (9) in the form 


\ (11) ih : Y =r theoV y,— ig®' y, , 
z a 4 
(12) ih =, + 2met) %, = —theaV yx, + igD'y, , 
rs 
_ where o; denote the usual Pauli matrices. Eliminating 7, we obtain a strict 
equation for stationary solutions in a static potential ’: 
ri . , : 
4 (13) Be ee eg aA gece 2) 
- 2m 3me° 2mec? Ha = el (2) Xa - 
i The equivalent potential now has the form 
: 14) ; V, gee o VP' + a op” 
\ 1. one 2me 


It again contains a strong repulsive force acting at short distances. 


It is obvious that ®’ can be in general interpreted as an operator, which 


; contains the coordinates and Pauli matrices of another particle, which we 
i denote by number 2. Using the equivalence theorem (*) for pseudovector and 
j pseudoscalar coupling we can set in the first (really static) approximation: 


4) ees | exp [— ur,2| 
(15) ®@ arr Bi») Via) Pas. i 


t Then the equivalent potential (14) has the form 
on 

e hg 
Pa y! == | 
Bev, = —\5- 


; exp. |— Lis 
(6i)* Vay)(Ga* Vie») ‘ we 
12 


2 

hg / 1 \exp[— 2ur1] 
fr 2 heat =>) V5 —, 
- 8m ct T19 5 


_ Apart from the usual non-central term containing a 1/r? singularity we see 
a central repulsive term with a singularity as high as 1/r‘. 

, All eases considered here are good illustrations of the statement that at 
short distances between particles there exist some forces of purely relativistic 


4 


% (5) F. J. Dyson: Phys. Rev., 78, 929 (1948); K. M. Case: Phys. Rev., 75, 1306 
(1949). 
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origin. Their sign is independent of the sign of the interaction potential but 
depends on the transformation properties of the potential. These forces are 
very small in the theory of atom, because their range is then 10* times smaller 
than atomic radius. But they are probably very important in the nuclei be- 
cause the range of the repulsive force is almost of the same order of magnitude 
as the range of attractive nuclear forces (?). There are some indications that 
the same holds true quite generally for relativistic equations of two body 
problem. 
A full report of this paper will be published in Acta Physica Polonica. 


The author wishes to express his gratitude to Prof. L. INFELD for many 
valuable suggestions concerning the problem of singular potentials. 


RIASSUNTO (*) 


Si dimostra che nelle equazioni relativistiche del moto di una particella in poten- 
ziali esterni appaiono delle forze addizionali di origine puramente relativistica. Queste 
forze sono repulsive per potenziali scalari e pseudoscalari, impedendo in tal modo alla 
particella di avvicinarsi troppo alla singolarita del potenziale ad onta del suo carat- 
tere apparentemente attrattivo. Si ottiene un’approssimazione adiabatica al poten- 
ziale di interazione di due nucleoni interagenti tramite il campo pseudoscalare. Una 
purticolarita interessante di questo potenziale ¢ un termine fortemente repulsivo che 
agisce fra 1 nucleoni a distanza ravvicinata. 


(*) Traduzione a cura della Redazione. 
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Vortex Motions of the Madelung Fluid. 
M. SCHONBERG 
Faculdade de Filosofia, Ciencias e Letras da Universidade de Sao Paulo, Brasil 


(ricevuto il 3 Gennaio 1955) 


Summary. — The general motions of the continuous medium (Madelung 
fluid), whose irrotational motions are described by the Schrédinger equat- 
ion, are discussed. It is shown that many of the basic theorems of the 
4 vortex motions of the inviscid barotropic fluids are also valid for the 
Madelung fluid. A detailed discussion of the Clebsch parameters is given. 
It is shown that there is a special type of steady motions, similar to the 
Beltrami motions in which the streamlines coincide with the vortex-lines, 
which corresponds to a close generalization of the ordinary stationary states. 
¥ The quantization of the vortex-tubes is discussed. Examples of Beltrami 
and discontinuous motions of the Madelung fluid are given. It is shown 
that the general motions of the Madelung fluid can also be physically 
interpreted in terms of the ordinary quantal states of a particle. 


4. — Introduction. 


MADELUNG (?) showed that the Schrédinger equation for a particle is equi- 
valent to a set of equations that describe a flow in space. Let us denote 
by W the wave function of a particle of mass m and charge e moving in the 
electromagnetic field described by the potentials Ay, A. It follows from the 
Schrodinger equation 


g Ie he ( a» 
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MApDELUNG: Zeits. f. Phys., 40, 332 (1926). v4 
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that the amplitude R and the phase S/h of Y satisfy the equations 


Ee Lee an i? AR 
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Let us introduce the velocity v and the mass density mo 


Lef@S2e ce 
= ——-A = 
) J =a —€ ); e 
It follows from (2) and (3) that 
Q : a. ths RRs aed 
i (ea lp eee = aie cee eee ee 
(6) mls te =) (B+ MH) om bn BR? 


(E = electric field; H = magnetic field) 
(7) | a + div (ov) = 0. 


Equation (6) has the form of the Euler equation of motion of a special kind 
of charged fluid medium of charge density eo, the velocity being v and the 
spatial components of the stress tensor having the values 


Smelt i aun: 
(8) Gels = MOV {Vy = ee an, 0, ab re oO. 


Indeed, since the defhsity of mechanical momentum is 
(9) G = mov 
the equation (6) is equivalent to the following 


(10) SC + diy = eo(E +” Ht} 


div 7 denoting the divergence of the three-dimensional tensor defined by (8). 
Equation (7) is the continuity equation of the Madelung fluid. 
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It follows from the first equation (5) that the vorticity ¢ of the motion 
of the Madelung fluid associated to the Schrédinger equation (1) satisfies the 
condition 


(11) Cn ee 
ME 


In the absence of magnetic fields ¢ = 0 and the motions associated to the 
equation (1) are irrotational. We shall call the motions satisfying the con- 
dition (11) quasi-irrotational. TAKABAYASHI (?) called the attention to the 
fact that the equations (6) and (7), in the absence of magnetic fields, are 
valid both for the rotational and irrotational motions of the Madelung fluid 
and may be regarded as a generalization of the Schrédinger equation (1). 
Independently, we remarked that (6) and (7) generalize the Schrédinger equat- 
ion (1) and introduced also the distinction between quasi-irrotational and general 
motions of the Madelung fluid. The presence or absence of vorticity is not the 
fundamental fact, since the Sehrédinger equation may be applicable even when 
there is vorticity, provided the motion be quasi-irrotational. This is shown even 
clearer by the extension of the Madelung hydrodynamical model to particles with 
spin (°): in the case of a particle with spin there is vorticity, even in the absence 
of magnetic fields. 

We have shown (*) that it is possible to generalize the wave equations of 
the quantum mechanics by a suitable modification of the usual variational 
principles. We started from a generalized form of the classical Hamilton- 
Jacobi theory and from a new kind of classical variational principle associated 
to that generalization. In the particular case of the non relativistic wave 
equation for a spinless particle, our generalization can also be derived from 
the analysis of the general motions of the Madelung ftuid, as will be shown 
in section 8. The theory of reference (*) was further extended (*) to all the 
field formalisms admitting the gauge-invariance of the first kind. We showed 
in that paper that the generalization procedure amounts to replace certain 
integrable field quantities by non integrable quantities, whose differences of 
values at infinitesimally close points in space-time are definite. In the part- 
icular case of the non relativistic Schrédinger equation, the phase S becomes 
a non integrable quantity in the general vortex motion of the Madelung fluid. 

We showed in reference (*) that the general theorems on the vortex motions 


(7) T. TakaBayasut: Prog. Theor. Phys., 9, 187 (1953). 

(?) M. ScHénBERG: Nuovo Cimento, 12, 103 (1954); D. Boum, R. ScuititeR and 
J. Tromno: Suppl. Nuovo Cimento, 1, 48 (1955). 

(4) M. ScHOnBERG: Nuovo Cimento, 11, 674 (1954). 

(6) M. ScuénBERG: Nuovo Cimento, 12, 649 (1954). 
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of the inviscid barotropic fluids under the action of conservative forces have 
their analogues in the generalization of the ordinary gauge-invariant field 
formalisms, by the introduction of non integrable quantities, the vorticity 
being replaced by a non-integrability vector y. The lines of force of the y-field 
play the part of the vortex-lines of the ordinary hydrodynamics. The 7-tubes 
formed by those 7-lines have a time independent strength, the strength being 
defined as the flux of the vector n through any section of the tube. In the 
case of the vortex motions of the Madelung fluid we have 


(4 
(12) 1 rot, w= me +A. 
There is a circulation theorem for the vector u 


(13) | wd = | uy: dey, 

: C Co | 
C being a closed fluid line formed, at the time ¢, by the fluid elements lying 
at the time 0 on the closed curve Cy; x) and u, being the position and u-vectors 
at the time 0. We shall extend the ordinary hydrodynamical vortex theorems 
to the Madelung fluid in section 2. 

The importance of the Clebsch parameters for the generalization of the 
gauge-invariant field theories was shown in references (*) and (*). The pro- 
perties of the Clebsch parameters will be discussed in detail in section 3. 
The first equation (5) is replaced by 


(14) t= 
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in the case of a general motion. S, A and uw are the Clebsch parameters. It 
will be shown in section 4 that the same distribution of velocities is also des- 
cribed by the parameters S’, 2’ and yw’ defined by the equations 

a es) 0 : 


(15) Ox 
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I’ being an arbitrary function of t, uw, uw’ and-F an arbitrary function of t. 
The equations of motion in terms of the Clebsch parameters are 
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| K(t, 4, «) being an arbitrary function. The simplest choice K= 0 renders the ; 
parameters A and w constants of the motion. We shall always assume that 4 : 
and yw are chosen as constants of the motion and K= 0. We shall extend . 
the equation (4) to the case of the general motions of the fluid. Thus we get 

the generalized Schrédinger equation 


} hi OL ike fi = 9 ony Om? Cu 
f | = oe 1 0x c baz) eA (eto + AZ) 
ha (17) : | Bre Bao Ou ae dinleen : 

ot 0x ‘ ot Ox ; 


When / and w are taken as constants of the motion, the function [’ in the 
transformation (15) is to be taken also as time independent. It will be shown 
in section 6 that 
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A 
\ It is convenient to take F—0 in the second equation (15) in order to have 
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(19) é Yee exp j 


in 


The form of the first equation (17) shows taht — (¢/e)A(cu/cx) and 
(1/e)A(Ou/ct) may be regarded as the potentials of a field. This point of view 
allows us to consider the change of the Clebsch parameters as a change of 
- the gauge of those potentials. Equations (15), (18) and (19) correspond pre- 
cisely to a change of the gauge of the potentials such that the new potentials 
be also expressible in terms of Clebsch parameters 2’, «’. This point will be 2s 
discussed in more detail in section 6. 

i \' At any instant of time ¢ the Madelung fluid will have a quasi-irrotational 
part occupying a region Q, and a region where y~0, if the two parts do exist 
at a given instant of time ¢,. In the region Q,, A and uw can be taken as nil, 

but the function S§ will not be single-valued in general, unless 2, is simply 

connected. The circulation of the vector wu along a closed path \C within 2, 

is a linear combination with integer coefficients p, of the cyclic constants K, 


(20) , Jucox = Siti, 

@ os | Se 
nm +1 being the order of connectivity of Q,. The order of connectivity and 
the cyclic constants are invariants of the motion, as a consequence of the. 
circulation theorem (13). In order that the wave function Y be single-valued the 
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strengthes of the n-tubes must be integral multiples of h. This point will be 
discussed in section 5. : 

The generalized Schrédinger equation is discussed in section 6. It is shown 
that it can be obtained from a variational principle of the same type as that 
for the ordinary Schrédinger equation. The new principle is obtained from 
the ordinary one by introducing the extra potentials — (¢/e)A(Ou/ex) and 
(1/e)A(eu/et), 2 and w being variated as independent quantities. It is shown 
that, besides the gauge-transformations corresponding to the different possible 
choices of the Clebsch parameters, the equations (17) admit also the trans- 


formation 
(21) Wi OY, N=, w= wo (C= arbitrary comsbany), 


This invariance results from the fact that the quantum potential is invariant 
for the substitution of R by CR. 

The steady motions of the Madelung fluid are discussed in section 7. In 
those motions 


m mv? KAR 
(22) ices 2 ob Fe Gee R 5 


is a constant of the motion of the elements of the fluid (Bernoulli theorem for 
the Madelung fluid). The value of W is not the same for all the streamlines, 
unless 


(23) oi\n= 0 (every where). 


The steady motions satisfying the condition (23) correspond to those discussed 
by BELTRAMI (*) and STEKLOFF (*) in hydrodinamics. In those motions the 
energy per unit mass of the fluid is everywhere the same. It is proven in 
section 7 that (23) is a necessary and sufficient condition in order that it be 
possible to choose A and yw as time independent constants of the motion, in 
a steady motion of the Madelung fluid. The steady motions satisfying the cond- 
ition (23) may be considered as the generalization of the ordinary stationary states 
for the generalized Schrodinger equation. The ordinary stationary states correspond 
to the steady Beltrami motions of the Madelung fluid in which n= 0. There- 
fore the condition n = 0 plays a fundamental part in the quantization of the values 
of the energy. 

A simple case of steady motion in which v/\yn = 0 is discussed in section 8. 
The trajectories of the elements of fluid within a circular cylinder are helices. 
The motion is irrotational outside the cylinder, where the trajectories are 


(°) E. Berrramt: Nuovo Cimento, 25, 212° (1889). 
(*) W. Srexnorr: An. Fae. Set. Univ. Toulouse, 10, 271 (1908). 
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thal component of the vorticity on the cylinder limiting the vortex is infinite. 
- This Beltrami motion is closely related to the two dimensional vortex motion 
_ discussed in reference (*). The method used to derive the former motion from 
- the latter consists in impressing to the elements of fluid velocities perpendicular 
_ to the plane of the motion and constant along each trajectory of the two- 
dimensional motion, in such a way that W be constant through the mass of 
_ the fluid. Thus the circular trajectories are replaced be helices within the 
i cylinder. In the outer region no extra-velocity was impressed, because W 
was already constant in that region. This method can be applied to derive 
Beltrami motions from a large class of two-dimensional vortex motions in 
_ which the trajectories are circles centred at the origin and described in uni- 
form motion. 
* Motions in which the velocity is discontinuous across a surface » are dis- 
cussed in section 9. The discontinuity of the tangential component of the 
velocity. is associated with the existence of a vortex sheet on 2. A method 
is given to obtain simple discontinuous motions from stationary two-dimens- 
_ ional solutions of the ordinary Schrédinger equation. It is shown that with 
an F satisfying the condition 
oR OR 
SiN =a Uhr 
Ox 


oe on 
n denoting the unit vector on the normal to a surface 2, the stresses on 2’ are 
normal, as in the case of the inviscid ordinary fluids. There is an essential 
difference between the discontinuous motions of the Madelung fluid and those 
of the inviscid ordinary fluids, arising from the fact that the effect of the 
pressure in the latter case is replaced by that of the quantum potential which 
depends on second order derivatives of the density. 

The physical interpretation of the general motions of the Madelung fluid 
is not yet entirely clear. Jt is however remarkable that any motion of the fluid 
| corresponds to a quantal state of motion of a particle, because the first equation (17) 
may be regarded as an ordinary Schrédinger equation for a particle moving in an 

_ electromagnetic field described by the potentials Ay + A,,,, 4 + A,, 
A ou 


i en cae 
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The «inner » electromagnetic field described by the A is 
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(26) H. 


The Lorentz force due to the «inner» field vanishes: E,, + v/e/\\H,, = 0. 


(8) M. ScuénBpERG: Nuovo Cimento, 12, 300 (1954). 
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The second equation (27) gives the variation of n with time. — 


2. — Extension of the Helmholtz and Cauchy Vortex Theorems to the Madelung 


Fluid. 
4 By solving equations (6) and (7) of section 1 we get v(t, x) and o(t, x) a 
et The trajectories of the elements of the fluid are determined by the differential - 
o> equation | 
: . (1) , ap = Bis) - | 


Along the trajectories we have 
{2) x = fit, Xo) « 
Let us consider two neighbouring trajectories and denote by dx the displace- 


ment vector between the positions on the two trajectories. dx satisfies the 
linear equation : 


Si uot = (8a) Olt w) = 52 de, So=08, : 
: dv/ox being a dyadic. Hence 
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is By integrating both sides of (9) with respect to t we get 


(10) U-Oe = Us Ox, = OY , 
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; Equation (10) leads immediately to the circulation theorem for u 


(12). |uros = | td. 


wv 


¢ Oo 
The circulation theorem means that | w-ox is an integral invariant of order 1 


4 i‘ C ; 
f the motion of the elements of the fluid. Equation (12) can be transformed 
by means of the Stokes theorem as follows 
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‘ and S, being formed by the same elements of fluid at the times ¢ and 0, 


vectors on the normals to S and S,, respectively. The choice of S being ar- 
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bitrary in (13), we must have 

(14) Y . 0,x /\ Oox B=. No° 01% /\ Ont . 

for arbitrary 6,x, 6.x. Equation (14) is the differential form of (13). | 
It is well known that the adjoint A’ of a dyadic K is defined by the 

equation : 


(15) a Kb = b- Ka; 


a and b being arbitrary vectors. The determinant |K| of the matrix of A” 
satisfies the equation 


(16) |\Kl|a\b-c= Ka\ Kb: Ke= c-{K'(Kaf\ Kb)}, 
for any vectors a, b, c. Therefore we have 
(17) |K|a Ab = K'(KafXKb). 


By taking into account that 


(18) (Kt) = (K-¥) 
we get 
(19) |L No : 01%» /\ JxXy = No DL bay L bX) = (Tmo) 01% /\ Oox « 


It follows from (14) and (19) that there is an equation for y similar to 
that of Cauchy for the vorticity in hydrodynamics 


E a) 
20 ln = = pas a 
(20) |Lin = Im (n, ae 
Since 
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because of the conservation of the mass of a fluid element during the motion. 
Hence 
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‘Let dx) be an element of a y-line at the time 0 \ 
4 A 4 
4) 6x, =a, (~ = number). 
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of a y-line at the time t: 6x = «y/o. Hence 


The elements of the Madelung fluid lying on a x-line at the time 0 will also 


x | a 
‘ It follows from (4) and (23) that the corresponding 6x will also be an element 


lie ona y-line at any other instant of time. 

\ The n-surfaces being formed by »-lines, the elements of the fluid lying on a 
- a-surface at the time 0 will also lie on a n-surface at any other instant of time. 
This holds in particular for the n-tubes. Equation (13) expresses the invariance of 
_ the strength of a y-tube during the motion. 

‘The above reasoning shows that equations (23) and (13) are equivalent. 


- 
Let y be a vector such that i y:ndS be an integral invariant 
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_ Therefore the Helmholtz theorems hold for any such vector y, except the 

' theorem on the invariance of the strength of a tube, because the strength of 

_ a y-tube has only a meaning when the flux of y is the same through all the ; 

_ sections of the tube and this does not happen for any tube, unless div y—0. a 
It follows from (12) that 
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The rate of variation of the circulation of the velocity is proportional to the rate 
of variation of the magnetic flux through the contour C. 
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It follows from (23) and the second equation (5) that - 


Se “(8)=2 2=(2-4) 
Se ai(?) Soxue © (° ax)” 


This equation corresponds to that of Helmholtz in hydrodynamics. It is of 
the same form as the first equation (3). The Helmholtz equation shows that 
in any infinitesimal time interval n/o varies as a dx, it is the differential form ! 
of the Cauchy equation. The equation (23) follows immediately from (28) a‘ 
by taking into account the second equation (5). We shall now prove that 
the Helmholtz equation expresses the law of variation of the angular mo-~ 
mentum of the elements of the fluid. , 

Let us consider an element of fluid 2 whose barycentric ellipsoid of inertia. 
at the time ¢t is a sphere. Denoting by G@ the center of gravity of the fluid 
element and by r the barycentric position vector of a generic point, the 
moment of the forces F acting on the element with respect to @ is 


= Sof rete (BREN =|ra(S a 
(29) mM = |r ry T (ce), pean [rh Br a erties 
2 2 


Uf OFA et Pee er eae | 
= » Ly /\ ta i| VO dr = Bn > nA(S) i, = ee (rot F), ~ | 
2 ‘ 


k 


(J = moment of inertia with respect to G) 


the i, being the unit vectors of the coordinate axes and the r, the components: | 
of r. The angular momentum of 2 with respect to @ is } 


meth “Ov ‘Ow 
30 M =m 5 ae = airs 
) M m| r/\ Ve + eal ft odr mr) (=) rodr. 
2 Q 
Since 
dr Ov 
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dM : ow 
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By taking into account the equation of continuity, we get 


dM = 1H) e0) Ov a 
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Therefore the variation of the angular momentum of Q is given by the equation 


a d = Ov pe it . 
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7 is easily seen that 
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7 The way in which we derived equation (20) shows that it is equivalent: 
to the circulation theorem (12). The Cauchy equation and the circulation theorem. 
for u are therefore equivalent. 

‘ It follows from the identity (6) that for any closed curve C 

Bi | 

4 ‘ d 

0) | Hii = A m dx. 
“the identity (8) shows that 


4 d 2 
88) 5 £4. ee fe e(E +2 \H)- ox 
: ; 


_ From (37) and (38) we get the following identity 
3 


‘e gfe e=[{m ae“ E-e AH) fae: 


“the left hand side eine as a consequence of (12). Therefore the circulation. 


"theorem is equivalent to the equation \ 
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tt is well known from the theory of the Pfaff expressions that the 
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forms 
s 
(1) oO= > YY O2 p's 
r=1 
s 
(2) OO) = Sy Yy O2y = OZ 541 ; 


r=1 


2s or 2s +1 being the minimum number of independent variables in terms’ 
of which m can be expressed, the y and zg being independent functions of the 2. 
This minimum number is called the class of m. It is at most equal to the 


number 7. 
3 7 
In the particular case of a differential form > X, 6x, in a three dimens- 
t=1 
ional space, there are only three canonical forms: 62, y dz, ydz + 02,. We 


are interested in the. differential form u-dx, the time ¢ being considered as 
a parameter. When u-dx is of class 1, u is the gradient of a function S, 
i.e. the motion of the Madelung fluid is quasi-irrotational. u-dx is of class 2 
when it admits an integrating factor, without being an exact differential. It 


is well known that the condition for the existence of an integrating factor is 


(3) uy —u:'rotu =0, - 


u-dx is of class 3 when u-yn 40. 
When w-dx is reduced to the canonical form, we have 


os 
gee cba ay 


(4) w-dx = 0S + Adu, u 


Ox Ox 
In the case of class 1 we can take A = uw = 0, more generally, A as a function 
of t and w. In the case of class 2, we can take S = 0, A and mw being inde- 
pendent. More generally, we can take 4 and « independent and S as a function 
of t and w. In the case of class 3, S, A and w are independent functions of 
L,, % and x. Thus we have proven the existence of the Clebsch parameters 
S, A, w by means of the theory of the reduction to the canonical forms. 
The existence of the Clebsch parameters can be easily established by the 
consideration of the y-lines. Let us assume that the 7-lines at the time ¢ are 
defined by the equations 


aN 
ou 
ww 


A(t, x) = const. , u(t, x) = const. 


The y-line passing through a point is orthogonal to the vectors ¢/,/d« and 
Ou/cx, since it lies on the two surfaces A, = constant and w = constant passing 


bey ti * 3 is ps iy rh 
> pho % ad ans ihe r ; f 
_ VORTEX MOTIONS OF THE MADELUNG FLUID 557 
through the point. Hence 
a, OA On 
(6) n s aie 
Yy being a function of ¢ and x. Since 
i, Oy OA, , Ot pated 
q Av) ee Ane Cpe ey Cag 
q y, A, and mw are not independent functions of x 
» @) y = Fit, Ap). 
Let us introduce the function A(t, x) 
It is easily seen that 
q OA. Ou au) 
~ (10) = con Ae ; rot u - rot (2 Bx) 


} It follows from (10) that there are functions S such that 


yy | TV ay os 68 
Be ies 
Bot) Oe ag Ox 
'_-We shall now prove that it is possible to choose the Clebsch parameters / 


and mw as constants of the motion. It follows from the equation (10) of 
section 2 that 


» (12) OS(t, x) + A(t, x) du(t, x) = dS(0, x) + A(O, Xo) Ou(0, Xo) + dx 
4 : \ 


. Since (12) is equivalent to the equations of motion for S, A and uw, we can take 


| 3) Alt, x) =A, x), lt, x) = 00, %), SUE, x) = S(O, a) + 7, 


Bin order to get the solution of the Kuler equations that corresponds to the 
initial distribution of velocities given by the Clebsch parameters S(0, x,), 
—  A(O, xo), (0, Xo). Any motion can be obtained in this way, because any initial 
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distribution of the velocities can be obtained by a suitable choice of the initial 2 


: that 


ae 
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values of S, 4 and yp. 
It follows from the third equation (13) and the equation (11) of section 2 


as | a h? AR 
(14) ep Tee u| ye = “A + igs] + edg—5— Se = 0. 
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Since 
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as a consequence of the two first equations (13), we have 
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Equations (15) and (16) associated to the continuity equation 


is pate eee ae 6a een \heae 
(17) Ot a aiv| = ie eA tage = Os 


describe completely the motions of the Madelung fluid. 
In order to get the most general choice of the Clebsch parameters let us 
take the substantial derivatives of both sides of (12) 


d ‘my? h? AR 
e —— Ne ou)—= — 6 mall 2 5 |: 
ae ee ay a ae a4 egie om RR ) 


d corresponds to the passage from a fluid element to a neighbouring one, there- 
fore 6 and d/dt do commute. Equation (18) can be written as follows 


Os >. ei, ye wae h? AR du dA - 
19 Ob ee ae = 6A — bu— 
ue od ranma tel ot Ses a Web rbegais 6e: 
since 
ds os OMe dus 
20 east = 
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Furthermore we have the analogue of the Stuart equations (°) 


; 
| du 0K dA aK 
2) ce oy dese an 
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S Equation (19) is satisfied with any choice of the function K, The conditions (15) 
_ correspond to the choice K = 0. 

_ The above results can be obtained in a more interesting form by using the 
basic equation (12). Let us introduce the notations 


i 
4 ~ (23) Ao(%o) = A(O, Xo), fo(%o) = (0, Xp), So Xt) = S(O, Xp) « 
| it follows from 13) that 

‘ (24) Fvey Doolct tac at gay Ps nr go re Pa 


a 6, — 4 — Ato is therefore a function of ¢, w and A, 


(25) iS ie = Alt, , As) 
ba and we have 
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_ Equation (26) shows that A, « are related to A), m» by a contact trans- 
Si formation whose generating function is — A. A can be taken arbitrarily, as 
jong as it defines a contact transformation. By taking A = —4wuA, we get 
t the equations (13). Equations (27) give the finite contact transformation 
‘corresponding to the solution of the Stuart equations (22). By taking the 
substantial time derivatives of both sides of equation (25) we get an equation 


(*) T. Sruartr: Dublin Dissertation (1900). 
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equivalent to (21) 


é he AR! Pon 
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We get from (28) and (21) the following Hamilton-Jacobi equation 


0A 0A 
(29) k(t = Be! “| he ce 0". 


Let | w- ox be any relative integral-invariant of order 1. We have — 
(30) W* 0X — Wy: 0X, = 00. 


O(t, x.) being some pace, By introducing Clebsch parameters for the veetor 
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equation (34) is satisfied. Different choices of G correspond to different choices 
of the Clebsch parameters 7, v, o. The choice G = 0 leads to y and o that 
are constants of the motion. 

The above reasoning shows that the circulation theorem for w leads to 
equations of the Stuart type for y and o. We shall now prove that the circul- 
ation theorem follows from the equations (35). Indeed, we have 


A ag OG 0G C00) 
i\ — => Og a UB Were OT 1 2 a e a 
| (37) a (0,” d.6 — 6.9 0,6) = 0. | 2 Oy 4 559) Oy (= d.v + ag | 
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Since 
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OP POON 7, 
= (2 nee -(0,% 0.x) = rot w:d,x/\ 0%, 
Ox 0x 
equation (37) shows that. 
(39) rot wd, x /\ dox = rot, Wo* 01% /\ O2%Xy - 


Hence 


(40) fro wn ds =| TOt,, Woy, AS yy 

s So 
S denoting an open surface limited by a contour C. Equation (40) can be 
transformed into the circulation theorem for w 


Ls [veda = rey: dy. 
c Cy 
The circulation theorem for w is equivalent to the proposition that the Clebseh 
parameters v, o satisfy equations of the Stuart type. \ 
Let us consider the differential form 2, 


. (42) Q,= u-dx ( 5 + edo = Jat. 


It follows from (16) that 


(43) tO aa Si dy). 


S 


om le 


ns 


VO Fe 


ee oe 


- ate Se eee 


M. SCLIONBERG. ~~ 


The class of Q, is less than 4, since it can be expressed in terms of the three 
functions S, 4, u. Conversely, to assume that the class of Q, is less than 4 is 
equivalent to assume the existence of three functions S, A, « satisfying (43), 
so that they are Clebsch parameters for u satisfying (16). Hence 

The Euler equations imply that Q, is of class less than 4 and also that it is 
possible to choose A and w as constants of the motion. -Conversely, to assume that 
the class of Q, is less than 4 and that it is possible to write Q, = dS + Adu 
with A, wu being constants of the motion leads to the Kuler equations. 

The quasi-irrotational motions are determined by the condition that the class 
of Q, is 1, i.e. that Q, is an exact differential. Indeed, 2, being an exact dif- 
ferential, there are functions S such that for any dx and dt 


mv? pd 
-d = lL ¢ - = Ja Ose 
(44) u:dx gore eAy ora t ae 
Hence 
Ls _ 08 oS | ae CBN Sera ioe ee’ | 
40) ae ot | 2m \0x 74 ers: Si i oe Ne | 


By taking the gradients of both sides of the second equation (45) we get the 
Euler equation for quasi-irrotational motions 


au 2 (mv? i? AR : 
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4. — Transformations of the Clebsch Parameters. ~ 


We shall now discuss the different possible choices of the Clebsch para- 
meters for the same state of motion of the fluid. Since 


0A . Ou 
(1) n= a Age 


1 and yw are both solutions of the partial differential equation 
of 
(2) 
0 


2 —— = 0 
Lad , 


which has only two independent solutions. Therefore the parameters 4’ and p’ 
of another set must be functions of t, A and yu 
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_ provided 4 and « be independent functions of x, as we shall assume. 


Since 
ey aa! Gu! Dias fa) OA, Oy 
> ‘ox ox ~) D(A, “p) On* Ox?” 


we have the necessary condition 
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a7! ie nt Difey fa) 
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WG Let us regard mw as a «coordinate» q and / as its « conjugate momentum ». 

_ Equation (5) shows that the Poisson bracket of yw’ and 2’ is 1 

dy \ a ‘ 

: Ou eA". Sou en 
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ae ou oA OA Ou 

| ay It is well known that (6) is a necessary and sufficient condition for the existence 
of a function /(é, uw, uw’) such that 
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| a It follows from (8) that equation (5) is also a sufficient condition for 4’ and ae 
_ to be Clebsch parameters, because 
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. _ Hence \ 
(10) §'=S8 +/+ arbitrary function of t= 8 ++ F(t). 


, The function /° may be taken arbitrarily, provided the equations 
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: do define 4’, uw’ in terms of t, A and uw. 
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In order that 4’ and yw’ be constants of the motion 


* aa! du’ 
ge ar eine Menioaees 
we must have 
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When / and w are constants of the motion, these equations become 


; Oh 7 a 
(14) ae = 0 5) ot = ’ 
so that 
(15) A= 75, 3) ) = fo(A, HM) : 


Therefore, in this case, we can get the transformations of the Clebsch para- 
meters by means of functions J(u, “') not involving t. 
It follows from (11) that 


4 2h gy On Ol 0n a4 Or oe. 
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(16) 


Denoting by (é/7/ét),,, the total derivative of /" with respect to t, equation (16) 
can be written as follows 


Ou Op =(% ol’ ol 
6 T — 
a ier vane pees se Fil 
When /, « and 4’, w’ are constants of the motion, /’ can be taken as a function 
of uw and uw’ only, so that 


Ou pole =, pol. 
a lee an ae “Ot! te, = (5). i 


It follows from (8) and (18) that: 

A transformation of the Clebsch parameters A, u, which are constants of the 
motion, into another set 2’, yu’ with the same property corresponds to a gauge 
transformation of the second kind of the quantities — A 0u/ ex, (A/c) Ou) ét. 
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By choosing I as a function of 1 and w' only and taking F(t) = 0 in equat- 
ion (10), the system of equations (15)-(16)-(17) of section 3 becomes invariant for 
"the transformation of the Clebsch parameters (S, A, uw) > (S', 4’, uw’). 
We shall now discuss the behaviour of the equations (15-(16)-(17) of 
section 3 for a change of gauge of the electromagnetic potentials 


¥ i 
“the velocity v must be invariant. Hence u is transformed as follows 


a 


it “and the gauge transformation induces a transformation of the Clebseh para- 
4 meters 
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(21) OS’ + 2 bu'= OS 4-2 du + - O@ . 
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he general solution of (21) can be obtained in the same way, as that of 
ee (12) of section 3 


(22) ee a S=S+4+T 4-9 + FO, 


in terms of an arbitrary function /‘(t, u, u') and of another arbitrary function 
FW. By taking F(t) = 0 and a J’ depending only on uw and wu’, the equations 
1 (15)- (16)-(17) of section 3 remain invariant. We can take simply 
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in order to get a gauge transformation of the first kind of the wave function Y 
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5. — Quasi-Irrotational and 7-Regions of the Madelung Fluid. 


the motion is quasi-irrotational and its boundary surface by 2,. The region 4 
where yn #0 will be denoted by Ds sy 
», is in general a surface of discontinuity for the partial derivatives of the | 
components of the velocity v. This surface of discontinuity has special pro- ai 
perties of propagation, because it is always formed by the same elements of — 
the fluid. Thus its velocity of propagation at any point coincides with the 
component of the velocity of the fluid at the point in the direction of the- 
normal to 2. : 
Within 2, the Clebsch parameters A and mw can be taken null and the first } 
formula (5) of section 1 is still valid; the equations (16) and (17) of section 3 | 
go over into the equations (2) and (3) of section 1. Hence i 
By taking A=u=0 in Q,, the Schrédinger equation still holds, the wave — 
function being YW = R exp [(i/h)S]. 3 
There is an important circumstance to be taken into account: the funetion S — 
will in general not be single-valued in Q,, when Q, is not a simply-connected — 
region. This corresponds to the well known fact that the potential of velo- 7 
cities of an ordinary fluid moving irrotationally in a multiply-connected region 
is cyclic. Let » +1 be the order of connectivity of 2,. The circulation of | 
u along any closed path C within Q, is a linear combination of the cyclic — 
constants K,, K,,..., K, 


: =a 
E 


: 
| : 

(1) | u-ox = Sipeh | 
; 


the coefficients p being integers. The cyclic constants K, as well as n, are — 
invariants of the motion. 


In order that Y be single valued in the case of a multiply- counenenE! region _ 


Q;, it is necessary and sufficient that the cyclic constants K, be integral 
multiples of 22h =h j 


(2) Ky mk, m, = integer , 


since by starting at a point of 2, and describing a closed path in Q,, the value 
of S will be increased by > p,K,. The equations (2) are restrictions on the 
U 


initial conditions. Let us consider the case in which the multiple connection — 
of 2, is due to the existence of » y-rings. The ciclic constants K, are simply 


| 


iain taht te > te ee, pl ar 8 > ™ 4, 


the values of the strengthes of the rings. Therefore the condition (2) lead 
to the quantization of the strengthes of the 7-rings: 

In order that Y be single-valued in 2,, it is necessary. that the strengthes of 
the existing n-rings be integral multiples of h. 

It is not necessary to take 4 and w null in 2,. In order that y be zero it 
is sufficient that 0//0x/ ou/ex be 0, ie. that A be a function of ¢ and w 


: (3) ee f(t, u) : 


"When 2 and y are chosen as constants of the motion, the- condition (3) requires 
that A be a function of ~ alone 


- (3a) A= flu), 
so that 
(4) v3 a == is | Adu, # _ = is Adu. 
Om.) 0% 4 ot Bier 
- By taking 
6) | = 8 + [Adu 28 +-| fqn) ay ; 
.. 2 : Ys 
and « a8 any constant of the motion 
4 ou Ou 
6 y — -—= —() 
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_ the equations (15) of section 3 will be satisfied and (16)-(17) take the form of 
_ equations (2) and (3) of section 1. Thus we get again the Schrodinger equation 
for Y'— R exp [(i/h)S']. 
i. \ 
og — Generalization of the Schrodinger Equation for the General Motions of 
_ the Fluid. 


The Euler equations and the continuity equation are valid for any motion 
of the Madelung fluid and, by replacing the Schrodinger equation by them, 
we obtain a generalization of the Schrédinger theory. This remark was made 
independently by TAKABAYASHI (?) and by us (*). TAKABAYASHI introduced the 
‘Clebsch parameters and the equations (15), (16) and (17) of section 3. We 
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have obtained the same equations starting from a generalized form of the 
classical Hamilton-Jacobi equation (‘). Those equations are not a good ana- 
logue of the Schrédinger equation, because they separate the amplitude and. 
the phase of the wave function. It is precisely interesting to see that the 
Schrédinger equation can be generalized by the introduction of an extra scalar’ . 
potential and an extra vector potential, without losing the usual form 
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This equation was given by us in reference (7). It is equivalent to the set. 


(16)-(17) of section 3, with 


(2) Y= Rexp E s| : 


It is obvious that (1) leads to a continuity equation, no matter how / and 
be taken 
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It follows from (3) and (4) that 
(5) mv + — 4a ae. 
Cx Ox 


It is remarkable that the equations (15) of section 3 can be obtained together 
with (1) from the ordinary Schrédinger variational principle 
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: 
(6) offi yee eee Bese, ! az) y (e4. ! a) fata = 0, 
by giving arbitrary variations to the wave function ¥Y and the functions 2 
and «, a8’ we showed in reference (*). Equation (1) follows from the variation — 
of Y* and the equations (15) of section 3 from the variation of A and wu. ; 
We have seen in section 4 that the most general change of the Clebsch — 
parameters S, A, uw, such that the new parameters A’ and yw’ be constants of | 
the motion, corresponds to a gauge transformation of the second kind of | 
—Aodu/ex and A ou] dt 
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I being an arbitrary real function JA, w) of 4 and w not involving explicitly 
the time t, provided 4 and « be independent functions of x. o/'/ct denotes 
now the (0/7/ct),,, of section 4. To the transformation of the 4 and ~ we can a 
“associate the following transformation of S 


' (8) Sa 8 - TS , . 
} which leads to a gauge transformation of the first kind of Y 


Bey P' = Wexp F 


r| , 3 

The invariance of the generalized Schrédinger equation for the transform- oan 
ation (7)-(9) follows immediately from the variational principle (6), since for : 
any real function J’ we have 
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Therefore it is not necessary to impose on J’ the condition of being a function 

of, A and « only. When / and wu are independent, it follows from (7) that I’ 

must be a function of 4 and w. Indeed, the equations (7) are equivalent to to 
the following equation 3 


(11) A du'= Ada—adal. 


“The class of the Pfaff expression A'du’ is at most 2, so that the class of 
"Adu — aI cannot be larger than 2. When / and w are independent the class 
of Adu—dI is 3, unless J’ is a function of 4 and yw. 

When” ‘A and yw are not independent, the generalized Schrédinger equation 


* goes over into the ordinary Schrédinger equation. Indeed, by taking 
\ 


(12) | ar ada, g 
; > 
we get 
(13) A he Figen ; 

Cx ct 
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Let us consider now the transformation 
(14) =O ise CS 


© being an arbitrary real or complex constant. Since 


(15) R= ive 2 <4 + adt)y— v(F os ca—azlyet, | 
2m | \i Ox 


the velocity v is not changed by the transformation (14), A and yw being kept — 
unchanged. Thus from any solution Y, A, u of the generalized Schrédinger equation — 
we can derive other solutions C'*, 2, uw corresponding to the same distribution of © 


velocities v(t, x), the density being everywhere multiplied by the constant factor ; 


Ge 

The gauge-invariance of the generalized Schrédinger equation can be easily 
checked. The gauge transformation (19) of section 4 corresponds to the trans- 
formation of the wave function 


(16) VSS LCSD live ae Ay w= p, 


which can also be combined with a transformation of the parameters S, 2 
and mu of the type (7). 


Since the generalized Schrédinger equation has the same form as an ordinary — 


Schrodinger equation for a particle moving in the electromagnetic field described 


by the potentials A, ,, = (A/e) Ou/et, A, —— (eA/e) Qu/ox, we may associate to — 


any motion of the Madelung fluid a quantal state of motion of a single particle — 
described by the wave functions ¥. This association requires the condition of single-— 
valuedness of the wave function which leads to the quantization of the strengthes © 


of the y-rings, as shown in section 5. 


Let us denote by E,, and H,, the electric and magnetic fields corresponding ~ 


to the potentials (A/e) 0u/et and — (eA/e) ou/éx 


= ¢ OA Ou ¢ w v 
(17) ie SS Eye af ers a yes E,, = — —/\H,, = —/\\n ’ 
@ OX Cx é e é 


The second equation (17) shows that the Lorentz force due to the «inner » field 


vanishes. The Helmholtz equation (28) of section 2 gives the equation of 
motion of the «inner » field 


(18) ua He (Be. 2) y= 0 


4 
7 
« S 
- ae 


written as follows 


4 age a ig Ones \2 
3 Me a a At A,)] Tae ip Sey ee 


a) H,, = rot A, , E,,.= Ox Gy ots 7 
= d év\ H,, v 
a (= — 3) # = 0, Ey, =— ~AHn- 


These equations do not involve any more the Clebsch parameters. The equations 
of motion of the Madelung fluid are equivalent to the system formed by the general- 
ized Schrodinger equation, the Helmholtz equation in the form (18) and the con- 
3 dition on the Lorentz force due to the «inner » field to vanish E, + v/¢e/ H,,=0. 


7. — Steady Motions of the Madelung Fluid. 
‘ 


In the steady motions, the velocity and the density at any point are time 
' independent 
\ ; 00 Ov 
qd Ss = — = 
a) ae at 
We shall assume that the external electromagnetic field is time independent 
a and that the potentials do not depend on ¢. In this case the Euler equation 
becomes - 


% aw 


: a one as vAn ; 

a) 

i. mv2 h? AR 
®’) 2 mine Mary i 


FF 


“as is easily seen by taking into account the identity (3/Ax)v2/2 = (v- 6/ex)v + 
-+vrotv. Since 


7 


; ; 
ace . eis 0, 


-W is a constant of the motion. In the present case the trajectories coincide 
with the streamlines and W has the same value at all the points of a stream- 


% 
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Jine. When 
(5) v/\n = 9 (everywhere) . — 


W has the same value at all the points of the fluid. Condition (5) is satisfied | 
in the quasi-irrotational motions. 
When v \n 0, the value of W is not constant in the whole fluid. This is . 
an essential difference between the general and the quasi-irrotational steady motions — 
of the Madelung fluid. | 
In the steady motions of the Madelung fluid 


(6) aa n= 0, 


so that W can be taken as a Clebsch parameter, provided v/y ~ 0. Let us 
take 


ft 


(7) A ss W. 


We must determine the parameter jy. by the conditions 

7 0 ; 
(8) 2] Se NS + reps = 0 ‘a 
It follows from (7) and (2) that 


OA er OW oa C SOLE Ou 
(9) 3 A a f eS @ A Olt es (vAn) Ae aves (ose \n [nee ; 
Lee Ox 


Ox Ox 0x 0x 


The vector y is orthogonal to ou/ox, as a consequence of the first equation (8). 
Hence | 


(10) ae ee (v2) n Re: 
and we get 
(11) a= ly fb =—=t+ v(x). 


When v/Ayn 40 the two equations 


(12) oleae nei ae 


Ox : Cx 
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admit only common solutions of the form F(t, W), F denoting an arbitrary 

function. Therefore, in that case, a time independent Clebsch parameter / 
a or « which is also a constant of the motion must be a function of W. When 

v/\7n = 0, the two equations (12) are not distinct and it is possible to choose 

A and mw as time independent constants of the motion. Let us assume that 

v/\yn = and »+0. The second equation (12) has two independent solutions 

jf, and f,, that are also time independent constants of the motion. y, being 
(orthogonal to cf,/éx and of,/ex, is parallel to of,/0A/ of,/ 0x 


a Of, . Of, 
ry a \ =i hee a F 
ty ve) ” en Ax 
; , Since 
Cae Of, °Ofs 
14 eee Ee 
ae eee Ox aan! Ox 
~ we have 
(15) Ca P(f,, fe) . 


y Let F, and F, be two independent functions of f,, f.. Since 


1 


ey OF, OF. _ Me ) th , eh a DUP, B:) 
. ee tat tas DG A 


\ 
\ 


by choosing the F in order that 


} D(F,, F:) 
17 Se ee, 
eo? De, Bhs, 6 
we can take 
(18) Rae hp = PS 


: \e 


& 


In order that time independent constants of the motion may be taken as Clebsch 
parameters in a steady motion of the Madelung fluid, it is necessary and sufficient 
> that v/An=0. 

The flux through any section of a stream tube has a value independent 
of the choice of the section, in a steady motion. Hence 


3 (19) [own aS [ gore: a, . 
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- 
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In a steady motion ov is a y-vector. By the application of the formula (26) 
of section 2, we get 


(20) Ura. (». : Js. 


The dyadic that transforms v, into v transforms also No/0o into n/o, in any steady 
motion of the Madelung fluid. 

It follows from the above theorem that vo/\yo= 9 leads to v\n=O0 at 
the points of the streamline passing through x, and to the constancy of 1/07 


(21) pulp 
9, ov 00% 


n/ov is a constant of the motion in the steady motions in which the streamlines 
coincide with the y-lines, i.¢. in the steady motions in which W is constant through 
the whole fluid. This theorem corresponds to that of Beltrami for ordinary 
inviscid fluids. We shall call Beltrami motions those satisfying the condition 
v/\n=0. In the Beltrami motions the «inner» electric field E,, defined in 
section 6 is null. 

We are led to the Beltrami motions by considering the motions of the 
Madelung fluid with wave functions of the stationary quantum mechanical 
type 


(22) Vt, x2) == Ole} exp - ; Bt : = constant, 


with time independent 2 and ww. In this case the generalized Schrédinger 
equation becomes 


Hone 2 on\2 
(23) te sca AZ| @ + cA,® = EO, 
1. 1X C C 
oh OM 
rs . = Q A = 0 
ag i 0x Ox 


The existence of the constant W in the steady motions of the Madelung 
fluid corresponds to the Bernoulli theorem, which expresses the conservation 
of the total energy of any element of the fluid during its motion. The total 
energy per. mass m is the sum of the kinetic energy mv?/2, the external po- 
tential energy eA, and the internal energy — (h?/2m)AR/R. In the steady 
Beltrami motions, the energy per unit mass is the same for all the elements 
of the fluid. This happens in particular in the quasi-irrotational steady motions — | 
described by the ordinary Schrédinger equation. 


ne nye tg, “ai 
Kai iat 


It is Vier eating to notice that the steady motions corresponding to discrete eigen- 


values of the hamiltonian are characterized by the conditions of having wave funct- a 

ions WY that are regular everywhere and tend to zero at infinity with sufficient Tae 
4 na s % 
Be pidicy to render | W?dx finite and . areas Y= 0 everywhere. ate 
J “SB 
8. — Simple Case of Beltrami Motion. Bs. 
L Wa 


' re Beltrami discussed, in hydrodynamics, the motion of an incompressible 
finid with the following eo of velocities 


0) v=wh\«4-V2VeI—Prw (Sale? = a + 2), 
; w= constant vector parallel to the a-axis, 
: It is easily seen that 


2 | a 


AS dele CW ai aN OU 


ee Ht Vy, dive 0 <a ee 

4 * A $ 4 <7 ¥ 
¥ We shall assume the distribution of velocities (1) for r<a and take ES, 
. Beet ONE (r >a). oS 
1 2 Rg 7h 
% ‘It is easily seen that a 
: ' rote (.; div 2-==-0". (r > a). a 
7 Beene (1) and (3) define a distribution of velocities satisfying everywhere es 


e condition v/\y = 0, in the absence of magnetic fields. We shall assume 
; that there are no electromagnetic fields. Since dr/dt—0, we have\ 3 


a 
2 . 
2 hen a 


: 
oe 
Pie Oe heen ae 
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dv 
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s: 
dv ma? " moas sane zy 
—— = DSS SS Tr rs =, 
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- i, + Deis ; 
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- 
1 ee density mk? is now a constant of the motion, since div v = 0. R can be pr 
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taken as a function of 7 satisfying the equations 


—mw?r , rca, 
(6) i? -d AR eeciat 
\ —_—-— i OA 
; 2m dr Rk — —, an 
A r? 
Hence 
ma)” 
4 | saa ie fic ou bole 24) roa, 
“A 
(7) R | moat 
ae cs aga a?! 


(k? = constant of integration). 


It follows from the equations (1) and (2) of section 5 that we must take | 


(8) moa? = lh (l = positive integer). 
since 
(9) 2a i, ;rotvrdr = 20a? . 


We get from (7) 


Cigak vi die 1? 

fg ls st fl 2 Dye \ le Tea — 

dy? ° r ar ' ae 2a*) + k | 0, Cees 
in) aR 1 ak 1 

iar e tl n)R=0, ita 
Hence 
(11) — R=ad (kr) + BN (kr), r>a («x and 6 = constants), 


J, and N, denoting the Bessel and Neumann functions of order J, respectively. 
The first equation (10) has only one solution regular at r = 0, we shall denote 
it by G(r), with the normalization G(0)=1. The fitting conditions at the 
boundary of the vortex tube 


G (a) = aw) (ka) + BN{(ka) , 
(12) 


G' (a) = kfad (ka) + BN (ka)} , 


oe wg 


eh ae 


_ determine « and p 


| a = (kG (a)N i (ka) — @'(a)N (ka)}, 


(13) e 
q | B= —> {kG(a)J (ka) — G'(a)J (ka)} . 


The trajectories of the elements of the fluid are helices in the vortex tube 
and circles outside the tube. It is easily seen that the value of W is everywhere 
' the same 


‘| 
\ 


My ! 


meth? AR hiek 


: (4) Ware sire 5a) og ; 
We can take for r<a 
we ; re ———  — ame 
(15a) S = — Wi+ lip (2 —- 4 5 ire & V2(a? — 9?) , = ay— V2(a2—P)q, 
j and for r>a_ 
: (15d) See Wie Viens WA 0g ir S20, 


q gy denoting the azimuthal angle around the #, axis 


Lo 
e (1 : ty —— 
‘ (16) — Sy z 


_ The above choice of the Clebsch parameters leads to a multiple valued Y for 


Br<a. A single valued wave function can be obtained by taking for r<a . 


B < NX, = lh Bs — 
etl? be Wt + Vg? Pt lio, A= — = (oP — 9"), wa Se + V2 
a V 202 if V 2a? y Va? —r e 

® Equation (2) shows that the component of the vorticity tangent to the 


. cirles 7; =const r= a is infinite. Situations in which the vorticity becomes 
infinite on a surface are well known in hydrodynamics. 


9, — Discontinuous Motions and Vortex Sheets. 


We shall now examine some cases of discontinuous motion associated to 
- vortex sheets. Let us discuss firstly a simple case of steady motion, in the 


~ oe! 
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absence of electromagnetic fields, whose velocity distribution is 


Vy i, 5 By = () ] 
i (Ses : 
( ) Vyzbs 5 1 <—* 0 ; 
(2) Rk = constant V,, Vy, = constants 


The Euler and continuity equations are obviously satisfied for 7,40. Although 
v is discontinuous, we can give a meaning to the equations of motion even 
when #, = 0, since 


lee é Wea whe 
(3) lim 4-m— -—- m|v- ak as 


%,—>0+- ct 


(4) lim | ve + div bibes == lim | oe +: div (ow) == {)s 
lat poate a 


wv 0+ 240 — 


(a rot v = (v,,— ?,) 0(a%)is . 
The discontinuity surface x, = 0 is a vortex sheet. The distribution of velo- 
cities (1) can be described by means of discontinuous Clebsch parameters 


(6) S=mivla AS ay ale. 


The above results can be easily extended to more general cases. Let 2 | 
be a surface dividing the space into two regions in which the vector field 
w(x) is continuous and has continuous derivatives, there being a jump of the 
tangential component of w across 2. Let n(x), T(x), T(x) be three mutually 
orthogonal continuous unit vectors such that. n = t,/\t, and n(x) be normal 
to » when x lies on 2. Since 


. 6.’ c Q 1 
(7) div w = (x2) wt, + (x) W°T, + [n-| wn, 
1x Ox Cx, 


we can define divw on 2 when (t,-0/0x) w-t,+(t):0/0x) w-t,+(n: 0/6x)w-n 
tends to a defined value, independent of the path, as x approaches any point of 
2’. div w can be finite on , notwithstanding the discontinuity of the tangential 


i {8) roto = A(t, z)e+adleg)e tnA(n-_ le, 
, Cx CX a Ox 
and 

P a : ; 

F C (4) (6) 0 

S 9) n/\\n age = == (n/\w) sw){n —|n, 
a. ( 10x. en on Cx) 
= 


rot w has a delta-like singularity arising from the derivation of the discontinuous 

tangential vector n/\w. By the application of the above results to the velocity, 

we see that: 

SS The discontinuity of the tangential component of the velocity across a sur- 
face X is associated to the existence of a vortex sheet on X corresponding to a 
delta-like singularity of the tangential component of rotv. It may nevertheless 
be possible to define the divergence of v on & and the value of divv may be 

finite on X. 

% The surface +’ may either contain always the same elements of the fluid 
or propagate in the mass of the fluid as a wave of discontinuity. In the case 
of a fixed 2 containing always the same elements of the fluid, their trajectories 

lie on X, so that the normal component of the velocity is continuous and null 
on &. In order that the equations of motion be satisfied on 2, it is necessary 
that 


'§ Cv C bP iG AR, 
iu m— + M|v°= Jv - - E, 
ea ot Cx 2m ox RF 
i » \ 

| a 

“ and 

tS 2 ~ i 

* CO CO : 

ow —+tv-—-+odive, 

, = ct Ox 

| 

L 

4 


s ; tend to zero as x approaches 2, independently of the path. There is no diffi- 

culty with the terms involving the derivatives of v, as we have shown. With 
respect to this point the situation is similar to that of the dynamics of ordi- 

ik nary compressible fluids, but the requirements on the behaviour of the dens- 

.' ity are essentially different, because the force derived from the quantum po- 
tential involves derivatives of the third order of the density. 

We shall now discuss another example of steady motions with vortex sheets, 
corresponding to a potential V(r) depending only on the distance to the 
&,- axis. Let R(r)exp [ily — (i/h) Ht] be a stationary solution of the ordinary 

_ Schrédinger equation for the potential V(r), corresponding to, the eigenvalue # 
of the energy. The trajectories of the elements are circles r—const. 7,=const. 


ee 


VEN Sty ages eT my von OOM Ce Re ee aR? Les Sen eee 
’ ‘ . 5 -\m eo eA ¥ 


- : - 4 e f A . 


580 ; . M. SCHONBERG 


described in uniform motion, the velocity being (li/mr*)i;/\r. Let us consider 
the motion in which the density distribution is the same as in that stationary 
state, the distribution of the velocities being 


Lh > : 
; U3 /\T —- Ur Us y r<a, 
mr? 
10 { &)}* = 
ee) ih , aay ok 
=~ 13 /\P + Urls , r> a, 
myr= 


(v,, \, = constants) . 


In the present case Y is the cylinder r = a. It is easily seen that the Euler 
equation and the equation of continuity are satisfied everywhere. The motion 
is irrotational for ra but the cylinder r=—a is a vortex sheet 


, ST: 
CL} rot v = O(r — a)(U; — Uy) ig Ne 


It follows from the equation (8) of section 1 that the stress T acting on 
a surface element do of the fluid is in general not directed along the normal n 


(12) = = a on. 


(13) NTE a) 
a 


This condition is satisfied in the motion defined by (10) on 2. 


RAGS) SLU NO (35) 


Si discutono i moti generici del mezzo continuo (fluido di Madelung) i cui moti 
irrotazionali sono descritti dall’equazione di Schrédinger. Si dimostra che molti dei 
teoremi fondamental del moto vorticoso dei fluidi barotropici non viscosi sono yalidi 
anche per il fluido di Madelung. Si da una discussione dettagliata dei parametri di 
Clebsch. Si dimostra Vesistenza di uno speciale tipo di moti permanenti, simili ai moti 
di Beltrami, in cui le linee di flusso coincidono con le linee di yorticosita, che corri- 
sponde a una stretta generalizzazione degli ordinari stati stazionari. Si discute la quan- 
tizzazione dei tubi di vorticosita. Si danno esempi di moti di Beltrami e di moti discon- 
tinui del fluido di Madelung. Si dimostra che i moti generici del fluido di Madelung 
possono essere interpretati anche flsicamente in termini degli ordinari stati quantici 
di una particella. 


(*) Traduzione a cura della Redazione 
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_ Une analyse en déphasages de la diffusion et de la polarisation 


E dans les collisions proton-proton a grande énergie. 


C. Asx KLEIN 


rs Laboratoire de Physique de ? Heole Normale Supérieure - Paris 


(ricevuto il 5 Gennaio 1955) 


Résumé. —- Les résultats des mesures de la diffusion et de la polarisation 
dans les expériences de collision simple et double, aux énergies comprises 
entre 100 et 400 MeV, ont été analysés en utilisant les déphasages affectant 
dune part l’onde 1S, d’autre part les ondes *P; correspondant a un moment 
cinétique total j= 0,1,2. Seul un nombre restreint de solutions est en 
mesure de fournir un accord satisfaisant avee lexpérience, tant du point 
de vue diffusion que polarisation. Parmi ces solutions, il en existe qui 
sont susceptibles de rendre compte de l’inversion des niveaux nucléaires 
suggérée par la théorie de Mayer-Jensen du modéle des couches et qui 
correspondent, du moins en ce qui concerne le déphasage 18, a un po- 
tentiel nucléaire central muni d’un cceur répulsif du type Jastrow. A noter 
toutefois que la variation angulaire de la polarisation aux environ de 
300 MeV ne peut étre reproduite qu’en utilisant en outre les déphasages 
associés aux ¢tats 3F. 


po 


Les divers potentiels phénoménologiques, proposés depuis quelques années 
en vue de décrire Vinteraction entre deux nucléons subissant un choe a grande 
_ énergie, se sont tous révélés plus ou moins décevants, au fur et & mesure que 
se sont précisées, d’une part les mesures de la diffusion, en particulier aux petits 

angles, et d’autre part les mesures de la polarisation dans les expériences de 
_ collision double. Aussi Brerr (1) a-t-il récemment proposé de renongcer provi- 
- soirement a l’étude de types de potentiels particuliers, pour se limiter a ’examen 
des «déphasages » créés par Vinteraction, sans faire @hypothése a priori a 
son sujet. En ce qui concerne l’interaction proton-proton, une premiere ten- 
tative de ce genre a été entreprise par GARREN (2). Négligeant les effets cou- 


(1) G. Breit: Proceeding of the 4 annual Rochester Conference oh High Energy Nuclear 
Physies (1954), p. 19. 
(7?) A. GARREN: Phys. Rev., 92, 213 and 1587 (1953). 


eee me 


way 


Or 
i) 
bho 


C.. A. KLEIN _- = 


lombiens, cet auteur a montré qu’il doit étre possible de décrire Visotropie. 
de la section efficace différentielle, la valeur de cette section efficace ainsi que 
le pourcentage de polarisation, mesurés par OxLEy et ses collaborateurs (*) 
de l'Université de Rochester avec des protons de 240 MeV, en utilisant les 
déphasages correspondant aux seules ondes S et P. Nous nous sommes pro- 
poses d’étudier dans quelle mesure une telle analyse, c’est-a-dire ne faisant 
appel qu’aux quatre parameétres associés a Vinteraction dans les etats 1S), 
°P,, >P, et °P,, est susceptible de rendre compre de ensemble des résultats 
de la diffusion et de la polarisation proton-proton, dont on dispose a Vheure 
actuelle dans le domaine compris entre 100 et 400 MeV. 


1. — La méthode mise en oeuvre. 


Dans la diffusion proton-proton, la section efficace différentielle résulte de 
trois contributions: Vinteraction nucléaire, Vinteraction coulombienne, et les 
effets dus a lVinterférence de ces deux interactions 


(1) o(k, 0) = a,,,(k, 0) + 0,,,(k, 0) + o,,,(h, 9) « 


Négligeant le déphasage dans les états a moment cinétique orbital supérieur 
a un, et utilisant les notations de BREIT et de ses collaborateurs (*) (soit en 
particulier 1K, pour le déphasage de Vonde singulet 18,, et 6), 6,, 6; pour 
celui des ondes triplet *P,, *P,, °P, correspondant respectivement a 7=0, 1 et 2), 
ces contributions se présentent de la facon suivante: 


Ik 2 
(2) Oouaikea0 = is | sin? 1K, + > (27 +1) sin? 6; + P, (cos 6) 


j=0 


3a 
> Sin 20, + 


a - sin? 6. + 4 sin dy 8in 0, COs (0) — 62) + 9 sin 6, sin 6, cos (6, — 62) ; - 


Le (772 0 0 Bian 0 
(3) Croat (BO = i {2 sin Ome COS * = Sin = eos * 9 COS (v log tg? | A 


= _ 


2 


ih. 
Oye (oO ee ia 7 Ly sin 1A, cos 1K, + : Y, sin? K, + 


+ P, (cos 9) : X, > (27 +1) sin 6; cos-6; Sell ; aoe (27 + 1) sin? 6, J}. 


co j=0 j=0 


(®) C. L. Oxtey et R. D. ScHamprurGer: Phys. Rev., 85, 416 (1952); C. L. OXLEy, 
W. F. Cammeneen J. Rouvina, I. Basxtr, D. Kiery et W. Skini~mMan: Phys. feev., 
91, 419 (1953). 


(*) R. M. Trarer et J. Brenaston: Phys. Rev., 94, 679 (1954). 
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— De nombreuses expériences ont établi que, lorsque l’énergie des. protons 
incidents est comprise entre 100 et 400 MeV, la diffusion se fait a intensité 
constante dans les angles compris entre 25° et 165° du systéme barycentrique (5). 
Or, a ces énergies, les contributions coulombiennes et interférentielles sont 
pratiquement sans importance pour 40°< 4< 140°. I] en résulte que I iso- 
tropie de la section efficace différentielle ne peut étre assurée, que si le coef- 
- ficient de P, (cos @) dans (2) est identiquement nul. Cette condition nous fournit 


une premiere relation 4 imposer aux’ déphasages: 
(5) 0 = 3 sin? 6, + 7 sin? 6, + 8 sin 6, sin 6, cos (6) — 62) + 
+ 18 sino, sin 0, cos (0; — 02) . 


Dans ces conditions, la section efficace différentielle A 90° est donnée par: 


es : 

(6) k%o(k, 90°) = sin? 4K, + sin? 6, + 3 sin? 0, + 5 sin? dy . 

‘Ye ¢ 

4 WOLFENSTEIN et ASHKIN (*) ont montré d’une facon générale que si Vinter- 
von g q 


action entre deux nucléons comporte un terme du type (o,1r), c’est-a-dire si 
‘ elle n’est pas purement centrale, le nucléon diffusé dans langle 0 est partiel- 
_ Jement polarisé. Soit QD(k, 6) cette polarisation en pourcentage. Si l’on se 
 restreint aux états P, D(k, 0) se présente en fonction des déphasages de la 
: facon suivante (7): 


: kak, 0) 


9 
(7) Be o8 P(k, 9) = 3 sin 6, sin 0, sin (dy — 02) + - sin 6, Sin 6, Sin (0, — 02). 


On sait que cette polarisation a été indiscutablement mise en évidence aux 
 énergies supérieures 4 100 MeV et étudiée en fonction de 6 dans de nombreuses 
expériences de collision double. La précision atteinte est de Vordre de 20%, 
mais le signe de la polarisation n’a pas pu étre déterminé. On dispose ainsi 
' dune troisicme condition A imposer aux déphasages. 

Observant que les relations (5) et (7) ne font intervenir que les déphasages 
triplet, la méthode qui s’impose consiste a: 


= = eae - 


(®) Au dela de 400 MeV la situation parait a Vheure actuelle confuse. Selon R. B. 
Surron, T. H. Frerps, J. G. Fox, J. A. Kanz, W. E. Morr et R. A. Stattwoop: 
Phys. Rev., 95, 663 (1953), o(8) mesuré a 437 MeV séléverait d’environ 20% en passant 


NEpDZEL: (Phys. Rev., 92, 834 (1953)) ont au contraire obseryé A 429 MeV une section 
efficace différentielle au comportement usuel. 

(°) L. WoLrEenstErn: Phys. Rev., 75, 1664 (1949); 76, 541 (1949); L. WOLFENSTEIN, 
et J. ASKIN: Phys. Rev.,’85, 947 (1952). 

(7) L. J. B. Gotprars et D. Frtpman: Phys. Rev., 85, 1099 (1952). 
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a) Etudier Vintersection de la «surface disotropie» (5) avec la « sur- 
face de polarisation » (7). Nous avons reproduit (fig. 1) quelques courbes d’inter- 
section en projection sur le plan 
(0,, 09), lorsqu’on se limite aux so- 


Pag Rie lutions fondamentales conformément 
ii DE & la notion de déphasage. Notons 
ee que dans le cas d’une polarisation 

Na - positive, seuls se sont révélés possi- 

paso nev \pe\, go bles des déphasages 6, positifs. Dans 


= arene MeV 30+ 
170 MeV 


le cas d'une polarisation négative, 
les courbes sont identiques, a condi- 
tion de remplacer tous les 6; par — 0;. 


b) Associer a chaque triplet 6), 
6,, 0. fourni par la courbe d’inter- 
section et vérifiant Vinégalité 
(8) > (2) + 1) sin? 0, < ko(k, 90°) 


j=0 


les deux valeurs positive et néga- 


Sata Br Goa Ee tive, de 'K,, assurant une section 
ay ae B53 fe efficace différentielle correcte 4 90°. 
Fig. 1. — Intersection de la surface d’iso- 
tropie avec la surface de polarisation a 
170, 260 et 330 MeV, en projection sur le c) Essayer de sélectionner les 


plan (6,, 09). Les chiffres portés le long des ensembles (Ky, Oo, Or, 02) réalisant 
courbes indiquent les valeurs correspon- par intermédiaire du terme dinter- 
dantes des déphasages 0,. Tous les angles ‘ ; : 
; shoe ae AES, ference (4) un ajustage optimum aux 
sont exprimés en degrés. 3 © Serb ay 
resultats de la diffusion dans les an- 
gles compris entre 10° et 25° (sy- 
steme barycentrique), ou les effets d’interférence sont susceptibles d’étre assez 
notables. 

Cette méthode nous a effectivement permis de sélectionner, 4 toutes les 
énergies, du moins dans Vhypothése d’une polarisation positive, un nombre 
restreint d’ensembles de valeurs pour 1K, et les 6;, présentant une continuité 
certaine, et fournissant a la fois de bons résultats en ce qui concerne la dif- 
fusion et des ordres de grandeur corrects pour la -polarisation. 


Le résultat des ealeuls. 


Le terme d’interférence se révélant fort sensible aux variations des dépha- 
Sages, le succés de la méthode dépend essentiellement de la qualité des mesures 


a85 


a mb/ster—= 


O° (C. de. G.) —> : 0° (C.de.G,) —+ 


10 20 30 40 10 20 30 40 50 60 70 80 


} Fig. 2a. Fig. 2b. 
Fig. 2a. — Diffusion dans une collision p-p a 170 MeV. Les points représentent les 


résultats experimentaux obtenus par CHAMBERLAIN et GARRISON a cette énergie, munis 

des erreurs affectant la distribution angulaire. Les courbes ont été calculées a Vaide 

des déphasages indiqués au tableau I: en trait interrompu ¢,,,1+6,.,;; en trait continu 
: Onnet a Ocoul A Onn . 


_ Fig. 2b..— Polarisation dans une collision p-p 4 170 MeV. Les poinis représentent les 
résultats expérimentaux obtenus par Dickson et Satter & ~ 130 MeV, affectés de 

leur erreur totale. La courbe a été caleulée a Vaide des déphasages indiqués au tableau [. 

Les hachures recouvrent les valeurs possibles pour la polarisation, lorsqu’on tient compte 

we de Vincertitude sur la section efficace différentielle. 


; q ‘de diffusion aux petits angles. De telles mesures viennent d’étre effectuées 
par le Laboratoire de Berkeley (*) a 170, 260 et 330 MeV, apparemment dans 
de trés bonnes conditions. Ce sont elles qui ont servi de base aux calculs 
-effectifs. 


a 

(8) O. CHAMBERLAIN et J. D. Garrison: Phys. Rev., 95, 1349 (1954); D. FiscHEr f 

et G. GoLDHABER: Phys. Rev., 95, 1350. (1954). : : ; 

‘ Ces expériences donnent toutes, au8dela de 20° (systéme barycentrique), une section we 
efficace différentielle de 3.75 + 0.25 mb/stérad. Elles sont done en net désaccord avec Mp 

les résultats plus anciens de Rochester et de Harwell, soit environ 5 mb/sterad. Notons 

que l’équipe d@’Harward (0. E. Kruse, J. M. Trem et N. F. Ramsey: Phys. Rev., 94, 


& oe, 


a mb/scer 


fei] 


AC. de. G.) —> O°(C.de.6.) —> 


10 20 30 40 10° ~ 20°) 30> 40 SOs CO ome 
Fig. 3a. Fig. 30. 
Fig. 3a. — Diffusion dans une collision p-p & 260 MeV. Les points représentent les. 


résuliats expérimentaux obtenus par CHAMBERLATY et GARRISON & cette énergie, munis. 
des erreurs affectant la distribution angulaire. La courbe a été caleulée a Laide des 
déphasages indiqués au tableau I et correspond 4 une o,,, pratiquement nulle. 


Fig. 3b. — Polarisation dans une collision p-p 4 260 MeV. Le point représente le résultat 
experimental obtenu par OxLEyY et al. 4- ~ 210 MeV, affecté de son erreur totale. La 
courbe a été calculée a l'aide des déphasages indiqués au tableau I. 


Les mesures de la polarisation induite par une collision proton-proton ont 
établi que celle-ci ne subit pas de modification essentielle, lorsqu’on passe de 


nN 


1090 a 400 MeV. Aussi avons-nous cru pouvoir utiliser pour l’analyse a 


a) 170 MeV, les mesures de polarisation effectuées a Harwell aux en- 
virons de 130 MeV (°). 


b) 260 MeV, la valeur obtenue & Rochester pour la polarisation d’un 
proton d’environ 210 MeV diffusé dans langle 0 = 50° (C. DE G.) (2°). 


N 


1795 (1954)) a effectué une série de mesures de section efficace différentielle 4 90° 
entre 40 et 90 MeV qui, 4 notre avis, pourraient signifier qu'il faut peut-etre préférer 
les mesures de Berkeley et Chicago a celles de Rochester et Harwell. 
(°) J. M. Dickson et D. C. Satter: Nature, 173, 946 (1954). : 
(7°) C. L. Oxtey, W. F. Cartwrient et J. Rouvina: Phys. Rev., 98, 806 (1954). 


Y 


Shi as aa ' ie ae fie 


‘a mb/ster- 


ae 


O° (C.de.G) ——_+ 


© - 29,00 40°. 50 60-70. 80 
Fig. 4b. 


| Fig. 4a. — Diffusion dans une collision p-p a 330 MV. Les points représentent les ré- 
sultats experimentaux obtenus par FiscHEer et GOLDHABER A cette énergie, munis des 
erreurs affectant la distribution angulaire. Les courbes ont été calculées 4 l'aide des 
peephanages indiqués au tableau I: en trait interrompu 6,,..) + Gom et en trait continu 
: Oued Geant 7 Fins: 

Fig. 4b. — Polarisation dans une collision p-p 4 330 MeV. Les points représentent les 
| résultats experimentaux obtenus par CHAMBERLAIN et al. 4 ~ 300 MeV, affectés de 
leur erreur totale. La courbe a été calculée a l’aide des déphasages indiqués au tableau I. 


Les hachures recouvrent les valeurs possibles pour la polarisation, lorsqu’on tient compte 
a de lVincertitude sur la section efficace differentielle. 


a c) 320 MeV, les nombreuses mesures de Berkeley aux alentours de 
300 MeV (''), mesures qui précisent en particulier la polarisation aux petits 
ngles de diffusion, et permettent ainsi d’évaluer le réle des états A 1> 1. 


Le résultat de nos calculs est illustré fig. 2, 3 et 4, et résumé au tableau I. 
Les déphasages correspondant A une méme énergie donnent tous des courbes 


pratiquement identiques. 
/ 


i (4) O. CHAMBERLAIN, G. PETTENGILL, E. SEGRE et ©. WIEGAND: Phys. Rev., 95. 
) 1848 (1954). 
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TapLnau Il. — Valeurs acceptables obtenues pour les déphasages ‘Ky, et 0; & 170, 260 ef - 
330 MeV, dans Vhypothése dune polarisation positive ow négative. a 
Saeed Bien eee ee ED 1 eye ay Foye =i 
‘ D> p<0 
See Pane eee pee aie. d, Ao | 
] 24 13 — 23 9 27 —14,5 21 — 9,8 | 
a ees ~ 8,51 214 16 13 MES ee ie aa 
170 —— - Ss y or 
Eee ees eel ee 2,5 | 12,5 | 
4 7 : 57,5 if 4 ‘ i 
i 23 6 e 32,5 : 9,8 35 — 12,5 21,5 | —16 
260 2 = 35 13 ws 22 Bhi 15,6 a 27 = 9,5 20,5 : — 10,7 : 
: Fis — 50 5 ‘fe 8,6 : 
i 1 29 9,5 “96 5 904 ae oe 
330 2 cs 10 ie. ieee 98,8 : 
3 ¥ a5 Pia 21 a 6 28,2 % Bie 


On notera que: 


a) Sauf éventuellement 4 260 MeV, Vinterférence de la diffusion nucléaire 
avec la diffusion coulombienne provoque des effets nettement destructifs, ce 
qui permet de sélectionner avec assez de précision les seuls ensembles de so- 
lutions possibles. En particulier, 4 330 MeV, il n’y a plus de combinaison satis- 
faisante susceptible de donner des polarisations négatives. 


b) La prise en considération des seuls déphasages 0; ne permet pas de 
traduire correctement la variation angulaire de la polarisation a 330 MeV. 
Une analyse de Fourier montre en effet que: 

(9) PDO) = K sin # cos 6 (a + 6b cos? 6 + ¢ cos*) , 
ce qui parait confirmer Vintervention des ondes */#, comme il faut d’ailleurs 
sy attendre a ces énergies. 

c) Parmi les solutions obtenues dans Vhypothése d’une polarisation posi- 
tive, il existe une série, la série 3, vérifiant strictement Vinégalité 


(10) Og < 07/2205 
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et correspondant d’une part a une répulsion dans état *P, et dautre part 
a une attraction dans état *P,: Ceci parait conforme a ce que donne l’inter- 
action du type spin-orbite envisagée en vue de l’interprétation de la formation 
de couches dans les noyaux lourds. Notons que, dans ces conditions, le dépha- 
sage S s’annule aux environ de 130 MeV et devient ensuite fortement négatif, 
ce qui correspond a peu pres a ce que donnerait un potentiel central rectangu- 
laire, muni d’un cceur répulsif de 0,6 a 0,7-10-% cm de rayon, et ajusté de 
facon & reproduire les propriétés de la diffusion singulet aux basses énergies (12). 


Ce travail a été effectué dans le cadre des activités du Groupe de Physique 
Théorique du Laboratoire de Physique de l’Ecole Normale Supérieure, sous 
la direction de Monsieur M. LEvy, Maitre de Conférences. Je remercie Mr. LEVY 
d@avoir bien voulu me confier cette étude. 


(2?) M. Matsumoto et W. Wararti: Progr. Theor. Phys., 11, 63 (1954). 


RIASSUNTO (*) 


I risultati delle misure di diffusione e di polarizzazione nelle esperienze di collisione 
semplice e doppia, ad energie comprese tra 100 e 400 MeV sono stati analizzati utiliz- 
zando gli sfasamenti subiti da un lato dall’onda 1S, dall’altro dalle onde *P corrispon- 

\ denti a un impulso totale 7 = 0, 1,2. Soltanto un numero ristretto di soluzioni é in 
grado di dare un accordo soddisfacente con l’esperienza, dal punto di vista sia della 
diffusione che della polarizzazione. Tra queste soluzioni ne esistono alcune in grado 
di dare ragione dell’inversione dei livelli nucleari suggerita dalla teoria di Mayer-Jensen 
del modello degli strati, che corrispondono, almeno per quanto riguarda lo sfasa- 

_ mento 18, a un potenziale nucleare centrale dotato di nocciolo repulsivo di tipo Jastrow. 
‘E da notare, tuttavia, che la variazione angolare della polarizzazione in prossimita 
dei 300 MeV non pud essere riprodotta se non utilizzando inoltre oli sfasamenti asso- 

‘ciati agli stati 32. 


(*) Traduzione a cura della Redazione. 
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The Construction of Potentials from the S-Matrix 
for Systems of Differential Equations. 


k. G. NEwron (*) and R. Jost 
The Institute for’: Advanced Study - Princeton, New Jersey 


(ricevuto il 10 Gennaio 1955) 


Summary. — The procedure for constructing all potentials belonging to 
a given S-matrix and prescribed eigenvalue is generalized to systems 
of equations of the type of the Schrédinger equation for S-states. The 
determination of the spectral function from the S-matrix is found to be 
essentially more complicated here than in the case of a single equat- 
ion, and it leads to restrictions on the S-matrix to make the existence 
of a short range potential possible. If such a potential exists, it is uni- 
quely determined by the S-matrix, the eigenvalues, and as many reall, 
symmetric, positive semi-definite matrices as there are eigenvalues. 


1. — Introduction. 


In physics the problem arises of determining the potential which causes 
a given differential scattering cross-section (analysed in terms of phase shifts) 
and no bound states, or bound states with given energies. It has been shown (1:7) 
that under the assumption that the potential has a short range (i.e., its first: 
and second absolute moments exist), is spherically symmetric and spin in- 
dependent, it is uniquely determined by the phase shift of one angular mo- 


VY. BARGMANN: Phys. Rev., 75, 301 (1949). 
V. BARGMANN: Rev. Mod. Phys., 21, 488 (1949). 
N. Levinson: Kgl. Danske Videnskab Selsab, Mat.-fys. Medd., 25, No. 9 (1949). 
R. Jost and W.. Koun: Phys. Rev., 87, 977 (1952). 
R. Jost and W. Koun: Phys. Rev., 88, 382 (1952). 
R. Jost and W. Koun: Kgl. Danske Videnskab Selsab, Mat.-fys. Medd., 27. 
No. 9 (1953). 
(7) N. Levinson: Phys.. Rev., 89, 755 (1953). 


i mentum, 1, as a functilon of ‘the energy, the energies of the, say Z,, bound 


4 


ae | 
w 


7 


states,of that angular momentum, and a set of LZ, parameters C,. 

The present paper represents a first step towards generalizing the procedure 
to certain types of non-central potentials such as that of the tensor force (* °) 
with spin-orbit coupling (*). It will not be general, enough to include the 
« centrifugal barrier » which is always present with non-central and spin-orbit 


forces, and will therefore have no direct physical meaning. It must be tre- 


garded as mathematical in nature, and preparatory to work in progress now 
to include the 7~? singularity of the physically real case. 
From a mathematical point of view, the problem treated in references (*) 
to (7) is that of determining all functions g(r) such that those solutions of the 
equation 


d? 
(1.0) —~ ga 4) + rye) = By(r) , 0<r<o, 


which vanish at r= 0 have a prescribed asymptotic (for large r) phase, given 
for all H > 0, and such that (1.0) has a given set of eigenvalues H#,,. The present 
paper deals with the generalization to finite systems of differential equations 
of the type (1.0). It is the restriction to function q;,;(r) whose first and second 
absolute moments exist that makes it physically unrealistic. 
Section 2 introduces the types of solutions needed, and the S-matrix. 
Section 3 deals with the eigenvalues and the point H — 0. The problem 
with eigenvalues is reduced to that without. In Section 4 an expression for the 
spectral function is derived, and the Gel’fand Levitan integral equation (4°:118) 


is generalized to the matrix case. One thereby obtains the potential from 
. - 


| 


7 


| 


_ values and a set of as many real, symmetric, positive semi-definite, matrices 


a 


the spectral function. Section 5 describes the procedure for obtaining the 
spectral function from the S-matrix (or the asymptotic phase) and the eigen- 


as there are eigenvalues. This step in the construction is much more intricate 


_ than in the case of only one equation (1.0). It leads to certain necessary re- 


strictions on the S-matrix in order that it can be associated with a « short 
range » potential. Section 6 summarises the construction. 

. There are three appendixes: Appendix A contains a necessary and sufficient 
condition for the inverse of a matrix valued analytic function to have a simple 
pole. Appendix B proves a number of inequalities and estimates for solutions 
of the differential equation; they are mostly generalizations of such estimates 


(8) W. Rarita and J. ScHwincrerR: Phys. Rev., 59, 436 (1941). 

(*) J. M. Buarr and V. F. Watsskopr: Theoretical Nuclear Physics (New York 
_ and London, 1952), pp. 94 ff; (§) and (9) are examples of references to this subject. 
* (}) 1. M. Gev’ranp and B. M. Levitan: Dokl. Akad. Nauk SSSR, n. Ser., 77; 
| 557 (1951). 


~ 
a 


(7) I. M. GmeL’ranpd and B. M. Liyiran: Iev. Akad. Nauk SSSR, 15, 309 (1951). 
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contained in reference (?). Appendix C contains the proof that the S-matrix 
satisfies a Hélder condition under an assumption (2.3’) on the potential that 
is slightly more restrictive than the existence of the first two absolute moments. 
Such a Holder condition proves to be a convenient sufficient condition for 
the processes in Section 5. 


2. — Preliminaries. 
Consider a system of differential equations of the type (1?) 


( 2.0) y (H, vr) + By (HB, 1) = > y(B,r)Vedr), «&=1, ieee 


1 


rM= 


where V,,(”) is a real, symmetric (V x V)-matrix. By analogy with the physical 
case where (2.0) is the Schrodinger equation, H and V will occasionally be 
referred to, respectively, as the energy and the potential. A set of NV vector 
solutions of (2.0) can be put into the form of an (N xX V)-matrix, so that the 
. former are the rows of the latter. This matrix then satisfies the differential 
equation 


(2.1) op" (HB, r) + By(#, 7) = y(#, 7) Vir). 


Instead of discussing a set of N vector solutions of the set of NV equations (2.0) 
we shall always refer to a matrix solution to the equation (2.1). 
It will be useful to introduce a norm in the space of (N x V)-matrices: 


(2.2) | M|=N max (|H,g|), 
&B=15..5N 


which is readily seen to satisfy the triangle and Schwarz’s inequalities. We 
assume that 


\f Voy dr < co; 
(2.3) i 
/ rel) Vid Cie toon, 


When convenient we shall strengthen (2.3) to read, for all « satisfying 


I—s<eo<2:--e, 


(**) Differentiation with respect to r is denoted by a prime. 


‘* oy fe 
Ses 


r ae ae eT tia pea aa v OC PE SaaS ene e 
ce eR Sees RE ie ee ye aed ee oe epee sca Fe ait ote 
re. art oe, eet igh eae a hee ere 
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a . e e a 
eS Os. EY . r 
; (2.3’) [ri V(r)|dr<co, and lim, R-= | drr| V(r + R)— V(r) |< CO, 
ft “ ; 0 


_ for some ¢> 0. 
We are interested in the following two solutions of (2.1): F(A, r) is defined 


2 by the boundary condition 


® (2.4) lim exp [ikr] F(k, r) = 1, 


where k? = E, G(k?, r) is defined by boundary condition 

| : 

(2.5) Gk, 0). = 0, —@'(k, 0) = 1. 

:: 

ao 

I _ With assumption (2.3) on the potential such solutions always exist (1%) and 
have the properties (7) for all r, that F is an analytic function of k for 
 Imk< 0, continuous and continuously differentiable for Im k <0, and @ is 
an entire function-of k. Just as in the case of (3) N= 1, it can be shown (”*) 


that for large {k' 


(2.6) i(k, r) = 1 BAT 4 o(|ke|-*exp [|Imk |r), 
a J 
a): 
and for large |k|, Imk <0, 
e (2.7) F(k, r) = 1 exp [— ikr] + o(exp [Imkr]) . 


The Wronskian matrix ("*) 
(2.8) Wy, y2) = YY2 — VPs ’ 


\ F : . 
between two solutions of the same equation (2.1) is, by virtue of the sym- 
metry of V, independent of r. It is, therefore, readily seen that the functions 


mF and G satisfy 


(2.9) W(F, F) = WG, @ =0, 


since they do so for roo or r= 0, respectively. 


(383) See Appendix B. 
| (44) We use a dagger for hermitian conjugation, i.e., transposition and complex 
| conjugation; a star for complex conjugation, and a superscript T for transposition. 
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A 


re a - . te Via save - Pe Gute Fae 


A third solution of interest is F(—k,r). For (?*) real k 
(2.10) F(— k, r) = F*(k, r), 
and one readily verifies that | 
(2.11) W(F(k, r), F(— k, r)) = = 2th 1. 


One then obtains with the help of (2.9) and its equivalent for /(—k, r) (in an 
obvious notation) 


r 


F(k, 1) F'(k, r) \ Pek) = Fer 
(2.12) 
ee br) EP’ ky), | LS (kr) E(k, 1) , 


)=2i a 


Therefore the solutions F(k, r) and F(—-k, r) form a fundamental system for 
k+~0 and (2.12) allows us to express G explicitly in terms of them by in- 
verting the equation 


Fk, r) E(k, r) 
(2.13) (G(k?, 1), G'(k?, r)) = (A(k), B(k)) | 
ES i ny IO Gs a) 


/ 


for r=0O and using (2.5): 


(2.14) G(k*, r) = (21k) | F(k) F(— k, aN, F?(— k)F(k, r)], 
where we have defined 
2.15) F(k) == F(k, 0). 
Insertion. of (2.5) in (2.14) yields the Saige tant relation 
(2.16) ; Ft(k)F(— kh) = F(— k)P(k). 
In view of (2.16), equation (2.14) can be written 


(2.17) G(k?, r) = — (2tk)-1F(— k)[ F(k, r) — S(k)F(—k, r)], 


(2.18) "  8(k) = F(k)F-(—k) = 87(k). 


(®) From here on for the remainder of this section, k will be kept real. 
(16) For. k0, Imk = 0, F—(k, r) always exists. :This-is easily proved by multiply- 
ing (2.11) on the left by a vector a, on the right by a*; and using (2.10): 


a(t" — FR \a" = =o kaa? 


If aF'= 0, then the left hand side vanishes and the right hand side then shows that 
MW. (): Popebyteds a oop 


ese eS 


Mee HE GoNSERCOTION OF POTENTIALS FROM 
‘This impies that 
(2.19) S-(k) = S(— h), 


: 4 and by (2.10), therefore, S is unitary : 


(2.20) SNe (hy = 1: 

\ By analogy with the case where (2.0) is the Schrodinger equation in physics, : 
» -we call the symmetric and unitary matrix S(x) the scattering matrix (*). 

bi 


3. — Bound State and zero Energy Singularities. 


If four a given ky, Im k, < 0, there exists a vector a0 so that af(ky))=9, 
then an aF(k),7) is a vector solution of (2.0) which vanishes both at r= 0 
and +> oo. Hence k? is an eigenvalue of (2.0). It is shown in the standard 
fashion that all eigenvalues are real. We can therefore write k, = — ik), 
and, in view of physical applications, call — K? the energy of a bound state. 
The bound states therefore correspond exactly to the points in Imk< 0 
where det F(k) = 0 and where, therefore, /’~1(k) has a pole. For Imk=0, 
k=40, F-(k) is continuous, because F is so and by footnote (*°); for In k<0, 
Rek4#0, F-(k) is analytic; for Ink< 0, Rek=0, F-(k) may have a 
finite (18) number of poles and no other singularities. 


We shall now prove the theorem: 


All singularities of F-(k) in Imk< 0 are simple poles. 

Differentiation of (2.1) with respect to & (indicated by a dot), transposition, 
multiplication by F on the left and subtraction from (2.1) multiplied by Fr 
on the right, yields, after integration and use of the boundary condition, for 
Re K > 0 


43.1) F(—iK, r) F(—iK, r) — F'(— ik, vr) F"(—iK, r) = 


dee 2iK| dt F(—- ik, t) F4(—iK, t) . 


Suppose that F(—ik), K>0, is a singular matrix, ice., there exists a 


(7) C. Motier: Kgl. Danske Videnskab Selsab, Mat.-fys. Medd., 22, No. 19, (1946). 
p. 19. 

(8) This follows from the fact that F(k)=1+0(1) as |k|— oo, by (2.7), and (B.37). 
Since, thus, neither |k|=co nor k=0 can be a point of accumulation of zeros of 
det F(k) and the latter is analytic for Im k <0, it cannot vanish on the negative 
imaginary axis, except at a finite number of points. 
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vector a 0 so that 
(3.2) aF(—ik) = 


Due to the reality of the Schrédinger equation and the boundary condition 
for F(— ik, r), F(—iK, r) must be real, and a can therefore be chosen real 
too. Eq. (3.1) then shows that (where (1°) af’(— 7K) = lim aF’(—iK, r)). 

(3.3) aF'(— ik) F"(—ik)a? +0. 


Now suppose that there exists an a0 that satisfies, in addition to (3.2), 
the equation 


(3.4) bF(— ik) + aF(--ik) = 0 


for some vector 6. Multiplication of the transposed of (3.4) by aF’(—71K) 
on the left and the use of (2.9) as well as (3.2) then yield 


(3.5) ' @F'(— ik) F\(—ik)a™=0. 


The contradiction between (3.3) and (3.5) ean be resolved only by dropping 
the assumption that there exists an a0 that satisfies both (3.2) and (3.4). 
The theorem of Appendix A then proves the required result: #-1(k) has. 
simple poles at the position of the bound states. 

For a given eigenvalue there may be several linearly independent vectors (2°) 
that satisfy (3.2). Let P, be a projection (#1) onto the space spanned by them 
for the n-th bound state (??): 


(3.6) range P,,= kernel (1 — P,) = kernel F(—7K,) . 


P,, can, moreover, be assumed hermitian. In view of the reality of F(—iK,), 
a* annihilates F(—iK,) whenever a does; hence P.*, also hermitian, satis- 
fies (3.6). Since there is only one hermitian projection with a given kernel, 


the hermitian P, is real: 
(3.7) P, = 2hape Ee 


Equations (3.6) and (3.7) determine P, uniquely. 


(**) See Appendix B for the existence of the limit. 

(?°) In the physical case, where the matrix character of V would mean the inter- 
action of different angular momenta if it were not for the exclusion of the centrifugal 
term by (2.3), this would mean more than one mixture of angular momenta to form 
a bound state with the same energy. 

(7?) We mean by a projection simply an idempotent matrix (P?= P);, hermiticity 
will not be implied in the definition. 

(7?) The kernel of a matrix M is the space annihilated by it, i.e., the set of all 
vectors « such that *«M = 0; the range of M is the set of all vectors « for which there 
exist vectors y such that =a M. 


paste 
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a - The projections P,, can now be used to reduce the case of bound states 


to that without bound states. This is accomplished by the following theorem. 


7 Pome ke n= 1, \..,l, 0K, XH, be the bound state energies 


m and {P,} the corresponding projections satisfying (3.6) and (3.7). Define a 
i matrix R == R,(k) as follows: 


. a ne aes (¢ 20K 4 
, (3.9) R,(k) = (1 pa Pao. af ia Rn—-i(k) ; n= I, veey Lis 
BY where 


LX 
(3.10) range P| = kernel (1 — P,) = kernel [Raa(—iK,) PR, *)(—tEn)] ; 


5 


q from F-1(k) one by one. Let 


7 


4 


and 

(3.11) Pay ae ee 
; The new S-matrix , 
(3.12) S,(k) = R(k) S(k) R(— k) , 


which for real k is unitary and symmetric, can be written 


i (3.13) S 


NV 


(b) = (kya, (— ky, 


where F,(k) and F,*(k) are analytic in Imk< 9 and continuous in Im k < 0, 


| except possibly at k= 0. For Imk< 0, 


(3.14) jim Pa(h) = 1 
> Finally, 
) (3.15) F(k) = R-(k)F,(k) « 
N 


In order to prove this theorem we remove the bound state singularities 


. 
\ 


(3.16) FO(k) = Ry(k) Pk) , 
é 21K 
{ SAT NWesae (ese oi 
BS 17) R,(k) 1 1 k ue iK, 
In a neighborhood of k — ik, confined to the lower half plane, F(k) can 
be expanded 
i (3.18) F(k) = Fy + (k + (Ky)Fy +... 


. 


Ups Rapes Laabiaies 
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Equations (3.16) and (3.17) then yield 


(3.19) FY(k) = <r PLP eh 20 Eee 
But by (3.6), 

(3.20) PF, = 0, 

and hence F(k) is analytic at k =—7iK,. Furthermore, suppose 
(3.21) , Gp i) 

(3.22) Q=4h, = 21 Lk 


Then (3.20) to (3.22) can be written 


(3.23) —HGaP = y, 
(3.24) Pace 
| Ff, + yf, =0. 


The last two equations are of the same form as (3.2) and (3.4), where it was 
proved that they imply y=0. Hence by the second equation in (3.24), . 


(3.25) “P= 0; 
and therefore, by (3.6), | 
{3.26) eset aa 


But since y=0, (3.23) and (3.26) show that «=0. This proves that 
F(— (Ky) possesses an inverse, and (fF)? is regular at k = —7K,. Clearly 
R,* is regular everywhere in the lower half-plane, and so is R,, except at 
k=—ik,. No new singularities are thus introduced. Furthermore, as 
\k|—> oo, lim R, = 1.- Fo real &, by (3.7), 


(3.27) R,(—k) = (Rk) = R*(k). 


It follows that #(k) has all the relevant properties of /'(k): analyticity in the 
open lower half plane, continuity in the closed lower half plane, the limit 1 
as |k|—> oo; for real k it satisfies (2.10) with r = 0, and (2.16). Moreover, 
its inverse has singularities only at k =—iK,, n=2,..., LZ. The new 
S-matrix ; 


(3.28) Si(k) = By (k) S(k) Ry "(— k) = Fy(k) Fy(— k)> 


is, for Imk=0, unitary and symmetric and satisfies (2.19). 


a See re 
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By a repetition of this method, all bound state singularities can be re- a 
moved. Before the above procedure can be repeated, however, new projections | a 
must be defined. The matrix P, does not satisfy (3.6) with respect to F,(—iK,), A 
‘but with respect to F(—iK,). In view of the facts that for any non-singular 
matrix M 
kernel (MA) = (kernel A)M"', 
"and 
kernel (A M)= kernel A, 


it is clear that 


_ (3.29) P’, = R,(— iK,) P,Rj*(— ik.) 
is a projection and satisfies 


(3.30) range P, = kernel (1— P,) = kernel F,(—iK,) . 

Since R,(—ik,) is not PURE bat P, is not hermitian. There exists, however, 
a hermitian projection jee with the same range; it is uniquely defined by (3.10) 
Pind (3:11) for n= 2. P. is, in fact, real, because R,(—7iK,) is real; it there- 
fore satisfies (3.7) and (3.6) with respect to F,. The procedure used for the 


removal of the singularity at k =—iKk, may now be repeated to remove 
that at k =—iK,. The theorem has thus been proved. 


In contrast to the one dimensional case, it is, in general, not possible to 
remove the singularity at k= 0, if there is one, and still keep the S-matrix 
either unitary or symmetric. It will, nevertheless, be necessary to know the 
kernel of F(0). This knowledge can be obtained from the S-matrix. 

. Equations (B.33) and (B.37) show that for Imk<0 one may write near ‘ 2 
ie 0 


(3.33) F(k) = Fy + kF, + o(k), 


(3.34) EUk) = k3N_, ++ K(k), EG) = ok) « ~ 
"Then by (B.39) and (B.40) 

i \ 

(3.35) S(0) = F,R(0) — FN, = 1—2F,N.. 


Equations (B.38) and (B.39) show that #,N_, is a projection of the type (3.6): 


(3.36) range (F, N_,) = kernel (1 — F, N_,) = kernel F(0). 
Therefore, : b 
+ (3.37) kernel F(0) = range $(1 — S(0)) = kernel $(1 + S(0)) . : 


Tt Oe Se se RE eo ace Igeeee eh Lh eR ara rey Ply ene ee ee 
fs SA Re Sea ee cms WR ee Pek roe ie 
fea i Risa ¥ ag 
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This can be expressed as follows: On the kernel space of F(0), 


43.38) S(0) =—1, 


while on the quotient space, in which elements whose difference lies in the 
kernel of F(0) are identified, 


(3.39) SOye 44 


Equations (3.38) and (3.39) are the proper generalization of the scalar case, 
where S(0) =1 if ((0)40, 8(0)=—1, if f(0)=—0. 
In view of (3.36), (3.37), (2.20), and (2.18), the projection 


(3.40) P,= 4 8,0) 


satisfies (3.6) and (3.7) for F, at k = 0 and can be used like the P,’s. The 
function 


(3.41) FF’, (k) = Ro(k) Fy (k) b] 
with 
(3.42) R,(k) = 1— Priek , e>0, 


and its inverse are analytic for Im k< 0, continuous for Imk <0. It also 
satisfies (3.14). The new S-matrix, however, 


(3.43) Syo(t) = Fy (k) Fe2(— k) = Ry(k) Sy(k) Ro b) ; 


is in general no longer symmetric or unitary unless S,(0) = S(0) = 1, Le., 
F-1(0) exists. Nevertheless, it is still true that 


(3.44) Sy(k)Sy(— &) = 1, 


and since, for Im k = 0 


(2.10) also holds for F,,(k). 

One can obtain partial information about the bound states and a possible 
Singularity at k= 0 from consideration of the determinant. The determinant 
of F(k) will, in general, have multiple zeros at the position of the bound states. 
We shall prove the theorem: 

The multiplicity of the zero of det F(k) at k =—iK equals the dimen- 
sionality of the kernel of /(—iK). 

By (3.16); 


(3.45) i(k) = det F(k) = det RD"(k) x det F,(k) , 
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- -where 


(3.46) Rapes 13 P 


Beat {(e) = (1 + pag) ee = (ase 


21K; 
1 “7 
k— ik, 


There always exists a coordinate system in which P, is diagonal. Its diagonal 
elements will then be p, ones, where p, is the dimensionality of the kernel of 
F(—ik,), and the remainder, zeros. Therefore, 


21K, b+ ik, 


J det F,(k). 


Since det F,(—1K,) #9, this proves the theorem. 


Equations (3.33) and (3.37) can be used quite similarly to prove that near 


k=0, Imk<0 


(3.48) f(k) = k*(a + o(1)) ’ a9, 


if g is the dimensionality of the kernel of F(0). 
We now write 


G49) f(k) = | f(k) exp [i()], 


~ complex k-plane, surrounding all zeros 


and it follows that 
= 1 ] . A, 
(3.50) mh og f(k)—m , 


where the integral extends over the path in Fig. 1 so that all zeros of f(k) 
in Im k < 0 are included; and m is the 

ay, sum of the multiplicities of all zeros 

of f(k) in Imk<0. As Koo, the 

contribution from the large semi-circle 

vanishes. That from the small one is 


(3.51) d log f(k) =— tz. 


Fig. 1. — Path of integration in the ’ 
ee ie Equations (3.50) and (3.51) readily 


BRI 02,0 of Fh). yield 


eé>0 R-> 


e352) lim Jim |—(R) + 9(—R) +(e) —n(— 8) > ‘lg Ry fel | 


ih 
bo 
a 
+ 
bol 
ka 


Equation (2.10) shows that the logarithm vanishes, and therefore 


(3.53) (0 +) — (0 —) — (00) + (= 00) = 2ae(m + 34) - 


Be ee A Bre Belg eG a CoE (oF ne Met Sys Ne i, eee a 
x ~- (we. Ss ay ee > a ae Poke es Sevay 
i Se > > * us a e oD 


hs ee eh be S| 
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Now (2.10) implies also that 


(3.54) n(—k) + 4(k) = 220, 


where n is an integer. If we demand that 7(k) be continuous in (0, co) which 
we can since f(k) is so and has no zeros there, then addition of (3.54) for 
k + co to (3.53) and subtraction of (3.54) for k +0, results in 


(3.55) n(0 +) — (co) = a(m-+-'$9q). 


Finally, from the fact that det (F-') = (det fF)“, and (2.18) and (2.20), it: 
follows that we may define 


(3.56) } log det S(k) = i(k) . 


4, — Spectral Function and Potential. 


The spectral function is obtained in the course of deriving the completeness: 
relation. Consider, for an arbitrary matrix function ¥(r) sufficiently regular, 


(4.1) ®,(k, r) =— dt¢ (t) G"(k?, t) F-1(k) P(k, r), 20 
If the bound state singularities are at k =—ik,, n=1,..., L, F-(k) has: 


simple poles there whose residues we call NV“), while F and G@ are analytic. 
Therefore 


— 
ns 
bo 


. L if 
kdk ®,(k,r) = 20 > K, | dt¢(t)G2()N”,F,(r) , 
: n=1 x 


(PES 


where G,(r) = G(— K?, r), F,(r) = F(—iK,, 7) and the integral on the left: 
extends over the contour of Fig. 1, enclosing all bound states. Due to (3.34),. 
the radius of the small semi-circle can be allowed to shrink to zero. 

Owing to the first line of (A.4), where M,= F, and (2.5), 
(4.3) NO PAG) = NO FONG). 


-ln 


We now define 
(4.4) C= 2 NG). 


Due to (2.9), C, is a real symmetric matrix. Multiplication of (3.1) by V baal 


Ae te" ‘i ea Sg ee wy ae 
= & ers Cb Ss 4 
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‘on the left, by N°” on the right, and use of (4.3), (4.4), (2.9), and (A.4), them 
Head to (22) 


7 - = 3 
(4.5) CG, = | 0,G,(r) Ga(r)C, dr = — 4KAN™ | | dr F,,(r) Fn (r) Pee as _ 
‘ s 0 0 Sag 
from which it follows that the quadratic form «Oz? is non-negative. Be 
It follows from (3.1) that aF{? = aF'(0) = implis a= 0. Since by (A.4). “S 
furthermore, x 33 
} (4.6) range N™ = kernel Be. > = : 
(3.6) shows that a 
| beam q 
and by (4.4), Bere 
(4.7) ; ‘ ‘kernel CO, = kernel N™ . a x 
| In view of (4.4), (4.5), and the symmetry of C,, we can therefore write moo 
(4.8) 0, = NCA Ns, a 

_ where, by (3.7) and (4.5), 

eee AL = AIP, | ar Fale) PLO) iH, ie 
is a real, symmetric matrix with a non-negative associated quadratic form. | ig 
I _ Equations (4.7), (4.6), (3.6) and (4.9) show that e : 
| (4.10) kernel A, = kernel P, . ct 
- 14 P * : 
| Equation (4.2) now becomes : 4 
B (4.11) | Rave, (k, 1) aia < dt F(t) Ga(t) C,G,(r) - ‘< 
Te \ a 
se 4 
For the integral over the large semi-circle, the asymptotic expressions for @ 
and F, (2.6) and (2.7),can be used: ae 
= Ps s 
i dk exp [— nth aes F (t) sin kt = ng (r) + R(k, r), - 
6.c. aa 
aa 
(23) This is the proper generalization of the first equation in (1 10) of reference (°) ee, 
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where lim R(k, r) = 0. as |k|—> co. Therefore, 


foo) a 


QD) eres arf 2 ar lt F(t) G7(k2, t) P-1(k) P(r) + 
F 2D | FORO CGO. 


The fact that G is an even function of k, and equations (2.14) and (2.16) then 
yield, on adding to the k-integrand its value for k >—k: . 
(4.13) F (r) = 24 k? dk | dit $ (t) @7(k?, t) [F'"(k) F(— k) | *G(k, r) + 


aS dt F (t) G2(t) C, G(r) - 


a 


If we now define a symmetric matrix function P(/) by 


P(— oo) = 0, 

(4.14) aP(k) | 71 VELE(VB)F(—VB)] E>0, 

LESS NGS 0-0 Sa E<0, 
then 
(4.15) F(r) = 2 dt $(t) | G?(H, t) P(E) G(E, r). 

In the same way one obtains 
rte 
(4.16) F(r) =2/ aes) fer "(B, t) P(E) G(B, vr) 
from 
rte 

(4.17) @, = — fag t) F°(k, t)(F?(k))G(k, 7) . 


- 


Addition of (4.15) and (4.16) proves the completeness: 


THE: 
(4.18) F (r) = J ae F (t) | ee, t) dP(B) G(B,r) , 


which can alxo be written 


(4.19) aru, 1 t) dP(B)G(H, r) = o(t—n), 
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and consequently, 


foe) foo} 


[ar Fir) G"(E, ") d P(E) | | ar F(r) GH, n) 


0 


(4.19") [w F (nF (1) = | 


This proves that P(#), defined by (4.14), is the spectral function. It,depends 


f only upon the bound state energies, the matrices C,, and #(k). The Gelfand 
_ Levitan procedure finally connects the spectral function directly with the 
_ potential. 


i? 


§ 


Equations (2.1) and (2.5) readily yield 


r 


(4.20) | ara, t)@"(E', t) = (E'— BF) W(G(B, r), GE’, r)) . 


0 
Using this equation, one obtains by precisely the same procedure as in refer- 
ence (*), the equation corresponding to (1.12) there: 
(4.21) G(E, r) = @,(B, 7) + | dt G,(E, t) K(t, r), 


0 
where 


+ (4.22) Kir) = | Ge, a [P) — PCB] CB, 


and G,(H,r), P,(#) are the solution and spectral function, respectively, 
belonging to a suitable comparison potential V,(r) that satisfies (2.3). Again 


|. as in reference (°), (4.22) leads to the Gel’fand Levitan equation 


, r 
y. (4.23) K(s,r) + g(s, 7) + dig(s,t) KG. r) == 0; 
0 
> with : 
(4.24) g(s,r) =— G"(B, s)d[P,(B) — P(B)]@,(B, r) . 
— One obtains \ 
. B 4 d 
_ (4.25) Vir) = Vi(r) + 2— K(r, r) 
: dr 
_. by using 
02 C2 
(4.26) a Kit, 7r)— KG, r)¥@) ==, K(t, r) — V,(t) K(t, r) . 
or ot? 
and 
(4.27) K(0,r) =0. 


40 — Il Nuovo Cimento. 
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The proof that the homogeneous form of (4.23) has no solution also follows. 
exactly reference (*) and rests on the statement immediately following (4.5). 
Equation (4.23), therefore, has a unique solution. 

It remains to be checked whether the construction process yields a sym- 
metric potential from a symmetric spectral function. If the constructed po- 
tential satisfies (2.3), then it follows with the help of (4.11), (2.6), (2.7), -(2.17), 
(3.38), (3.39), and (4.19) that 


(4.28) G(r, t) = — | @t(B, r) dP(B) G(A, t)H> 


exists for any 7 and ¢ and is a Green’s function for (2.1) with H=0. If P is 
symmetric, then the Green’s function satisfies. 


G(r, t) = Gt, r) . 


The same must then be true for its inverse, which exists uniquely and is given 
by (2.1). It thus follows that V(r) is a symmetric matrix. 

The construction of the potential from the spectral function P(#) thus 
proceeds in precisely the same way as in the case of N=1. The difficulty 
which remains is the transition from S(k), the position of the bound state 
energies — A>, n=1,..., 2, and the corresponding real, symmetric positive 
semi-definite matrices A, to the spectral function P(#). According to (4.8) 
and (4.14), this transition is obtained, if we construct, from the mentioned 
quantities, the function F(k). The next section is devoted to that. The 
matrices V™, needed for C,,, are then obtained from F(k) as 


(4.29) N®. = jim (kh +iK,)F-Uk). 


k—->— tK,, 


Tf S(k) is symmetric, then F(k) satisfies (2.16), and P(#) is symmetric. 


5. — Construction of F(k). 


From a g ven S-matrix, we first remove the bound states and the singularity 
of F-(k) at k= 0, if there is such, by means of the procedure of Section 3. 
For this purpose one needs, in addition to the bound state energies — K,, 
the projection P,, of (3.6) and (3.7). They are obtained from, the matrices 4, 
by (4.10) and (3.7). The new S-matrix is Sy, of (3.43). We shall see that 
there exist certain necessary restrictions on Sy,.(k) so that it can belong to a 
potential that satisfies (2.3) (or (2.3’)). We are, however, not going to prove 


that these restrictions suffice. The question of sufficient conditions for the — 


7 
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'§-matrix to lead to such a potential (or, that of the asymptotic behavior of 
_ V(r)) is still open even in the scalar case (N = 1). 
The construction of F(k) from S(k) has to proceed here quite differently 
from the scalar case (+). Most of following techniques are due to J. PLEMELJ (2*) 
It will be convenient for the following to work in the unit circle rather 
than in the lower half plane. We therefore perform the transformation 


k+4 
‘Tale 

Bt) oe k—i 
iY ‘and define 
te 
B62) F,,(k) = @.(2) for Imk<o. 
i 
_ The points on the circumference of the unit circle, |z|= 1, are denoted by t, 


and we define 


(5.3) - Syo(k) = Mit), for Imk=0. 
. ‘It is proved in Appendix C that under the assumption (2.3’) on the potential 
_ M(t) satisfies a Holder condition (25); due to (3.14), (2.10), (3.34), and (3.44), 
? it fulfils the following equations 


ee 


( Md)=1, 


(5.4) ‘ 
- | MOM) =1, Me) = MMi). 
% 
% Further, we say that a (matrix valued) function H,(z) belongs to the class 
 K, if H,(z) and H;\(z) are analytic in |z|<1 and continuous in |z|<1; 
_H_(z) belongs to the class K_ if H_(z)=K,. The intersection of K, and K_ 
is the set of all constant non-singular matrices. 

The problem of solving (3.43) for /’,,(k) is now that of solving 


meee orgie 


—— 


M(t) = P.O.) , 


6. 5) 


me 


| with @,(1) => 1 and OP (2)eK, é 


, 


\ 
Lemma 1: If (5.5) has a solution, then this solution is unique. To prove 


this, let ©. and ¥Y, both satisfy (5.5) and introduce 


Pi ee " 
y atm senchaean way 


bat A(z) = Wy (2) G+(2) . 


(24) J. Premets: Monatsh. jf. Math. wu. Phys., 19, 211 (1908). 
(25) A function f(x) satisfies a Hélder condition if there exist two positive constants A 
and mw so that for any two points 7, and 2, 


|Ha) — 1%) |< A | — a,|*. 
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Then (5.5) and its equivalent for ¥Y,(z) show that A,(z)eK, and A,(2)=A+(z"), 
so that A ,(z)eK_. 


Therefore A,(z)==const., and by the boundary condition in (5.5), A.(z)=1. 
This proves Lemma 1. 


Lemma 2: If the system 
(5.6) H(t) = MH), H(eeK,, H(zjeK_, 


has a solution, then (5.5) also has a solution. 


For the proof we first show that any solution of (5.6) can be written as <i 


( Hy(z) = BY (2)C, 
(5.7) pee 
[Hay =e) C 


where C is a constant matrix, and H*., H® is a special solution of (5.6). 


Equation (5.6) immediately yields 
C= (802) Hele) = (AG) “tee ke ci, 


and therefore (5.7), and C is constant. We can now impose the boundary 
condition 


(5.8) Hi = Weise 


H(z) and H_(2) are then uniquely defined. But by virtue of (5.4), we also 
have 
H_(t*) = MWA"), 


and hence 
H,(z) = H(z), 
which shows that H(z) solves (5.5) and proves Lemma 2. 


Let us call K', the class of all vector values functions y,(z) analytic in 
|2|< 1 and continuous in |z|<1; K ' is the class of all vector valued funct- 


ions y_(z) such that g_(e)eK. Let n vectors oz), ..., 9™(2), PU (Z)eK., 


+ 
i= 1,..., , be called linearly independent if no linear combination 


p(z)= > CaP), C= const.4 = eee 


2—w 


has a zero inside the closed unit circle unless C,; =... = C, = 0. We define — 
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linear independence for members of K_, (2), by requiring it in the above 
sense of g_(z-!). From these definitions one immediately obtains 


Lemma 3: Tf 


I 


(5.9) gt) = Mp), pileeK',, p-(e)eK, 


(1) (Ny) 


has N linearly independent solutions ¢'?(2), ..., pe) and p(2), ..., y2'(2), then 
(5.6) has a solution, and vice versa. 
If (5.6) has a solution, H, and H_, then the vector 


4g 


(5.10) Ce age Hh ip. 


- where g. and g_ form an arbitrary solution of (5.9), must be constant. If, 
- now, 9”) = 0 for any |2)|>1, including |2|= co, then C = 0 and hence 
p_(t)=90. As a corollary of this statement one has 


Lemma 4:. If (5.6) has a solution, then (5.9) has no non-trivial solution 


such that 
® (5.11) p-(co) = 0. 


We shall now show that if (5.9) has solutions, they can be found by solving 
a Fredholm equation. For that purpose we introduce the Hilbert transform 
operator, 4, defined on all square integrable functions on the circumference _ 
of the unit circle (2°) by 
: i ° f(t’) dt’ 
(5.12) (21) == PD yr 
TEs oe t—t 
where the integral extends over the circumference of the unit circle and P 
denotes the Cauchy principal value. The projection operator 


(5.13) Wea + £) 


has the following properties (2°): 
(5.14) g.eK, if and only if [p,— 9+, 
(inj pee kK and) gy (co) =, if and only if (@—iM)p-—We—e.- 


It follows from this and the fact that // is a projection operator, that for 
any square integrable (vector valued) function 9, 


“(.16) TIpeK'., (1—IM)peK_ and [(1—I]g](co) = 0. 


(26) E. C. Trrcumarsu: Theory of Fourier Integrals (Oxford, 1937), pp. 119 fi. The 
I extension to vector and matrix valued function is trivial. 
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We can now say that (5.9) is equivalent to the following pair of equations: 


(5.174) M-\(1— IT) Mqg_ = 0, 
(5.175)  Hg_—p) = 0". 


Adding these two equations one obtains 


(5.18) M-\(1 —IN)Mp_ + Ho. =p, 

or, using (5.14) and (5.12), F * 
1 Op, ME) ae he : 

(5.18" pelt) — pee) Oh | 


Since M(t) satisfies a Holder condition, this is a Fredholm equation. 


Theorem I. (5.6) lias a solution if and only if M(t) satisfies the following 
conditions: 


a) No non-trivial solution of (27) (5.18,) satisfies (5.17b) with w= 0. 


b) For every given constant vector u 40, (5.18') has a solution that 
satisfies (5.175). 


Proof.: The necessity follows readily from Lemmata 3 and 4. 

To show that a) and 6) together are sufficient, we choose a system of V 
constant linearly independent vectors, uw, ..., u%. According to b), for each 
of them there exists a solution, y(z), of (5.18) which satisfies (5.17a) and 
(5.17b) separately, and hence solves (5.9). They must be linearly independent ; 
for if ; 


had a zero at z= 2, |z2,|>1, then 
— p(2) = ( — 2) *y_(2) 


would be a solution of (5.9) which vanishes for |z|— oo. The function p_(z) — 
would then solve (5.18) and (5.176), both with u = 0. According to a), then, — 
y-=0 and hence (28) 0, = .. = 0,=0. By Lemma 3, (5.6) has therefore a — 
solution. This proves the theorem. 


(*7) We refer to the homogeneous form of an integral equation by putting a sub- 
script «o» on the number of the inhomogeneous equation. 


(*8) Strictly speaking, the case |z|— 1 requires additional reasoning. It can be 
found in reference (2%). 


We ap 
| Ny 


‘ 


5 


sense in which (5.18’) is that of (4.9): 


. 
"rs - ag. | 


— =e 
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Theorem I, in a sense, solves the problem of finding the additional restrict- 
jons on M(t), or S,o(k), so that a short range potential can belong to it. We ; 
shall now treat further the case where M(t) is symmetric and unitary. In view = 
of Section 3 (the paragraph containing equations (3.40) to (3.44)), this will ME 
be the case when the original -S-matrix equals 1 for k = 0. We call this the 
normal case. Finally we shall give a short account of the general theory of 
solving (5.9), due to PLEMELJ (?%). 

We now turn to the treatment of the normal case. The matrix M(t) then 4M 
Satisfies, besides (5.4), 


(5.19), M(t) = M(t). 


Lemma 4': If, in the normal case, (5.6) has a solution, then neither (5.9) nor ~ 


145.9") p(t) = M(t)y_), —-pslzeK',, —-p-(e)eK, 


have solutions which vanish at infinity. 2 
The proof of this lemma is obtained directly from the application of Lemma4 — —. 
to the result of using (5.19) in (5.6): 


(5.20) (EA (0) a Mt) tt) 

Lemma 5: If, in the normal case, (5.6) is solvable, then (5.18,) has only 
the trivial solution y= 0. 

According to Lemma 4’, no non-trivial solution of (5.18,) can satisfy ($.17a) 


and (5.176). The functions 


(5.21). - y.=—lIlo, y= (1— 1) Mo, 


= 


which, by (5.16), have the properties 


© 


NS 


i 


2) wick, yeK_, poo) =0, 


are therefore not identically zero. But with (5.21) and (5.22), (5.18) reads 
exactly like (5.9*), while y_(co) = 0. The contradiction with Lemma 4’ can 
be resolved only if y=0. Lemma 5 is thus proved. ; 

The problem (5.9*) has a Fredholm equation associated with it in the same 


(5.18*) M(1—M)My_ + Ty_ =», : 

or 4 

ili eo TAP a ta ees Reames one 

*/ BIS at) aes aS URS: re: ‘Noah 
(5.18*') i cp .at ie tea | 
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where y= w_(co). Due to (5.19), the adjoint of the corresponding homogeneous 
equation reads 


Bet 
(5.18/*”) ahh sea Cp dias 


270 


aL oy (hy SS ht 


According to Lemma 4’, the analogue of Lemma 5 for (5.18,*) also holds, and 
hence for (5.18,*7) too: 


Lemma 6: If, in the normal case, (5.6) has a solution, then (5.18,*7) has 
only the trivial solution. 


~ 


Lemmata 5 and 6 prove the second part of 


Theorem IIT. In the normal case, (5.6), has a solution if and only if neither 
(5.18') nor (5.18,*”) have non-trivial solutions. 

All we need supply now is the sufficiency proof. If (G8 = ) has no solution, 
then neither do (5.18/*) or (5.18%). .Thus (5.9*) has no non-trivial solution 
that vanishes at infinity. Since, by hypothesis, (5.18,) has no solution either, 


(5.18') can be solved for arbitrary uw. Put 
(5.23) IT(o_— ph) =— +3 (1— 11) Mg_= yp-_, 


where g_ is a solution of (5.18’); then, by (5.16), y, and yw_ solve (5.9*) and 
y— vanishes at infinity. It follows that y,= y= 0, and hence that m_ solves 
both equations (5.17) and consequently (5.6). This completes the proof of 
the theorem. 

The condition in Theorem II can be stated as follows: The two equations 


(5.24) (M's M — 4 1)x SS pains VF 


must have no (non-trivial) solution; i.e., the Fredholm integral operator 
1(M'4 M — #1) must not have the eigenvalue + 1. It is readily proved that 
this is equivalent to requiring that 


or 
bo 
OL 


4/£M— MA \<1, 


where |A) is the least upper bound of the operator A. 
Finally we return to the general case and cite the fundamental 


Theorem of Plemelj: Every matrix M(t) that satisfies a Holder condition 
can be written in the following form: 


(5.26) M(t) = H(t) N (t)H_(t) ; Hoek: ’ Hoshi, 


‘ 
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where 


(5.27) N,;(2) — wet ~ 


and the integers yw, <i. <...<j, are uniquely determined. 


A way of constructing H,., H_, and the integers uw; can be found in re- 
ferences (24) and (2%). In terms of them, the conditions for (5.6) to have a 
solution in the general case can be stated as follows: 


Theorem III. (5.6) has a solution if and only if 


My bs Sct My = 0. 


As a last result of the general theory we mention that H(t) and H_(t), 


and therefore @,(t) of (5.2), satisfy a Hélder condition (?*). 


6. — Summary. 


, 


We summarize the construction procedure: 

Let a symmetric and unitary matrix valued function S(k) that satisfies 
(2.19) and a Holder condition (C.26), (5.1); a set of L positive numbers K,,, 
m =1,..., L; and a set of L real, symmetric, positive semi-definite matrices A, 
n=1,..., L, be given. Then one constructs the L projections, P,, uniquely 
defined by (4.10) and (3.7), from the 4,,, and forms S,.(k) by means of Section 3. 
In the normal case, S(0)=1, one may test S,,(k) by Theorem IT; if either 
of the equations (5.24) has a non-trivial solution, then there exists no short 


‘range potential corresponding to S; if neither do, or if (5.25) is fulfilled, then 


F(k) can be constructed from solutions of the Fredholm equation (5.18'). In 
case S(0)41, Theorem I or Theorem III contain the necessary conditions 
for the existence of a short range potential; if (and only if) they are fulfilled, 
F(k) can be constructed by solving (5.18’). ; 

From F(k) one obtains N, by (4.29); the latter are then used in conjunction 
with the A, to form the O,, by (4.8), which in turn are used, together with F(k), 
to build the spectral function, P(£), by (4.14). The Gel’fand Levitan equation, 
(4.23), finally leads to the potential (4.25). If that potential satisfies (2.3), 
then it leads to the S-matrix S(k), bound states of energy — A;, and mixtures 
given by the kernel of A,, and to wave functions that satisfy (4.9). The total 
number of bound states, each counted as many times as they are degenerate, 


‘is directly given by (3.55). 


(29) N. I. Muske.isuviti: Singular I ntegral Equations (Groningen, Holland, 1953), 


pp. 381 ff. 
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APPENDIX A 


Theorem. If M(z) is a (NV xN)-matrix valued function of z, analytic for 
|zi<1, and so that det M(0)=0, det M(z) 40 for 0<|ze;<1, then a ne- 
cessary and sufficient condition for M~1(z) to have a simple pole at z= 0 is 
that the system 
aM(0)=0. 

bM(0) + aM'(0) = 0, 


(M'(z) = dM/dz) implies that a = 0. 

The intuitive meaning of the criterion is that there must not exist a vector 
valued function f(z), analytic and different from zero in a neighborheod in- 
cluding z= 0, such that fM = o(|2)). 

Proof of the theorem: From the construction of the inverse it is clear 
that M-(z) cannot have any singularities for |¢'< 1 other than a pole of 
finite order at = 0. Therefore, there must exist an » such that 


(A.1) M-\(z) = 2*N_, + 27H Nay +. 
{A.2) M(z)= M,+2M,+.... 


) 


The matrices N,, must satisfy the equations 


m m 


(A.3) sy MN = > It ee IE ee a oa mm, Open 


t=0 i=0 


Now if M- has a simple pole at ¢= 0, then Ny =": = "Na, = Oe 
and the equations 


M,N_, = N_,M, =0, 
(A.4) 


M,N, ae M,N_, a NM + N_,M, =1, 


have a solution N_,~0. Suppose (A.4) has such a solution and at the same 
time the system (A.0) (M'(0) = M,) has a solution. Then by the first line 
of (A.0) and the second line of (A.4), a = aM,N_, and therefore, by (A.0) 
bM,N_,=—a. The first equation in (A.4) then proves that a=0. This 
proves the necessity of the criterion. 

Suppose now that the system (A.0) implies a = 0. Equation (A.3) then 
Shows that N_, = 0, and therefore N_,,, = 0, ete., until one arrives at (A.4). 
Thus M~ has at most a simple pole at z= 0. It is however clear that M~‘(z) 
has to have a pole at z= 0. The criterion is therefore also sufficient. 


APPENDIX B 


The purpose of this appendix is to derive some necessary estimates and 
inequalities under the assumption (2.3). 
Define 


(B.1) F (k, r) = exp [tkr] F(k, 1) , 
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if 
i 


80 that = 
/(B.2) tim 1 Fh, We OS Imk<0. tm 
“Since Pik, r) satisfies the integral equation a 
4 a 
_(B.3) ‘ F(k, r) = 1 exp [tkr] + [aw 1 gin k(t — r) F(k, t) V(t) , a 
a 4 
w) F(k,r) is Pome ctics of the equation oe - 
Be) | F(kr) =14 | digi, t—g(k, OVO), \ a 
= a 
_ where : : 
| (B.S) g(k, t—-r) = (2ik)-4(1 — exp [— 2ik(¢—r)]) . s 
| ‘This Green’s function is readily shown to satisfy the inequalities, for ¢ >) Ps % 
| a | “ t=? < 
~ (B.6) |e(k, t—r)|= fae exp [— 2ike] <t—r<t, he 
iu ; 4 ; | : re 
; oe 
es a(t — ee 
‘(B.7) |e t—) |< _ a 
i | +] ate me r) pe 
Hq. (B.4) defines ¥(k, 7) by means of successive approximations: 3 
] 4 5 : © a3 a 
- (B8) F(t) = BF oli 7), ; 
a , if Fo(k, r) =i ) 
(B.9 ; ‘ 
ae | Fotalky 7) = a dt g(k, tr) Falk, NV). 
a ' r fs 
| Kq. (B.6) shows that {Fn} is dominated by {#,}, where 
, - 
| (B10) H=1,  Hmnl=fae|VOlse, 
| a , . 
| and thus 
| /(B.11) Hr) = (F(r))"/nh, 
| _ where : . 
| - (B.12) dig) = | di ¢|V(t)| . 


r = 


att kD tet z* % fe a Oe et ee” erly YER A on : “AP, S Oe 
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It follows that 
B13) | ¢(k, r)|< exp [J(r)] < exp[J(0)] = K ; 


( | 
¢(k,r) is uniformly bounded. Resubstitution of (B.13) in (B.1) and use of 
(B.7) yield 


foo) o 


(B.14) F (kyr) —1|< 2K | de Vit) cn <2 | at) 0| : 


Tea 


1 |e ity 


The right hand side of (B.14) shows that, as |k — co in Imk <0, the left 


hand side vanishes, wniformly in r; or, with zg =—Imk 
(B.15) F(k, r) = 1 exp [— tkr] +0fexp[—er]) as |k|— oo. 
Eq. (B.14) also immediately yields the non-uniform estimate 
: _ 2K : ( 
(B.16) | F(k, vr) — 1 exp [— thr] |< z| exp (— 1 dt|V(t)| . 
From the integral equation 
(B17) G(k?, r) = 1k-* sin kr + dtk~* sin k(r — t) G(k?, t) V(t) 
. * 
one obtains similarly for |k|—+ oo, 
(B.18) G(k*, r) = 1k sin kr + o((k | exp letr))\. 
Differentiation of (B.4) and (B.5) leads to 
(B.19) F' (kk, 1) = 44 dt exp [— 2ik(t — r)] ¢(k, t) V(t) , 
which exists for r>0. But by (B.13) for r<1, 
- ir _ 
(B.20) |r ¢'(k, r)| <K dtr | V(t)| <x] | dtt|V(¢)| + vr| dt t V0) : 
r Vr 
and therefore 
(B.21) lim y.4F'(k, 7) == 0; 
10 A 
From the existence of | dt#? V(t)| it follows similarly that i 
« { 
0 ‘ } 
(B.22) hima (ewe Oe 
r>0 ck 


Since lim rf'(r) = implies lim rf(r) = 0, as r > 0, (B.21) and (B.22) yield 


(B.23) lim rF'(k, r) = lim rF’(k, r) = 0. 


r>0 r>0 
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Now consider, for z=—Imk>e|k|, e>0, a 


4 (B.24) “| dt[F(k, t) F*(k,t)— 1 exp [— 2ikt]) < 
i < |h| i dt| F(k, t) — 1 exp [— ikt]| | F(k, t) + 1 exp[— ikt)| = ; e 
| it ; r See 
ae | dt exp [— 202] |g (k, ) — 1) | F(l, 9 + 1 < a: 
; F me sa 
X z Ae : 
h, <2K|k| | dt exp[—- 2tz] J(t) <2K{k| | | dt exp [— 2tz]J(0) + : 
hs 0 0 
| © 
RE ja exp [— ate] T(e)| <2K[J(oje | klt+ $4 (| ki-*)e]—0 as [k|>0. 
0 : 

- Therefore, if the / origin is approached inside a cone Im k = — ¢| Re k|, e>90 
then 

(B.25) lim k | dt F(K, t) F7(k, t) = 1 lim k | ae exp —2ikt] = — 4 1. Poe 

: ho, R00 2 


Now precisely as (3.1) was derived, one obtains for Ink <0, 


a % 
» \ (B.26) Fi(k, r)F' (k, r) — F'(k, r)E?(k, r) = 2k dt F(k, t) F*(k, t) . 3 
‘, Tf F(0) is singular, ie., if there exists a vector a + 0 so that : 
, (B.27) aF(0) =0, 
— then aF"(k, 1) must be continuous at k = 7 = 0 because then there must exist 
_ a vector b so that aF(0, r) = bG(0, 7). Therefore 
lim aF(0, r)F'7(0, 7) = lim (FO, ”)/r) (rF'7(0, sy) fae \ g 
oa) 7-0 r>0 ‘ SiSie te 
— lim aF’(0, r) lim rf’7(0, 7) == 0, “4 
r—0 r0 aa 
: 
by (B.23). Equations (B.25) and (B.26) then yield ~ 
 (B.28) | aF'(0)F*(0)a? == ia’ . og 
m Suppose there exists a vector b so that es & 
% ’ : : 
@ (B.29) bF(O) + aF(0) = 0. 2 
=. RS 
° v 


Ye , S 
ay! ' 
y my) a - 
i : *y Bin a | - 
ea. 4 
a 


v a s if ic ‘s ae ee My i 
Pe, eS eee 
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One then obtains 
(B.30) aE" (0)F" (O)a? == 


in the same manner as (3.5) from (3.4). Comparison of (B.30) and (B.28) shows: 
that the equations (B.27) and (B.29) imply a=0. The theorem of Ap- © 
pendix A then proves that the inverse of 
(B.31) i(k) = F(0) + kF(O) save , 
has a simple pole at the origin: 
(B.32) f ALK) SS GNe eae Wepre 
By the mean value theorem, for Imk <0, near k= 0 
(B.33) F(k) = f(k) + Ro(k), — Ry(ke) = o(|]). 

We then define 
(B.34) R,(b) = F-(k) — f-1(h) 
and readily obtain 
ap) R= — PARA + Rf), 


where F,f-'= o(1). It follows that 


(B.36) R,(k) = 0 hlSy) near k= 0, | 
so that 
(B.37) - PA(k) = Nie + off kl). | 


The following equations must, of course, be satisfied: 


(B.38) F(0)N_, = N_,F(0) = 0, 
(B.39) F(0)N_, + F(0)R,(0) = N_,F(0) + R,(0)F(0) = 1, | 
where 
(B.40) : F(0)R,(0) = lim F(0) R,(k) 

|k|-30 


must exist, even if R,(0) does not. 


APPENDIX.C 


In this appendix we shall use (2.3') to prove that, after transferring the: : 


real line onto the unit circle via (5.1), the S-matrix satisfies a Hélder condition. | 
there. | 


F Gubstitution of (B.13) into (B.4) yields for r = 0 and, by (B.7) 


co 


ea). Fi) —11<K | argt, ny) <2k | 
- 5 : int . 


Pills | 
1+ \klr 
0 


[Vir)| < 
he Hy he oO. 
< 2x [2arr (iat Vet Tas = | dyr1—*| V || 


=z 0 = [K|-2 0 


5 | Py ‘ 


= a ith the assumption (2.3'), therefore, 


‘i 


, me). \ . 
pen Fk) = 1+ 0(\k\*) as [kl oo. 


q Ne xt we differentiate (B.4) with respect to k: 


oO 


7 1 


9 he first integral on the right hand side of 


+ |e 


S 
7 second : 


I = | atv exp (—- 2tkr], 


— co 


ae i¢(jt-+rViit+r),  t>0, 
Py t<0. 


C5) ORF obtains 


fo) ‘ © 


—o 


> 


5 aes = 2K |k|+| drr*|V |. 


R(C.3) ¢F (k, r) =| dt[G(k, t—r) F(k, t) + E(k, t—r) F(k, t)] V(t) 


HC4) | | dt (G(k, t—*)) F(k, NVC) | <K | dt| V(t) || @(, #) || BJ + 


| au —ngu, t) V(t) exp [2k( r—0) 5 


is of the same form ag (0.1), and hence 0(|k|-*) as |k|—> co. Consider the 


By a shift of the origin of r by = a|k|-t and addition of the result to ; 


=-- i dtv(t + &) exp [— 2Qikt]|= 4 | dt(v(t) — v(t + &)) exp [— 2ikt], 
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and therefore by (B.13) and (2.3'), for sufficiently large. hk), 


(C7) T\<a| dt| v(t) — v(t + €)| < 3K dt t| V(t + 7) f+ 


co (eo) 


; : 
— (ky t+ r)| + Ekg {at| V(t + vr) |< KE ate r(y| + 
Ba 
4 pe |e+face Vie + 0-70) + gKE{aer/ Vy) + 
5 ; 
+ $KE| dt P-*|V(t)|< KES K" lhl, 
: 


because it is readily proved by (B.4), (B.13), and (B.6) that as a consequence 
of (2.3) 


(C.8) (FR t+ EA Fl, ti) <= KE, 


Substitution of (C.4) and (€.8) in (C.3) therefore leads to 
Wie | 
(C.9) lF(k, 1) |<| K||k'-= 2+ | | dt @(k, t—r)¢ (k, t)V(t)| « 


If one sets K-'\k|**|¥(k, r)|=f(k,7r), one obtains precisely as (B.13) was 
derived, that f(k,7r) is uniformly bounded, and thus for r = 0 


(C.10) F(k) = O(|k\-**) as [kl 00. 


We now prove from (0.2) and (C.10), and the fact that F(k) is continuous 


and has a continuous derivative for all real k, that it satisfies a Holder con- 
dition on the unit circle after the transformation (5.1). It follows from the 
mean value theorems and (C.10) that there exists a K and a », so that for 
all.|k|>K, 0<¥<m, [ki </k'|<y|k}, 


(C.11) | F(vk) — F(k) |<] F(k’)| [y= 1 


i 


tk |< Cl k|=|y—1)< 
ley hee age 
(k + i)(ky + 4))’ 


—~ fil 
<= 


similarly, for |k|>K, v >, by (C.2) 


(C.12) | F(vk) — F(k)| <0" 


| mils 


+ pKfareve tr + &)—V(i+r)}4 $| deere +r)) ¢(k,t +r +8 — | 
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if Thus for |k,|> K and any ky 
. | ee bps G2 
BC. | F(k,) — F(ky)|< A ee el 
Ean Ce ee fog 8 

~ On the other hand, (C.13) certainly holds if |k,|< K and |k,|< K, since F(k) 
is continuously differentiable. If k, and k, are interchanged, (C.13) must hold 
for |k,|> and any k,. Therefore, (C.13) is true for any k, and any fy. 
We now perform the transformation (5.1) and set 


a4 


4 (0.14) F(k) = Fy(e). 


: ‘Equation (C.13) then readily leads to 


- (15) | F(z) — File) |< Ole: — 2° 


sf for any 2, and z, with |z,|—|2,|—1. 
Jn order to prove the Hélder condition for S(z), a strengthening of (B.37) 
is required. This we obtain from (2.3') again. We write (C.3) as 


ioe) 
‘ 


“(C.16) G(k, r) — F(0, 7) =| dr[ (@(k, t—r) — G(0, t—r)) F (k, t) + 

! : 

: sis G (0, t—-r)(¢(k, t) ae F(0, t)) +(@(k, t=) “Wa G(0,t—r)) F(k,t) + 
+ @ (0, t—r)(F (k, t) — F(0, t)) |V@). 


Now by (B.13) and (2.3’) 


mec) 


\ | | 
(C17) | ja (E(k, t) — GO, t)) F(k, V(t) < 
0 
\ lod ) : ; fad a y I: | 
* <K | dt V(t)! (k, t) — 600, |< K dvr? |V aon < 
Py. 0 0 
t R & 
: < | | drr?| V\j kl#+ dr r2+*|V il ie " < K" |k\*, 
| : 
where H—|k|-“*, w = e/(1 +- €). Furthermore as k —0, 
— (C.18) | ae G(0, t—1)(F(k, t) — F(0, 1H) V(t) = Ok) , 
(C19) [ ax( G(k, t=—r)— @(9, t—r)) Fk, (A) = O( k\), 
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i 41 = Il Nuovo Cimento. 
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It follows, as (C.10) does from (C.9) that 
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and hence one obtains from (C.16), for |k| sufficiently small, 


| 


co 


(C.20) | F(k, r) — F(0, r)|< CO] kle+ dt (t —r)(¢ (k, t) — $(0, t)) V(b) 


r 


(C.21) F(k) = F(0) + 0(/k/#),. as & 0. 
The mean value theorem leads to 


oe) | F(k) = F(0) + k#(O) + Ru(h), 
‘ | Rok) = OC RIP y 4 388 hk 07 
which replaces (B.33). It is then readily seen that (B.37) is replaced by 
(©.23) F-(k) = Nk? + 0(\k/-#) , 

and that 


(C.24) F,R,(k) = 1— F(0)N_, + 0(\k|#) . 


This equation finally strengthens (3.35) to read. 
(C.25) S(O) = 1 — 2P,N_,4-0(|k/"#). as k>0. 


After transforming to the unit circle, it readily follows from (C.15), (C.25). | 
and the fact that F-1(k) is continuous and differentiable in the open intervals. 


(0, co) and (— oo, 0), that. S,(z) = S(k) satisfies a Hélder condition for |z|=1: | 
(C.26) | S121) — Si (2s) |< A |e, — 20} 4. ; 
, 

4 

= F 

; 

RIASSUNTO (*) F 


Si generalizza a sistemi di equazioni del tipo dell’equazione di Schrodinger per gli 
stati S il procedimento per la costruzione di tutti i potenziali appartenenti a una. — 
matrice S data e degli autovalori assegnati. Si trova che la determinazione della fun- — 
zione spettrale a partire dalla matrice S @ in questo caso intrinsecamente piu compli- 
cata che non nel caso di una equazione singola e conduce a restrizioni sulla matrice S 
tali da render possibile l’esistenza di un potenziale di « short-range ». Se un tale poten- — 
ziale esiste, ¢ unicamente determinato dalla matrice S, dagli autovalori, e da tante ¥ 
matrici semidefinite, positive, simmetriche, reali quanti sono gli autovalori. 


(*) Traduzione a cura della Redazione. }. 
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Energy Levels of *°Fe and *’Al by the Inelastic Scattering 
of 15 MeV Neutrons. 


R. RAMANNA (*), N. VEERARAGHAVAN and P. K. IYENGAR 


Tata Institute of Fundamental Research - Bombay, India 


(ricevuto il 18 Gennaio 1955) 


Summary. A stilbene scintillation spectrometer has been used to study 
the neutrons inelastically scattered by iron and aluminium for an incident 
monoenergetic beam of 15 MeV neutrons. Using good geometry counts 
were taken with and without the scatterer in position and the results 
were analysed by a ratio method. For iron, levels have been obtained 
at 7.6, 5.8, 4.5 and 1.9 MeV. For aluminium, levels have been obtained 
at 8.1, 5.8, 4.0 and 3.0 MeV. Comparison with existing data from y-ray 
measurements is given. 


The energy levels of intermediate and heavy nuclei can be obtained by 
studying the energy distribution of inelastically scattered neutrons from a 
monoenergetic beam of fast neutrons incident on the scatterer. In the process 
of scattering a compound nucleus is formed with an excitation energy equal 
to the sum of the incident energy and the binding energy of the neutron. 
The neutrons are re-emitted by the compound nucleus in energy groups leaving 
the target nucleus in various excited states. The energy of each excited level 
is given by the difference in the energy of the incident neutrons and the various 
scattered groups. If the incident neutron energy is high enough to excite 
the target nucleus to the region of overlapping levels, the scattered neutron 
spectrum will have, besides the groups due to lower energy levels, a max- 
wellian distribution of neutrons of low energy. From the maxwellian distri- 
bution the nuclear temperature of the scattering nucleus corresponding to the 
incident excitation energy can be calculated (’). 


(*) Reactor group, Atomic Energy Commission. 
(1) B. G. WuitmorE: Phys. Rev., 92, 654 (1953); G. K. O’Netin: Phys. Rev., 95, 
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The residual nucleus which is left in an excited state decays by emission 
of y-rays. <A study of these y-rays also gives the energy levels. In general, 
the energies of these y-rays correspond to the energy levels of the scattering 
nucleus and can be obtained with a resolution of the order of 10°, depending 
on the energy of the y-rays. However, it is difficult to establish the levels 
uniquely by this method since the y-rays may be emitted in cascade. It is 
therefore necessary to determine the levels by the study of scattered neutron 
groups. 

Fast neutron spectra are usually obtained by using proton recoil detectors. 


Cloud chambers (?) and photographic plates (*°) have been used in the past, . 


but they suffer from the disadvantage of the tediousness of reading and eva- 
luating proton recoil tracks. With scintillation counters or proportional 
counters (+) filled with hydrogen or helium and employing electrical counting 
a high degree of statistical accuracy is possible. 

Using scintillation neutron counters with anthracene-and stilbene crystals 
PooLeE (°) and Exior et al. (°) have studied the energy levels of various elements 
up to 2.5 MeV with D-D neutron source. SCHERRER et al. (7:8) have estimated 
the y-ray energies emitted in inelastic scattering by various elements for in- 
cident neutrons of 14 MeV from the D(t, n)-‘He reaction. They have used 
a Nal scintillation y-ray spectrometer and their work indicates the difficulties 
in measuring high energy y-rays. BROWNE ¢ét al. (*°) have determined the 
energy levels of ?7Al up to 6 MeV by the inelastic scattering of 8 MeV protons. 
In the present investigation neutron groups inelastically scattered by iron 
and aluminium in the energy region 7 to 15 MeV have been studied using 
scintillation spectroscopy and the energy levels have been determined in a 
direct manner. 


1. — Neutron Source and Experimental Arrangement. 


The neutrons were produced by D(t, n)-4He reaction using 300 keV deu- 
terons from a Cockcroft and Walton type accelerator and a zirconium-tritium 
target. For this incident deuteron energy the neutron beam has 14.2 and 


(?) R. N. Lirritz, R. W. Lone and C. E. MANDEVILLE: Phys. Rev., 69, 414 (1946). 
(*?) P. H. STELsSon and W. M. Preston: Phys. Rev., 86, 132 (1952). 
(*) H. H.. BarscHaty, M, EK. Barras, W. C. Bricut, .E.. R. Graves, To Jor= 
GENSEN = J. H. Manitey: Phys. Rev., 72, 881 (1947). 
*) . J. Poote: Phil. Mag., 44, 1398 (1953). 
E. ae Evior, D. Hicks, L. E. BeGutTAN and H. HaLpan: Phys. Rev., 94, 144 (1954). 
V. E. Scurerrer, R. B. THEus and W..R. Faust: Phys. Rev., 89, 1268 (1953). 
V. E. Scorrrer, R. B. Toeus and W. R. Faust: Phys. Rev., 91, 1476 (1953). 
C. P. Browne, 8S. F. Zimmerman and W. W. BuEcHNner: Phys. Rev., 96, 725 
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15.4 MeV energies at 90° and 0° respectively. The scatterer and detector were 
arranged in good geometry as shown in Fig. 1. The aluminium and iron scat- 
terers were rectangular blocks (10 <7 x 

x4 em each), the maximum dimension Puy 

being of the order of the mean free path a : 
for scattering in these elements for 15 

MeV neutrons. The scintillation spectro- 
meter consisted of an E.M.I. 6260 pho- 
tomultiplier with three identical stilbene 
erystals (1.5 x 1.5 x 0.9 cm each) mounted 


last four stages of the photomultiplier 
were shorted and it was worked at 935 V. 
The crystals were shielded from the 
direct neutron beam by a_ polythene Thches: 
cone absorber and neutrons seattered Fig. 1. — Experimental arrangement. 
at 90° to the incident beam were detec- 

ted. Pulses from the photomultiplier were amplified and analysed by a forty 
channel pulse analyser. A second scintillation counter was used to monitor 
the neutron intensity. 


Photo 
multiplier 


Crystal 


2. — Experimental Procedure. 


A preliminary experiment was performed to calibrate the spectrometer. 
The scintillation counter was arranged to detect the 14.2 MeV neutrons at 90° 
to the incident deuteron beam. The 


2000 b Pein 5 : 
proton recoil pulse distribution obtained 


Proton recoil spectrum 
for 142 MeV neutrons 


with the analyser is shown in Fig. 2. 
This agrees with the expected proton 
recoil distribution for incident mono- 
energetic neutrons. This spectrum was 
differentiated and the pulse height cor- 
responding to 14.2 MeV proton recoil 
Pye? ep te. 290 Zo was obtained from the position of the 
Fig. 2. — Proton recoil spectrum for maximum. For organic crystals the 
14.2 MeV neutrons. pulse height versus the energy of the 
particles is not strictly linear. BrrKs ('°) 

has computed the relative pulse heights against proton energy for anthracene. 
Using this relationship for stilbene also, since stilbene is known to behave 


142 Me 


10 20 


(0) J. B. Brrxs: Proc. Phys. Soc., 64 A, 874 (1951). 
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similar to anthracene, the pulse heights were converted to proton recoil energies 

and thus the energy scale obtained for the scintillation counter. This calib- 

ration is shown in Fig. 3 and 4. 

Pulse analyser readings were taken with and without the scatterer in po- 
sition. Because of low intensity counts 

He, had to be taken for long durations 


58Fe 


: extending over several days. The pulse 


eae} 
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. ; 
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height distributions obtained for iron and aluminium are shown in Fig. 3 
and 4. The curve with the scatterer in position shows steps which correspond 
to neutron groups. Since the polythene cone does not cut off the direct neut- 
rons completely, the curve without the 

Pulse height distribution scatterer shows a smooth pulse height 
oe ye distribution due to degraded neutrons 
leaking through the cone. The ratio of 

the counts per channel with the scatterer 


\ =— 7 MeV gamma rays 


s in position to that without the. scatterer 
= 500 in position is plotted in Fig. 3 and 4. 
5 This is done to bring out the positions of 


Breet gti e: the scattered neutron groups more clearly 

ie as explained by Exiorv et al. (°). However 

since in this. case the background is not 

Fig. 5. Pulse height distribution in due to direct monoenergetic neutrons the 

stilbene. steps in the ratio plot are not. separated 

by plateaus but by slow rises. From the 

ratio plot the energy of the scattered neutron CereuDs is taken as shown in 
Fig. 3 and 4. ; 

In order to study the effect of y-rays accompanying inelastic scattering, 

the pulse height spectra due to monoenergetic 7 MeV y-rays from the 'F(p, y) 
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reaction and 17 MeV y-rays from the ‘Li(p, y) reaction incident on the de- 

tector were obtained and are shown in Fig. 5. As expected they have a 

smoothly decreasing pulse height distribution and hence it was concluded that 

the steps in the proton recoil pulse height distribution with the scatterer in 
position are not due to y-rays. 


_3. — Results and Discussion. 
S A The overall stability of the electronic equipments was better than 2%. 
_ The resolution of the spectrometer as obtained from the D-t spectrum at 90° 
' was found to be 10%. 
sf. — From the ratio plot (Fig. 3) neutron groups were observed at 7.8, 
9.6, 10.9 and 13.5 MeV corresponding to energy levels at 7.6, 5.8, 4.5 and 
1.9 MeV respectively. 
KIEHN and GoopMAN (11) have, by studying the y-rays emitted in inelastic 
scattering of 2.5 MeV neutrons by iron, established levels at 0.85, 2.09 and 
* 2.25 MeV. The 1.9 MeV level observed in the present work agrees well with 
_ the latter two levels obtained by them within experimental error. 
| SCHERRER et al. (7) have estimated y-ray energies at 3.3, 4.4, 5.8, 7.1 and 
8.75 MeV due to inelastic scattering of 14 MeV neutrons by iron. Of these 
the 4.4, 5.8 and.7.1 MeV y-rays could be interpreted as due to the direct tran- 
sitions to the ground state from levels at 4.5, 5.8 and 7.6 MeV observed in the 
present work. The two sets of values agree within experimental error. The 
3.3 MeV y-rays in their work could be either due to a transition from the dee 
to 0.85 MeV level, 5.8 to 1.9 MeV level or from the 7.6 to 4.5 MeV level, since 
no neutron group is observed corresponding to the 3.3 MeV level. As our 
investigation of the neutron spectrum is only from 7 MeV to 15 MeV, the 
8.75 MeV level could not be verified. 
_* 27A1, — From the ratio plot (Fig. 4) neutron groups were observed at 
| 7.3, 9.6, 11.4 and 12.4 MeV corresponding to energy levels at 8.1, 5.8, 4.0 and 
3.0 MeV respectively. SCHERRER et al. (*) have estimated y-ray energies at 
1.7, 4.5 and 5.4 MeV due to inelastic scattering of 14 MeV neutrons by alu- 
minium. These workers (12) have also observed y-rays at 0.05, 0. 89, 1,05, 1.20, 
1.70 and 2.20 MeV for inelastic scattering of 3.2 MeV neutrons by aluminium. 
In the following table the results of the present work are compared with 
» those of y-ray measurements. 


(2) R. M. Krenn and C. Goopman: Phys. Rev., 98, 177 (1954). 
: (2) V. E. Scuprrer, B. A. ALLISON and W. R. Faust: Phys. Rev., 96, 386 (1954). 
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Our thanks are due to Mr. B. V. Josut for changing the ion source to a 
Our thanks are also due to Messrs. P. N. RAMA RAO, © 
M. P. NavALKArR, C. S. SOMANATHAN and S. K. AMBERDAKER for running the | 


radio-frequency type. 
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. Energy levels Gamma ray 
Souttarors. by Neutron groups energies Ramarke 
(Present Work) (other workers) 
. MeV MeV 
Iron | =e 8.75 Not verified. 
7.6 7.1 Agreement within exp. error. 
5.8 5.8 » 
4.5 4.4 “i » 
= 3.3 Probably due to cascade 
| emission. 
| | at Fence Agreement within exp. error 
| 2.09. { 8 P- 
| _— 0.85 Not possible to observe. 
| Aluminium | 8.1 = — 
| 5.8 5.4 Agreement within exp. error. 
| 4.0 4.5 » 
| | 3.0 me: sae 
| 2 2.20 Not observed. 
| oa 1.70 
1.20 
LkOSie Not possible to observe. 
0.89 
0.05 


accelerator and for help in taking counts for many hours over extended periods. 


RIASSUNTO (*) 


Uno spettrometro a scintillazione a stilbene @ stato usato per lo studio dello scat- 
tering anelastico dei neutroni da parte del ferro e dell’alluminio per un fascio mono- 


si sono eseguiti conteggi con e senza interposizione dello « scatterer » e i risultati sono | 
stati analizzati per mezzo di rapporti. Si sono ottenuti per il ferro livelli a 7,6, 5,8, 
4,5 e 1,9 MeV. Per l’alluminio si sono ottenuti livelli a 8,1, 5,8, 4,0 e 3,0 MeV. Si 


confrontano i risultati delle misure coi dati esistenti. 


(*) Traduzione a cura della Redazione. 
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On the Interpretation of Fission Asymmetry According 
to the Liquid Drop Nuclear Model. 


U. L. BUSINARO 
Laboratori CISH - Milano 


S. GALLONE 


Istituto di Fisiea delV Universita e Laboratori CISH - Milano 


(ricevuto il 19 Gennaio 1955) 


Summary. — The possibility is examined, on the liquid drop-model, that 
the asymmetrization in the low energy nuclear fission may take place 
after the system, in evolving along its reaction path, has passed the sym- 
metric saddle. The energy surface is investigated beyond the symmetric 
saddles both by extrapolating well-known formulae, valid in the small 
deformation range, and by using a representation in which the energy 
of shapes slightly different from an arbitrarily prolated basic ellipsoid may 
be calculated. The results obtained seem to indicate that along the effective 
symmetric reaction path there exists an « inversion » point, beyond which, 
in the case of incipient motion, a small asymmetric deformation would 
tend to grow. 


1. — Introduction. 


The marked asymmetry exhibited in the low energy fission of heavy nuclei 
has not yet been completely interpreted in terms of a theory based on the 
simple liquid-drop model. This may be due, among other reasons, to the ana- 
lytical difficulties encountered in the computation of the energy of a deformed 
nucleus for sufficiently general and large deformations. 

Among various works (1-*) on this subject, the ENIAC computations of 
FRANKEL and METROPOLIS are the most complete. These authors do not find 
asymmetric saddles, in particular the effect due to the addition of a small 


() N. Bonr and J. A. WHEELER: Phys. Rev., 56, 426 (1939). 
(2) R. D. Present and J. K. KNipP: Phys Rev., 57, 751, 1188 (1940). 
(3) S. FrRanKEL and J. K. METROPOLIS: Phys. Rev., 72, 914 (1947). 
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asymmetric detormation to the symmetric saddle shape, is not energetically 
favoured (‘). They thus think, according to the mentioned results, that the 


liquid-drop model does not favour fission asymmetry. é 


In a recent work (*), HtLL and WHEELER reexamine the situation and show, 
on dynamical grounds, that an asymmetric fission is indeed possible even with 
a saddle of symmetrical character. They also think that asymmetrical saddles 
may exist for nuclei sensibly lighter than Uranium. 

On the base of these last observations it might be of some interest to 
find out whether an asymmetrization of the nucleus could be favoured for 
configurations following the passing of the symmetrical saddle. The results 
of the calculations seem to indicate that such a circumstance may actually 
occur. 

The results of Section 1 are based on the extrapolation of known formulae 
whose validity is restricted to the small deformation range. In Section 2 an 
attempt is made to extend the conclusions of section 1 to a case in which the 
validity of the calculation is not necessarily restricted to shapes differing only — 
slightly from the sphere. 


1. — Following PRESENT and Knipp (*), the nuclear shape may be described 
with a Legendre expansion of the following type: 


© 
{1) Riu) = Ry |t +a + > oP), 
i=1 

where f, is the radius of the undeformed nucleus, a, is determined by the 
condition of volume conservation (nuclear fluid incompressibility) and a, by 
the condition of center of mass fixity. Under these conditions these authors 
give for the energy of the deformed nucleus an expression which is valid for 
small values of the deformation parameters. The relevant terms for the con- 


fl 


siderations which will follow are given here: t 


4 6 10 ; 2/5 10 
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x is the well-known parameter introduced by BoHR and WHEELER (') and £, 
indicates the surface energy of the undeformed nucleus. 
If the even terms of (2) are considered, the condition that the deform- 


(*) The range of nuclei studied by FRANKEL and MerRopo.is extends up to x==0.65. 
(°) D. L. Hin and J. A. WHerEeier: Phys. Rev., 89, 1102° (1953). 


"- 


i 


\ 


} 


ation energy be stationary leads to an expression for the fission threshold valid Sa 
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in the neighbourhood of x =1. This expression is identical, up to the order an 
considered in (1— <x), to that calculated by Bonr and WHEELER using dif- 


ferent deformation parameters which will be used in the following section. 


One obtains for the fission threshold: 


¥ 
a ae ae, 
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The equilibrium deformation, to the first order in (1—~«), is defined by 


the following value of the deformation parameter a,: 


This deformation represents, for values of x slightly less than 1, an elongated 
shape of unstable equilibrium (saddle shape), while, for x slightly greater than 1, 


the equilibrium form is flattened and unstable only with respect to non-axial ; 
_ deformations. ; ; 


For «> 1 the spherical form is of unstable equilibrium, while for «< 1 
it corresponds to stable equilibrium. This situation is illustrated in Fig. 1, 


where « is plotted as a function of a,. 


The asymmetry terms in a, allow the study of nuclear stability with respect 
to deformations of P, type. It is seen that the spherical form corresponds to 
stable equilibrium with respect to this type of deformation when 7 is less 
than 7/4. One may ask what the effect of such a 2 
deformation would be if superimposed on a deform- ¥ 


For values of w slightly less than 7/4 the deform- 
ation of P, type becomes energetically favoured as 
a, reaches the «inversion » value: 


_ Fig. la. - Line a, (as given by (4)) indicates the non 
spherical equilibrium shape. The # axis corresponds to 
equilibrium in the spherical form. The thick line means 
stable equilibrium (*) and the thin line unstable equili- 
brium. The «inversion» line a, (given by (5)) is also 
shown in the figure. 


_ (*) For the line a, in the region «>1 the equilibrium is stable with respect to 
to axial deformations only. 
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Fig. 1b. — As for la. Curve a, comes 

from the work of FRANKEL and Mr- 

TROPOLIS (3). us, represents a 

further approximation of (5) and is 

deduced from the formula of PRESENT 
and K.wrer (?). 
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for which the second derivative of the 
potential energy with respect to a; chan- . 
ges sign. Equation (5) thus defines an. 
« inversion » which is plotted in | 
Fig. la. The geometrical significance of 
such an «inversion» on the energy sur-_ 
face is illustrated in Fig. 2a, which © 
refers to a value of x slightly less than | 
7/4. As for the character of the motion — 
in the neighbourhood of a), the analysis 
of Appendix IT shows, supposing incipient: 
motion, that the frequency of the lowest 
normal mode of asymmetric oscillations. — 
vanishes, or is already imaginary, when | 
a, reaches the value a}. This last consi- — 
deration remains valid even for incipient — 
motions around symmetrical configurat- 


line 


the sphere. 


There remains to examine the existence of «inversion » along the effective 


symmetrical reaction path, for the values of x of practical interest (#< 1). 


In order to simplify the analytical 
difficulties connected with the solution 
of this problem a fictitious reaction 
path corresponding to pure ellipsoidal 
deformations is substituted to the effect- 
(Section 2). 
polation of the results obtained in the 


ive one A linear extra- 


case of small deformations would lead 
however to the following conclusions 
illustrated in Fig. la and 2b. 

For «~0.6 the linear series a, 
bifurecates and new equilibrium shapes, 
corresponding to asymmetric saddles, 
come into existence. Other asymmetric 
equilibrium Slightly differing 
from the sphere appear when x approa- 
ches 7/4, because for this value of x 
the linear equilibrium series correspond- 
ing to the spherical form becomes 
unstable for a deformation of P, type. 
It is however not very likely that these 
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Fig. 2a. — A qualitative representation 

of the energy surface for a value of « 

shightly less than 7/4, as a function of a, 

and a,. he position of the « inversion » 
point is shown. 


_ ions of «inversion » greatly different from | 
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Fig. 2b. — Another version of Fig. la in which the possible 
equilibrium configurations for various « values are indicated 
as a function of a, and a;. In addition to the lines already 
~ shown in Fig. la curves 1 and 2 which emerge normally to 
the plane (xz, a,) are also indicated. Curve 1 indicates the 
asymmetric equilibrium figures which bifurcate from the linear 
‘series a,. These asymmetric figures would correspond to asym- 
metric saddles on the energy surface. Line 2 indicates the 
beginning of a series of asymmetric equilibrium shapes, 
which initiates by bifureation of the spherical series at 


asymmetric equilibrium shapes have anything to do with the asymmetric 
fission of heavy nuclei (1 ~ 0.75) at low energy. 
The existence of the «inversion » point seems to favour, on the contrary, 


a progressive amplification of the asymmetrical components of nuclear motion 


onee the «inversion » elongation has been reached. 
Fig. 10 illustrates a refinement of the linear extrapolation of Fig. la con- 
cerning the existence and the position of the « bifurcation » shape. 


2. — In order to accomplish the analytical investigation mentioned at the 
end of section 1, a representation already used by Wick (°), which is sui- 
table for the description of small deformations around a_ basic ellipsoid of 
revolution, may be adopted. The advantage of this parametrisation lies in 
the possibility of calculating the deformation energy of rather elongated shapes, 
the eccentricity of the basic ellipsoid being an arbitrary parameter. 

In the system of curvilinear coordinates defined by 


g=VeP—e@ -V1i— 2 COS@ , 


(6) | y=Vr—e- V1 —p? sing, 


2=TU, 


the surface r =a represents an ellipsoid of revolution around the z-axis, whose 
intersection with a meridian plane y—const. is an ellipse with semi-major axis 


equal to a and semi-minor axis equal to A/a? — e?. 
The shape of the deformed nucleus is described by a Legendre expansion 
of the following type: 


(7) (i) — a 2 _ y a Pq) ; 


(6) G. CG. Wick: Nuovo Cimento, serie WII, 16; 229 (1939). 


iW ait, = J. ae ee hee Se Oe, Pe | wt OA ° 
ca Sig ie e — wD ee = 3 ys A eee eck 
RS Ee eee ee Soy ee ee r. : tai 

‘ $ a : 


mass ati must he pace to (7). 
Introducing the eccentricity y = e/a the deformation energy of the nuniens’ | 
up to the second order in the coefficients x; , is given by: 


AE 


= = [A(y) —1 + 2a(A(y) — 1)] + 3, (Bay) + 20By)) + 


al > (e iolY) 2a Cusly)) cet ; 


(8) 


The square bracket term on the right hand side of (8) represents the 
deformation energy of the ellipsoid; one obtains for this term (7): 


i a + v2 Qo 
2 | A(y) = (1— y?) Sa 
) t . 
— 1 . , aresin 4 
| A(y) =5|0 oe eae) es i ae 
The surface energy coefficients (B;, C;,) are 
+1 
RB Cf 4. y* . rR ___ 9,2\-4 2—y* re iP 
Byy) = Aly) b1—y Oi 4 5 (Ay?) | ( — y2u2)! Pu) du , 
= : 2A( 
2) : Cisly) = Gusly) = [224 + 1)y? bie yg — 225(1 — y?) bul aseot ee 
Fer By) + Fly) | 
| L365 beng ie alg Gayl! 


where 0,, is the Kronecker symbol, and: 


TA 


yet faye ee ot 6y— By ut + (— 894 +2) Fn, 
eae (1 — vl (1 — y2u?)8 P,(u) P(t) 
(10') i bs 
ng) 2h fa ea) 
F(y) dth— et J (1 — p?)(1 — y2y?)? ay 7m d 


a 


(*) From here on, P,, and @, indicate, respectively, the first and the second kind 


_ Legendre functions of order n. When not otherwise specified the argument is meant 


to be I/y. 


ae 6 


‘The Coulomb energy is given bye 


f , = 
Bily) = i y? A(y) di + (5Ag2Qo — As2Qe) O12 — Anis dis | 


i 
+ aye Lt 


A 
i. Ci(y)= Caily fayalgee 2¢--1) y's 0s9-+225(1—y’) On| 45( (24 a a 
_ (11) ees 
| @ =e aes y?) (B; 6% + B, die) + 
=). 5 
f E A 2 1 , on Fy is 3(2 1) n pr. es 
Spe tad cgnh PO UN Pade) bn + S2i + Px : 
veers Dep 2. 
In = (Qn + 1)y Ae Bene Qe — Waa Hs 
i 
Ant = (1 =) dnc — (2 +1) | Palte) Bale) Pelee) Aye. 
1 oe : a 


In Appendix IV an algebraic reduction of the coefficients B,, SB OCs 
ei is given for the cases used in the numerical computations. 

Formula (8) is renormalized on the volume of the undeformed nucleus. 
_ The condition of center of mass fixity (up to a; order in the expression of . 
_ AB/E,) is (see Appendix I): 

3 pee 


ee aS ES 


j \ 
(8) The parameters a, used by Wick (°) are related to the x, by the following 
p relation: 
: V x(2n 2n V a(2n - I) 1) 
‘ An = 
, yl) 


> 


a Ang 


where the A,,; are given in the text. In the «, scheme of parameters the integral : 
Ge dw, contained in formula (21) of (*), reduces simply to 


ety 


+. é 1 
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yields for the deformation energy (°): 


2 10 
+ = (1— 8e)ata, 4 (1 w) a I 


35 35 


Ty MY) 8 41 
( wn) 9 *(8 ; 2) ak +. 


\ 


The symmetrical terms of (14) in « and a, coincide with those calculated 
by Bowr and WHEELER (??). 

One may repeat on the symmetric and asymmetric parts of (14) the con- 
siderations already made starting from formula (2). The results are still 
expressed by formulae (4) and (5) where «, must now be substituted by a. 
The discussion condensed in Fig. la still holds; but one may observe that in 
the present case ~ and «’ intersect in a region which is external to the interval 
of existence of «: 


O0<a<t. 


Following the programme of Section 1, the calculation of y* (the eccentricity 
for which the second derivative of the deformation energy vanishes) was per- 
formed starting from formulae (8) and (12). The result is given in Fig. 3 
where y‘ is compared to y which is the eccentricity of the «saddle ellipsoid » 
that is the value of the eccentricity (function of «) for which the deformation 
energy of the simple ellipsoid is stationary. In this connection one may observe 
that the effective saddle shape is represented with sufficient accuracy by an 
ellipsoid, only if x is slightly less than 1. 

In Appendix III, Fig. 1, III the effective reaction path (*) is compared 
with that of a purely ellipsoidal deformation; the effect of a deformation «, 
of a P, type is also examined in a first rough approximation. One may see 
that it is not possible to neglect this type of deformation in the description 
of the saddle shape for values of x smaller of say 0.9. In Fig. 3 the curve y 
(corresponding to stationary configurations for the case of P, deformation 
added to the basic ellipsoid) is also shown for comparison. 


(°) Expression (14) has been ecaleulated by Dr. F. Guarino (private communica- 
tion) with more terms than those included in (14). Some of these are given below: 


ae ee : (1 — a)ocet, + = (18 —-2 Lar) Poe, -+ (eles | ot? o4 
BE; 5 ma Bin) cour a Bey: : 
_ (8 — Lar) cog + ag ee -- bs | ge + e (338 - oe nee “) o2arg — 
35 PP IS5 CS f] HP OSa 77 
+= EavA — %) e604, % — wel + 52) ak +)... 
35 SO.\ o> Sire eetioes 


4 , > 3 


The inspection of Fig. 3 shows that the value 
of the «inversion » eccentricity is y’ ~~ 0.93 for heavy 
nuclei. This value of the eccentricity corresponds to 
an ellipsoid whose major axis is about twice the 
minor one. This moderately elongated ellipsoid is 
comparable with the effective saddle shape for the 
same heavy nuclei (see again Fig. 1, 111). This 
circumstance seems to favour, although not to prove, 
the existence of an «inversion » point on the eftec- 
tive reaction path beyond the saddle. 

e Independently from these last considerations, 
“the existence of configurations whose evolution results 
in a growth of an eventual initial asymmetry, 
seems to favour the possibility of interpretation of 
fission asymmetry according to the simple liquid-drop 
model. 


* The authors are deeply indebted to Prof. J. 
A. WHEELER for a helpful discussion on the whole 


subject of this work during the Parma Conference 
of the Italian Physical Society. 
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“Center of Mass Corrections. 
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15 


0.5 


to) 
0 0.5 1.0 


Fig. 3. — Curves y and y* 
give the «saddle shape » for 
purely ellipsoidal deform- 
ation and ellipsoidal de- 
formation plus P, deform- 
ation (up to the second 
order) respectively. y’ is the 
«inversion » curve. 


In evaluating whether a small asymmetric deformation is energetically 
favoured or not, one must make sure that the asymmetry is not merely ap- 
parent, i.e. is simply caused by a translation of the initial symmetrical 


figure (*). 
the parameters a), 43, ..- 


Boy Wary tecas 
approximation, given by: 
) iG eae 
(1.1) oe . 5 t aR Ants = 
x 0 


Let us consider a small asymmetric deformation characterized by 
superimposed on a symmetrical shape defined by 
The resultant displacement 6 of the center of mass is, in the first 


In a reference system whose origin coincides with the center of mass the 


shape is represented by the following expansion: 


Ryo 
Baty 2h Ge) = Ri) 6Pe)— =, iaeS 


42 -— 71 Nuovo Cimento. 


i(é +1) 
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where R(u) = Ry > a,P;(u) is the expansion of the shape referred to the former 
L=0 


origin, 0 is the displacement which characterizes the new position of the center 
of mass and F#’ and w’ are the new coordinates. 

It is seen that the coefficients of even order in the expansion of R’ differ 
from the corresponding ones in the expansion of R by a quantity which is of 
the order of the square of the small asymmetric deformations. 

This alteration in the expansion of the symmetrical part of the shape may — 
be neglected, as observed by FRANKEL and METROPOLIS (*), if the original ~ 
symmetrical shape is of equilibrium; in this case, in fact, the symmetric part — 
of the deformation energy is unvaried up to second order terms in the small — 
asymmetric deformations. 

If however the initial symmetrical shape is not of equilibrium, the condition 
of center of mass fixity prevents the introduction of apparent variations of. — 
second order with respect to asymmetric deformations in the symmetrical part — 
of the deformation energy. 

Following PRESENT and KNipp the condition 6 = 0, which fixes the center 
of mass in the origin must be imposed. This condition may be expressed in 
the following way: 

27 
(3.1) Q=— 35 Osllg == ve - 

In the case of spheroidal coordinates, formulae (1-1), (2.1) and (3.1) are — 

now written: 


: On se Bit 27 
(tas) 2 7 = a, + 0 AO, 35 hs + 35 Oks + 5 Oy , 
Req!) | 


OH h Pir eh ee eee i\ ae | 
( ) (Mt ) Riu ) ) R2(u')— czy"? i(M') 7 


ia i ESS, ii +1) 
R?(u') — eu"? Rw’) , ° 2 +1 
where Riu) =a > a P(u), 
7=0 


(3.1) heen 


APPENDIX IL 


Dynamical Considerations. 


The following considerations can help in clarifying the dynamical signi- 
ficance of the «inversion ». 

The variation of the deformation energy of the drop in the neighbourhood 
of a symmetrical configuration defined by the even parameters a; may be 


4 
- 
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written: 


E (1.11) eV V0, > Vin Oa: Oop. +>, Ves bD, 


where 0a; are small variations in the symmetric coordinates, while b, represent 
small variations of the asymmetric coordinates. In a similar way, and making 
the hypothesis of incipient motion, one obtains for the kinetic energy: 


~ 2.11) D= > Tada da, + > T,,b.b, 


It is seen that formulae (1.11) and (2.11) do not contain terms of the type 


 6a;b,, because V and 7 must be invariant under the change of sign of the b,, 


Fig. 1, II. — The frequency @, as given by (4, II) is indi- 


« saddle ellipsoid ». The frequencies of oscillation w, and 


_ this operation being equivalent to an inversion of the figure around the origins 


The absence of such mixed terms in the expression of the Lagrangian permits 
the separation of the symmetric coordinates from the asymmetric ones in the 
equations governing the incipient motion of the system. 

The character of the asymmetric component of the incipient motion may 


be studied by applying to the Lagrangian: 


(3.11) Je) T-.b,b,— > Varb,b, , 


the well-known methods of the analysis of small oscillations. _ 
According to the theorems of Rayleigh on the introduction of bonds in an 
oscillating system, V,,—90 is a sufficient condition for instability. Thus 


- Ve3< 0, which is true beyond the «inversion » point, means that in such a 


region a small asymmetry would tend to grow during the incipient phase of 


_ the motion. 


The frequency of the P; oscillation around the saddle shape has been cal- 


culated on the hypothesis of irrotational motion of the nuclear fluid. 


Indicating with O the surface tension and with MA the nuclear mass, one 


- gets, as a first approximation: 


me 45 | 164 3220 
y, 1 —— aes eeeSS 
(4.11) OO: 3MA’ 


_ This result is obtained both with the PRESENT and 
Knrep (?) formula and with that of the Bohr and 
Wheeler type (14), provided one has calculated the 
kinetic energy corresponding to both cases. Up to 


eated (dotted line). The full line also indicated with , 
represents the oscillation frequency of P, type around the 


@, around the spherical shape are also indicated. 
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the first order in (1—), (4.II) coincides with the frequency of the lowest 
mode of normal asymmetric oscillations. The frequency of the P,; oscillation 
around an arbitrarily prolated ellipsoid has been also calculated, taking into 
due account the center of mass corrections. 

The calculated frequency however does not correspond in this case to that 
of a normal asymmetric mode around the «saddle ellipsoid ». These results 
are illustrated in Fig. (1.11). 


JACPHP IND) axe: eld 


On the Scheme of Parameters Adopted in Section 2. 


The curve ¥ giving the eccentricity of the «saddle ellipsoid » is shown in 
Fig. 3. As may be seen in the figure, the minimum value of x for which an 
energy Maximum is found 
for a nucleus undergoing a 
purely ellipsoidal deforma- 
tion is about 0.89. 

This result is not sur- 
prising since the path fol- — 
lowed in the a,-space with 
ellipsoidal deformations dif- 
fers sensibly from the «reac- 
tion path » as calculated by, 
FRANKEL and METROPOLIS. | 
/ Fig. 1.111 illustrates such © 
0.4 06 08 10 different paths in the plane 


Fig. 1, II. — Of the heavy curves shown in the figure Mz, 4. The contours of the 
the one below represents, in the plane (a, a,), the energy surface as calcula- 
reaction path, as calculated by FRANKEL and MeEtTRO- ted by FRANKEL and Me- 
POLIS (°), while that above is the projection in that TROPOLIS for “= 0.74 are 
plane of the ellipsoidal path. The contours of the ener- also shown: it is seen that 
gy surface are plotted for «=0.74 (as calculated in refe- along the path correspond- 
rence (%)), The saddle shape and the « inversion » ellip- ing to ellipsoidal deforma- = 


soid are also sketched for «=0.74. tien the ener 
monotonically. In connect- 


ion with the preceding ob- 
servations it might be useful to illustrate, at least in a first approximation, 
the behaviour of the deformation, energy as a function of « and «. In the 
neighbourhood of «= 1 and for small « and «,, this energy is given by, 


AK 2 


2 4 
(1.111) a 


Gi H) (06 +=" 00,)? (ede ate 


which shows that « and « are additive in a. first approximation. 
Extrapolating such a behaviour to large, deformations and to values of # 


sensibly different from 1, it is seen, noting that « must be less than 4, that 
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for x< 0.86 it is not possible to find an energy maximum under the con- 
dition a, = 0. 

One may pass from the representation used by PRESENT and Knipp and 
the one adopted in section 2, by applying the following formulae which are 
valid up to terms of order a: “* 


9 
| Segoe ea te Aa 


10 9 12 
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APPENDIX IV 


Algebraic Reduction of Some Energy Coefficients. 


In order to permit numerical computation it is 
useful to reduce the formulae (10) and (11) to sim- 
pler expressions. 

The algebraic reduction has to be made coefficient 
by coefficient and the result may be expressed in the 
following way for the coefficients C;,, and C;,,: 


Se ek 
is yits (1 — y?)3 
| aly) a Sui) 2 
(1.IV) 
= il ae 
Cis i+3 J 
tag Ah?) 
a aresin Fig. 1, 1V. — The full line 
bac + Wily) 1_y ¥ 4 ; gives the actual value of 


O33; While dotted lines 
give the first and second 
where R;,, S;,, M;,, Nj; are polynomials whose expres- approximation of (,,; in 
sion is given as follows for the cases useful in the powers of y?. 
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performed numerical calculations: 


(2.1V) 


(3.1V) 


(4.1V) 


(5,1V) 


1 
Ruly) = at (12y? — 33), 


1 
Rj3(y) = pa EOYs POC gay 


1 
Rss (y) = 2779 (7 009y° — 36 501y* + 57 375y? — 30 375) , 
Ray lp) = eae (342 207y?° — 2995 425y*® + 13 757 850y* — 
, 576576 
— 33 254 550y! + 37 258 375y? —- 15 563 625) , 
1 ; 
Su = 5 Cy*— 23y* +33), 
k 1 
SiS 63 Ou" — 261y' + 831y? — 675), 
1 
Sos = ae (1359y* — 16056y° + 52 926y4 — 67 500y? + 30375) , 
i 
Sag = 7 6576 (140 805y!? — 785 162y? + 5 783 495y§ — 
— 22 255 500y*® + 44 290 575y4— 42 446 250y?-+- 15 563 625) , 
IM ee : (— 8y? + 62y? 7) 
hs ae 


1 
Mia, (=, 167? —. 5089" = 91292 58D). 


48 
; ; 
Mg 21504 (— 12160y§ + 74 992y6 — 261 576y* + 
+ 363 510y? — 165 375), 
: 1 
Ma = 301019 (142 624y7? — 999.104y* + 7 905 780y* — 


— 18 289 220y4 + 19773 075y? — 7 254 450) , 


1 
Ny, = ag (40y4 — 100y? + 57), 
L ; 
Ns = — (— 144y® + 864y! — 1302y? + 585), 


1 
33 = (27 264y5 — 208 704y° + 489 216y4 — 


21504 
| —- 473 760y2 + 163375) , 
1 | 
Na = soz9j5 (20 736y'* ~ 682 624y1 + 5 498 560y9 — 


— 19314 720y§ + 31826 4304! — 24609 375y? + 7254450) . 
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For the coefficients B; and B; the expressions of B, and B, are: a “ae 

4 Se 2 seme te A Qo q 
aio Bi eral ner ale 4 
f 4 
» (6.1V) B find ss (— 735 + 1040y? — 308y4) + : 
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In general the behaviour of the modulus of these coefficients presents a 
maximum followed by a divergency for y 1. One may compare this be- he 
haviour with the power series development. (with respect to y?) of these coef- 
ficients. 24 3 
The comparison is indicated, as an example, for the coefficient Cs in f 
ppig. S,1V. a 


RIASSUNTO 


Nell’ambito del modello a goccia, si esamina la possibilita che la asimmetrizzazione, 
nella fissione dei nuclei pesanti a bassa energia, avvenga dopo che il sistema, nel suo 
evolyersi lungo il cammino di reazione, abbia superato la sella simmetrica. A tale scopo 
si studia la superficie energia al di 1a delle selle simmetriche, sia estrapolando formule 
note yalide per piccole deformazioni attorno alla sfera, sia adoperando una rappresen- 
-tazione che permette di calcolare Venergia per figure poco diverse da un ellissoide di 

base comunque allungato. I risultati ottenuti sembrano indicare che Inngo il cammino a 
effettivo di reazione simmetrico esista un punto di « inversione » al di 14 del quale, per 
moti ineipienti, una piccola asimmetria iniziale tende ad amplificarsi. 
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On the Range-Energy Relation for Slow ~-Particles in Argon. 


G. BERTOLINI and M. BETTONI 


Istituto di Fisica Sperimentale del Politeenico - Milano 


(ricevuto il 2 Febbraio 1955) 


Summary. — The range-ionization curve for «-particles in argon has been 
obtained in the region of 0.25-3.5 MeV. A grid ionization chamber con- 
taining two sources of «-particles was used for measurements. The sources 
were placed in such a way as to emit particles in the direction of and 
perpendicularly to the field. The different rise time of the tracks running 
parallel and perpendicular to the electric field enables us to know the | 
range of the «-particles, while the amplitude enables us to know the energy. 
The range-energy curve is obtained by assuming a strict proportionality 
between the total ionization produced and the energy of the «-particle. | 
By comparison with the Bethe range-energy curve in air, the stopping 
power in argon is obtained. 


1. — Introduction. 


The relation range-energy for x-particles in the air was studied theoretically 
‘by Livineston and BETHE (') in 1937 and later corrected by BETHE (2) after 
the results obtained by JESSE and SADAUSKIS (*) which demonstrated that the 
average energy expended to produce an ion pair in the air was not constant. 
The Bethe theory is applicable for energies exceeding 5 MeV but its usefulness 
is limited to lower energies because it did not take into account the binding 
effect for L, M shell, nor the capture and loss of electrons by «-particles, phe- 
nomena which are more conspicuous as the energy of the particle is lower. 


(*) M. S. Livineston and H. A. Berur: Rev. Mod. Phys., 9, 261 (1937). 
(?) OH. A. Berne: Rev. Mod. Phys., 22, 213 (1950). 
(*) W. P. Jesse and J. Sapauskis: Phys. Rev., 78, 1 (1950). 
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In the case of argon there exist only calculations for low energy « by Hirscu- 
FELDER and MAGEE (‘) which however have not proved strictly correct. Re- 
cently Cook and coll. (°) have made an accurate measurement of the range 
of the «-particles from 20 to 250 keV by determining the behaviour of the 
specific ionization along the tracks-produced by «-particles in a cloud chamber. 
In the past the range for x-particles between 5 and 10 MeV was measured 
for naturally occuring emitters. The relative results are collected in an article 
by GRAY: (°).. 

The purpose of the present work was to establish experimentally the range- 
energy relation for «-particles in the region between 250 keV to 3.5 MeV. 


2. — Method. 


In the low energy region it is not possible to have natural emitting subs- 
tances. In order to study this region, « sources were made from ?°Po with 
alluminium absorber and variable length collimators. The ionization from a 
single «-particle was measured with a grid argon filled ionization chamber. 
The value of the range of a single « was obtained from the rise time of the 
pulse at the collector. The rise time depends on the drift velocity of the elec- 
trons and on the length of the projection of the track in the direction of the 
electric field; the rate of rise depends on the specific ionization of the «-particle 
along the track. The voltage of the collector will start to rise as the first 
electrons pass through the grid into the grid-collector region, and continue 
to increase until the last electron reaches the collector. 

If an a-particle ionizes in the direction of the field, the rise time of the 
pulse is given by 


(1) U7 else 


where F is the range of the «-particles, d the distance grid-collector, v and v’ 
the drift velocities in the cathode-grid and grid-collector fields respectively. 
This relation is satisfied by the hypothesis that the value F is less than cathode- 
grid distance. 

An o«-particle running parallel to the plates in the chamber, gives a pulse 
which rise-time is equal to 


(*) 
PeGoas: Cook, E. Jones and T. JORGENSEN: Phys. Rev., 91, 1417 (1953). 
(6) L. H. Gray: Proce. Camb. Phys. Soe., 40, 72 (1944). 
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‘For shortness’ sake we shall call the tracks perpendicular to the field as trans- 
versal tracks and those in the direction of the field as longitudinal tracks. 

In this way it was possible to measure the range corresponding to a given 
ionization. From the measured ionization we can have directly the energy 
of the particle. Recent measurements by JESSE and SADAUSKIS (*) have shown 
that the energy expended in producing a pair of ions in argon is indipendent 
of the «-particle’s energy. Hence there exists a strict proportionality between 
the total ionization produced and the energy of the «-particles. 


3. — Apparatus. 


s f 
The grid ionization chamber was set up with the first stage of the pre- 
amplifier being inside the chamber. In this way it is possible to have a small 
capacity of the collector in order to reveal «-particles of low energies (7). The 
chamber was filled with argon of a pu- 
rity higher than 99.9% and the pressure 
was measured with a precision vacuum 
system (accuracy to one part in 100). | 
The cathode voltage assured a com- 
plete collection of the electrons at all 
Fig. 1. — Cathode of the ionization cham- the pressures. The grid voltage, obtain- 
ber with collimators. ed from a potential divider, wasadju- 
sted so that the grid-collector field was 
2.2 times the cathode-grid field. With this ratio the grid does not capture 
electrons. 
The collimation of the «-particles was obtained by two brass collimators, | 
1 cm long and carrying two holes of 0.3 mm diameter (Fig. 1). The colli- 
mator mounted on the back of the cathode was a source of longitudinal tracks; 
the transversal tracks were obtained with the collimator mounted on the top 
of the cathode with the axis being perpendicular to the force lines of the field. 
In these conditions the error in the range is about 0.1%. On the source it was 
possible to put Al absorbers, 1 to 5 » thick (equivalent to an absorption of 
().24 and 1.2 MeV respectively) in order to have «-particles of different energies. _ 
The pressure in the chamber was so regulated as to maintain the range of the 
particles around 2.5 em, irrespective of the energy. In this way the rise time 
of the pulse was always sufficiently long to be measured without a big error. 
The single a-particle pulse was amplified using a model 100 linear ampli- 
fier (*) (rise time 0.5 us and decay time 100 us). With these time constants, 
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(7) G. Brrtouini e A. Bist: Nuovo Cimento, 9, 1022 (1952). 
(8) W. C. Eitmorr and M. Sanps: Electronics Experimental Feehniques (New York, 
1949), p. 165. xe aN 
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Pig. 2. — a-particles pulses. The pulses with short rise time correspond to transversal 
| tracks, the pulses with long rise time to longitudinal tracks. a) «-particle of 3.25 MeV; 
| 45) «-particle of 2 MeV; c) «-particle of 1.35 MeV; d) «-particle of .7 MeV; e) «-part- 
| icle of .45 MeV; f) «-particle of .40 MeV. 
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the height variation of the output pulses is practically negligible even when 
the rise time varies noticeably (*). The output pulse was sent to the vertical 
plates of a Du Mont oscillograph type 248/B. The sweep of the oscillograph 
vas triggered by the pulse induced on the grid by the electrons of the track 
and suitably amplified. The pulse on the 
grid begins to rise some us before the one 
on the collector. This assures a delay bet- 
ween the start of the sweep and the begin- 
ning of the vertical pulse allowing a clear 

wonzarion- observation of the pulse. 
The single pulses corresponding to trans- 
Fig. 3. — Block diagram of the versal and longitudinal tracks were photo- 
experimental apparatus. graphed with a Cossor camera model 1428. 
Fast films Ferrania X 3 V were used. Fig. 2 
shows some photographs for x of different energy. The time mat i: 
the oscillograph were calibrated with a cristal-oscillator. The linearity ‘of the 
complete set-up was established by examining photographs of variable am- 
plitude test pulses. The block diagram of the experimental apparatus is 

shown in Fig. 3. 


PREAMP. 


4. — Experimental Results. 


The rise time ¢t, of the transversal track pulses gives the drift velocity v’ 
of the electrons under the conditions of our experiment. From a series of 
photographs of such tracks in argon with different X/p ratio we were able 
to obtain the drift velocity of the electrons as function of X/p. 

The drift velocity was taken from the slope of the track. We have found 
a diagram similar to that of. COLLI and FACCHINI (?°). 

The rise time and amplitude of individual longitudinal tracks was evaluated. 
From the amplitude it was possible to know the energy of the single «-particle 
by means of comparing it with pulses given by «x-particles of a thin 2!"Po source 
directly on top of the negative electrod. The source was prepared by eva- 
poration of a RaD+RaE-+RaF ‘solution. The rise time was evaluated by 
assuming that the pulse was approaching zero with a parabolic arc. Having 
determined the drift velocity, it is possible to obtain the range of the «-particle 
by means of this evaluation and by formula (1). 

A single run consisted of about 100 photographs made consecutively in 
about eight minutes. In each photograph pulses corresponding to transversal 


(®) G. BERTOLINI, M. BreTronr and A. Brs1: Nuovo Cimento, 11, 458 (1954). 
(°) L. Conn and U. Faccutnt: Rev. Scient. Instr., 23, 39 (1952). 
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and longitudinal «-particles 
appear. The evaluation of 
the drift velocity was made 


- by averaging all the transver- 


sal tracks of the single run. v 
is the value corresponding to 
X/p in the cathode-grid re- 
gion, directly obtainable from 


‘the drift velocity — X/p dia- 
| gram. 


The range FR calculated 
from formula (1) was corrected 
in order to take into account 
the diffusion of the track. 
When electrons are drifting 
in an electric field the ave- 
rage distance diffused by an 
electron in a given time is (1): 


D is the diffusion which may 
be obtained from the relation: 


a 
} 


x 


Range (cm) 


Energy (MeV) 


0 5 1 15 2.0 25 3.0 3.5 


Fig. 4. — Range-energy curve for «-particles in 
argon. The dotted line represents the Bethe ran- 
ge-energy curve for «-particles in air. 


VRS 40.3. 


Dae 1 : 


where X is the field in V/em and 7 the ratio of the energy of agitation of 
free electrons to agitation energy of gas molecules. 7 is a function of A/p 


0 5 1.0 15 2.0 25 


Fig. 5. — AH#/AR as function of the energy 
for x-particles stopped in argon (solid line) 


3.0 


and the numerical factor refers to 
a temperature of 15°C. The cor- 
rection for the diffusion of the 
track is from 9 to 15%, 

The experimental results are 
given in Fig. 4. Every point which 
served to construct the experimen- 
tal curve is an average of 20 to 
30 tracks. The error is about 3%. 


and in air (dotted line) AH—0.2 MeV. The dotted curve represents the 


(1) D. H. Witxinson: Ionization Chambers and Counters (Cambridge, 1950), p. 36. 
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Bethe range-energy curve for a-part- 
icles in air. 

The function AH/AR for argon. 
was derived from Fig. 4 and com- 
s x Tax ee GS ee pared with the function of the air 
ee derived from Bethe curve (Fig. 5). 

The dotted curve represents the 
air function and the continuous cur- 
ve that of argon. The reciprocal 
position of the two maximums is. 
similar to that obtained for pro- 
tons stopped in various materials, 

9 5 10. 2. 5) 2 0eme 2a pe SOlnaaaS for which there is a greater num- 

Fig. 7. — Stopping power AR,;,/AR, zon as a ber of measurements than that for 
function of the energy. AR is the range vari- x (12), 

ation corresponding to 1H=0.2 MeY. In Fig. 6 is given the ratio of 


Fig. 6. — Integral stopping power sR 


air 


AR air 


AR argon 


the total range in air and argon 
as function of the energy of x-particles. This ratio which equals 0.915 remains. 
constant between 1 and 3.5 MeV and decreases at lower energies. Fig. 7 
shows the behaviour of the stopping power AR,,/AR where AR is the 
range variation corresponding to 4H = 0.2 MeV. 
The results of Cook and Cow. (*) in the region of very low energy agree 
with our measurements within 2%. 


argon ? 


We are greatly indebted to Prof. G. Boria for his encouragements and 
to Dr. A. Bist for very helpful discussions. 


(?) H. A. Brerue and J. AsHKin: Hrperimental Nuclear Physics (New York, 1953).. 
vol. I,’ p.; 202: 


RIASSUNTO 


E stata ricavata la curva sperimentale range-ionizzazione. per particelle « in argon 
nellVintervallo 0,25-3,5 MeV. La misura é stata effettuata con una camera a ionizza- 
zione a griglia contenente due sorgenti di particelle « disposte in modo da emettere: 
particelle nella direzione del campo elettrico e perpendicolarmente al campo stesso. 
Dai differenti tempi di salita degli impulsi si ricava il range delle particelle nella camera. 
e dall’energia la loro ampiezza. Nell’ipotesi che in argon si abbia proporzionalita fra 
ionizzazione ed energia, si ottiene la curva range-energia. I] confronto con la curva 


di Bethe per particelle x in aria permette di ricavare il potere frenante dell’argon rispetto- 
all’aria. 2 


ie i, je 3 ~\ 
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On the Total Decay Energy 
in the Orbital Electron Capture of 1 W. 


A. Bist, 8S. TERRANI and L. ZAPPA 


Istituto di Fisica Sperimentale del Politeenico-- Milano 


(ricevuto il 4 Febbraio 1955) 


Summary. — An investigation of the radiations from 1°!W was made by 
means of a high transmission f-spectrometer, a proportional counter 
spectrometer and a scintillation spectrometer. 14!W was found to emit 
only L X- and K X-radiations, characteristic of Ta, arising from L- and 
k-capture. The decay energy was found to be: H,=92 keV, and the 
transition was classified as once forbidden (AIT=0, 1; yes). The pairing 
effect in the region around 4=181 from the Suess-Jensen plot is briefly 
discussed. ; 


1. — Introduction. 
A long-lived radioactive tungsten of mass 181 (7, = 140 d) was discov- 
ered by WILKINSON (') on bombarding tantalum with high energy deuterons. 


A similar activity was observed by BuRKIG and RICHARDSON (2) to arise from 


_81W from capture of thermal neutrons by 1°W. 
The instability of **W against orbital electron capture was put in evidence 


igators; their results are summarized in Table I. As may be seen the know- 
ledge of the decay of 1*'W is in a rather unsatisfactory state. No concrete evi- 


proton bombardment of tantalum. Later LINDNER (*) was able to produce. 


by WILKINSON (1). The occurrence of y-rays was reported by several invest- 


dence showing the production of the excited levels of 1*’Ta, whose energies. 
were all known from the decay of Hf (4) (Fig. 2) ean be found. Moreover 
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according to DER MATEOSIAN and GOLDHABER (*) the 22 us state (0.613 MeV) 
is not produced in the decay of *'W. 


TABLE I. 
Energy of y-radiation in MeV References. : | 
€. ape Se tae aie, tee, Pe A eS evo 
1.8 (weak) abs. _ WILKINSON (?) 
0.030, 0.600, 0.800 (weak) scint. spect. (*) | ALBURGER et al. (8) 
y abs. | LINDNER (2) 
0.1365, 0.1525 (weak) spect. conv. | Cork ef al. (7) 


| 
The adopted symbols and abbreviations are taken from the Table of Iso- | 
topes of HOLLANDER, PERLMAN and SEABORG (?). 


The electron capture of *+W can be classified as an even-even transition 
(a proton pair is broken to produce a neutron pair). The knowledge of the 
total decay energy makes it possible to locate exactly the position of this 
nuclide in the sequence of isodiapheres (Suess-Jensen plot of the decay energies 
of odd-A nuclides with constant neutron excess J = N— Z, against WN (§)). 
It seems possible therefore to establish the existence of appreciable difference 
in the pairing terms for odd protons and neutrons in the region around A=181 
where reliable decay data are rare. 

The aim of this work has been the determination of a reliable value for 
the total decay energy of 18!W through a detailed investigation of the emitted 
radiations. 


2. — Measuring Techniques. 


The radiations from 181W were analysed by means of a high transmission 
6-ray spectrometer, a proportional counter spectrometer and a scintillation 
spectrometer, described elsewhere (*). The pulse size was measured by means 
of a single channel (1°) and a twenty channels (1!) electronic pulse analyser. 


(*) M. GoLtpHAaBER and R. D. Hitu: Rev. Mod. Phys., 24, 179 (1952). 

(6) D. E. ALBURGER, E. DER MATEOSIAN, G. FRIEDLANDER, M. GOLDHABER, J. W. 
Minevicu, G. SCHARFF-GOLDHABER and A. W. SuNnyAR: Reporl BNI 82 (1950). 

(7) J..M. Corx, W. H. Nester, J. M. Lm Bruanc and M. K. Brice: Phys. Rev., 
92, 119 (1953). 

(*) H. E. Sumss and. J. WH. Ds JENSEN: Ark: for Hys., 3, 577 (1952). 

(*) Probably caused by impurities (A. W. SuNyAR: private communication). 

(°) A. Bist, 8S. Tprranr and L. Zappa: Nuovo Cimento 1, 291 (1955). 

(1°) J. E. Francis jr., P. R. Betz and J. C.\Gunpiacu: Rev. Sci. Instr., 22, 1337 
(1951). 

(1) E. Garri: Nwovo Cimento, 11, 153 (1954). 
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181W (a carrier-free solution of H,WO, in diluted HCl) was obtained by 
irradiation of Ta in the cyclotron of Amsterdam. 


3. — Experimental Results. 


No evidence at all was found of a &* emission nor of conversion lines in 
the 8-spectrometer. 

In the course of a detailed search with the scintillation spectrometer we 
were not able to detect any evidence of the y-rays listed in Table I. In part- 
icular an investigation of the y-spectrum was carried out in the region around 
150 keV, after the intense peak of K X-radiation had been thoroughly absorbed. 
This investigation has shown that the ratio of the intensity of the y-rays, if 
present, to K X-rays would be certainly lower than 1/10°. 


A 
2000 a 1o00- & 
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a) L X-radiations from 181\W; b) A X-radiations from 3°1\V. 
Rie.) 1: 


co} 


In the spectra obtained with the proportional counter spectrometer two 
intense peaks were observed and interpreted as K X- and LZ X-rays character- 
istic of Ta (Fig. 1). The value of relative intensities of the Z X- and K X-ra- 
diation was obtained from the areas under the peaks after subtracting the 
background and after correction for the detection efficiency of the counter (!*). 


(2) A. Bist and L. Zappa: Nuovo Cimento, 12, 211 (1954). 
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In this way we found: 
th 
=i) — — 0.39 + 0.01. 


dy 


As it will become clear in the following section, the observed AK and LX-. 
radiations arise only from orbital electron capture. It is therefore possible 
to calculate the relative amounts of K- (P,) and L-capture (P,) from the 
result (1). 


We have: . 
pat oh 2 {Ee Oz — W 
Px conte = oN 
wheres 1/o 5 = K-shell fluorescence yield of Ta; 


O,= > v,, L fluorescence yield for the transitions to the L level 
‘following the AK-capture; 


,,—= > u,w,, L fluorescence yield for the transitions to the L level 
‘ following the ZL-capture. 


, and m,, can be estimated from the partial fluorescence yield w,, and from 
ae elaine excitations probabilitie hea v, (%18).. With the values listed in 
Table II, we obtain: 


(2) P. = 1.54 
TABLE IT 
| ss ett a ; ear ds Ly a ie Gr : ~ References ’ 
| Ox | 0.94 | he | Burnopr (14) ; 
£ Ors | | 8.0-10-2 | 31-10-2 | 18-10-2  Bisr, TeRRANI and Zappa (9) 
| —— = = eet 
v; | | 0 | 1/3 2/3 | Buruop (14) 
' UW; | | 0.95 | ~ 0.05 — is 0 teak (OQ) 


(43) B. B. Kinsny: Canad. Journ. Res., A 26, 494 (1948). 


(4) E. H. 8S. Burnor: The Auger Effect and other Radiationless Transitions (Cam- 
bridge, 1952). 


(15) KE. R. Marswak: Phys. Rev., 61, 431 (1942). 
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- 4. — Discussion. 


Owing to the fact that no y-rays were observed it can be reasonably assumed 
that the ground state of 181W is lower in energy than the first excited state 
of *1Ta (136 keV). Hence the total decay energy of '*'W must lie between 
60 keV (K-electron binding energy of W) and 136 keV. This assumption can 
be tested from the value of the transition energy obtained from eq. (2) as 


_ follows: in view of the low value of the decay energy (certainly lower than 


500 keV) and the half life of IW, we can deduce: 6 < log ft< 8. This fact 
suggests that the transition can be classified, according to MAYER, Moszkovsk1 
and NORDHEIM (?*), as first forbidden (AI = 0,1; yes). The remarkable feature 
of this group of transitions is the allowed shape of their spectra, within the 
_ accuracy of the measurements. Therefore the transition energy of 8!W can 
be evaluated by using the follow- 
ing formula for allowed transi- 


161 
181146 } 18175 W 


Ve) 


Fe B,\7 (Wo & W;\? 
Py re) UW. my v7) 
where (y,,/y,)* is the ratio of L,- 
and K-shell electron densities at 
the nuclear radius, W, and W, 
the K- and L-shell energies, and 
W, the nuclear energy change. 
With the value of (y,,/y,)? cal- 
culated by RosE and JACKSON (7) 
and the values of W, and W, 
deduced from available tables of 


critical absorption energies (1%), we | 

have for the total decay energy Tye 

i 181 . 
eye Fig. 2. — Proposed decay scheme for 18!W. 
(3) Ey = 92 keV. 


We estimate that the uncertainty in the #, value is not greater than 10 os 
_ It is worthwhile to note that in the region where (W, + W,)/(Wo + W,) is 
_ different from 1 the W, value varies slowly against P,/P,. In our case the 


(**) M. G. Mayzr, 8. A. Moszkowsxkr and L. W. Norpuem: Rev. Mod. Phys., 
23, 315 (1951). | 

(77) M. E. Ross and J. L. Jackson: Phys. Rev., 76, 1540 (1949). 

(8) R. D. Hitt, E. L. Caurcu and J: W. Minexicu: Rev. Sci. Instr., 23; 523 
» (1952). 
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uncertainty in P,/P, value arises mostly from the uncertainty in the value 
of w,. No reasonable value of , can however raise to H, value above 
136 keV. 
With the value (3), the log ft from graphs and nomographs given by 
MoSzKoOWSKI (7°) can be: 


log ft~ 6.4. 


Fig. 2 shows the decay scheme of *!W together 
with the decay scheme of "Hf. Fig. 3 shows 
the Suess and Jensen plot for the isodiaphere 
corresponding to the change of the neutron 
excess from 33 to 35. The data are taken 
from HOLLANDER, PERLMAN and SEABORG (+) 
and from Nuclear Data (2°). The circles and 
the crosses indicate respectively the odd-odd 
and even-even transitions. Our value for the 
Fig. 3. — Suess-Jensen plot for decay energy of 18*W is consistent with the 
odd A-nuclides with a change in ecay values for the two odd-Z nuclides *’’Lu, 
neutron excess from 33 to 35 Os. The discrepancy between even-Z points 
(and conversely). and odd-Z points is evident, pointing to ap- 
pearance of a difference in pairing terms for 
odd protons and neutrons in the region around A181. This pairing effect 
which as far as we know has been thought to be missing, appears on the con- 
trary to be appreciable, amounting to about -+0.7 MeV. . 


We are indebted to Prof. G. Boia for his kind interest in this work. 


(#*) 8S. A. Moszkowskr: Phys. Rev., 82, 35 (1951). 
(2°) Nuclear Data, National Bureau of Standards Circular No. 499 (1950) and Sup- 
plements (1951). 


RIASSUNTO 


Vengono studiate le radiazioni emesse dal '!W per mezzo di uno spettrometro 6 
ad alta trasmissione, uno spettrometro a contatore proporzionale ed uno spettrometro 
a scintillazione. Si trova che il 18!W emette soltanto radiazioni L X e K X caratte- 
ristiche del Ta provenienti da cattura L e da cattura K. Per lVenergia di decadimento 
si ottiene H,—92 keV. La transizione é classificata 1° proibita (AZ=0, 1; si). Si segnala 
infine l’effetto di accoppiamento per protoni e neutroni dispari, nella regione intorno 
ad A=-181, ricavabile dal diagramma di Suess e Jensen. 
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Misure su protoni dei raggi cosmici. 


C. BaccaLin, P. Basst e C. MANDUCHI (*) 


Istituto di Fisica delV Universita - Padova 


Istituto Nazionale di Fisica Nucleare - Sezione di Padova 


(ricevuto il 7 Febbraio 1955) 


Riassunto. — Mediante un telescopio di contatori di G. M. in coinci- 
denza ed un contatore di Cerenkov in anticoincidenza abbiamo misurato 
Vintensita assoluta, la distribuzione zenitale, l’effetto barometrico e la 
yariazione di intensita fra 0 e 2000 ms.l.m., dei protoni di circa 400 MeV 
dei raggi cosmici. Con lo stesso dispositivo opportunamente modificato 
abbiamo poi misurato il rapporto tra le intensita dei neutroni e dei pro- 
toni di circa 400 MeV nei raggi cosmici ed i cammini liberi medi di inte- 
razione nucleare anelastica in © e Pb per protoni. I risultati si inqua- 
drano nell’attuale deserizione teorica della cascata nucleonica nell’atmo- 
sfera ad eccezione del rapporto neutroni-protoni. 


v 


I protoni di energia attorno a 400 MeV si possono separare dalle altre com- 
ponenti dei raggi cosmici mediante uso di un « heavy particle selector », che 
é un dispositivo formato da un telescopio di contatori di Geiger e da un con- 
tatore di Cerenkov in anticoincidenza. I] metodo é stato descritto per la prima 
volta nel 1951 da DUERDEN e HyAms (') e ne daremo un breve cenno. In fig. 1 
abbiamo riportato la quantita di luce Cerenkov emessa in acqua da mesoni u 
e da protoni, in funzione dei rispettivi «range » in piombo. Evidentemente 
una particella il cui «range» & compreso, per esempio, fra 100 e) 200 g/cm? 
di piombo @ un mesone se produce luce di Cerenkov, altrimenti ¢ un protone. 

Il dispositivo sperimentale che separa i due tipi di particelle ¢ quello di 
fig. 2: si tratta di un telescopio 1234 di contatori in coincidenza quadrupla, 


(*) Attualmente presso il Laboratorio di Chimica Fisica della S. A. Montecatini 


(Ferrara). 
(4) T. DuERDEN e B. D. Hyams: Phil. Mag., 43, 717 (1952). 
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con un assorbitore 7 che fissa il limite inferiore al range delle particelle, e di 
un contatore di Cerenkov G in anticoincidenza che pone invece il limite supe- 
riore alla velocita. 

Lo schema a blocchi del cir- 
cuito é anch’esso in fig. 2. T con- 
tatori (lunghezza utile cm 30, 
diametro cm 4) sono collegati a 
gruppi di 5 o 6, tramite elementi 
amplificatori - formatori - adatta- 
tori, ai circuiti di coincidenza. 
Il contatore di Cerenkov (lun- 
ghezza cm 32, diametro cm 30) 
é un cilindro, a pareti diffon- 
denti contenente acqua, con un 
fotomoltiplicatore Dumond 6292 
seguito da un amplificatore ra- 
pido (7) e da un discriminatore. 
Quest’ultimo ammette soltanto 
impulsi pit. alti di 1/20 del valore medio dell’impulso prodotto da una parti- 
cella relativistica che attraversi l’apparecchio (questo impulso medio corri- 
sponde ad una decina di elettroni al catodo. del fotomoltiplicatore). Per 


diminuire il tempo morto, Vanticoincidenza avviene fra Pimpulso di coinci- 
denza doppia ritardato di 1 ys e quello di coincidenza tripla 23 C opportuna- 
mente allungato. L’inefficienza dell’anticoincidenza dipende da vari fattori: 
a) rendimento ottico del contatore di Cerenkov; 6) sciami laterali; c¢) casuali. 


(?) R. C. Cuase e W. A. Higinpotuam: Rev. Se. Instr., 23, 34 (1952). 
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Preciseremo in seguito il valore dell’inefficienza, che @ comunque dell’ordine 
di 1%, nelle diverse disposizioni usate. 

Tutte le misure sono state effettuate sotto un tetto di pochi g/cm?. 

Con un dispositivo del genere si viene a disporre di un fascio piuttosto mono- 
cromatico di protoni. Abbiamo eseguito misure relative alla componente pro- 
tonica dei raggi cosmici nella 
atmosfera (intensita, variazione | 
con Laltezza, variazione zeni- 
tale, effetto barometrico); ab- 
biamo inoltre cerecato indica- 
zioni sulla componente neutro- 
nica e sulle interazioni nucleari 
dei protoni in materiali con- 
densati. 


1. — La componente protonica 
dei raggi cosmici. 


V1. Distribuzione zenitale a 
livello del mare. — Abbiamo mi- 
surato la distribuzione zenitale 
al livello del mare, nel piano 
EW, dei protoni dei raggi co- 
smici di energie comprese fra Fig. 3. 

300 e 500 MeV circa (*). 

L’apparecchio é disegnato in fig. 3. I contatori 2,2 e 3,3 sono normalmente 
connessi in parallelo; la misura della componente protonica e della totale sono: 
state fatte contemporaneamente nelle tre direzioni zenitali 0°, 30°, 60° a mezzo 
dei telescopi 1234 che hanno una semiapertura angolare di circa 15°, 

Per correggere piccole differenze geometriche fra i canali abbiamo norma- 
lizzato i risultati ad un andamento zenitale della totale di tipo cos? ?. 

Linefficienza dell’anticoincidenza 1234— © si misura ponendo fra i con- 
tatori 3 e 4 un assorbitore di piombo di 25 em: allora tutte le particelle che 
attraversano il telescopio 1234 sono abbastanza veloci da produrre luce di 
Cerenkoy e debbono venire anticoincise. Si @ trovata una inefficienza di 
0,75--0,06 particelle per ogni 1000 che attraversano Vapparecchio. Si pud 
avere una indicazione della frazione di inefficienza che € dovuta a sciami late- 
rali ed a casuali usando la coincidenza quadrupla 1 234 formata da gruppi 


Mo 


(*) Per la valutazione della banda di energia vedi 1:4. 
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di contatori non allineati: si trova 0,14 + 0,05 per 1000 particelle che sareb- 
gero registrate dal telescopio 1234. L’inefficienza dovuta a questi fenomeni 
é@ dunque dello stesso ordine di grandezza di quella ottica del contatore di 


Fig. 4. 


Cerenkov. 
Le frequenze di conteggio del canale verticale sono: 


— coincidenze 1234 (componente dura): 1009 + 60: 


coine/h; 
— anticoincidenze 1234 — © (protoni): 1,67 +0,10 
coinc/h. 


I valori normalizzati dalle frequenze a diversi an- 
goli zenitali sono: 


—a 0°: 1+0,06, a 30°: 0,46 + 0,05, 
a 60°: 0,15 + 0,02; 
il valore a 60° é la media di quelli ottenuti in due serie 
di misure, una a E ed una a W, che coincidono entro 
eli errori statistici (20%). 


1°2. Variazione Wintensita con Valtezza. — Per questa misura e per le suc- 
cessive in cui, pit che una buona definizione angolare interessava una elevata 


frequenza di 


conteggio, ab- 


biamo modificato la geometria 
dell’apparecchio come risulta in 
fig. 4: il telescopio 1234 serve 
per le misure sui protoni, quello 
1235 per le misure di ineffi- 
cienza dell’anticoincidenza. 

L’uso dei due telescopi geo- 
metricamente diversi da ori- 
gine ad alcune difficolta nella 
valutazione dell’inefficienza. In- 
fatti mentre @ presumibile che 
il contributo degli sciami sia 
lo stesso per i due_ telescopi, 
quello dovuto alla inefficienza 
ottica del contatore di Cerenkov 
€ proporzionale al numero di 
quadruple che ogni telescopio 
registra. 


() 20 40 60 80 100. 


Fig. 5. 


Per illustrare come si @ tenuto conto di questo fatto riportiamo in fig. 5 
le frequenze di conteggio 1235 —C ottenute variando l’altezza degli impulsi 
@anticoincidenza ammessi dal discriminatore (questa misura in particolare é 
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stata fatta a 2000 m dove gli sciami sono pit numerosi). La retta tratteg- 
giata indica V’estrapolazione che isola il contributo all’inefficienza da parte 
del contatore di Cerenkov (proporzionale alle coincidenze quadruple); la dif- 
ferenza fra linea piena e linea tratteggiata @ invece il contributo degli sciami 
(costante). Poiché, nelle misure, il discriminatore era nella posizione 10 della 
seala arbitraria riportata in ascisse, l’effetto che abbiamo descritto era sensi- 
bile: in tutte le misure che seguono abbiamo percio calcolato Vinefficienza con 
le precauzioni suddette. 

Nelle misure a cui si riferisce la fig. 5, le coincidenze 1235 erano 1 900 
allora. L’inefficienza dell’anticoincidenza ¢ quindi maggiore di quella misu- 
rata in 1°1 e cid é dovuto al fatto che in queste misure e nelle successive abbiamo 
preferito una vernice bianca per il contatore di Cerenkov che avesse migliori 
caratteristiche di durata rispetto a quella usata nella misura della distribuzione 
zenitale (che, d’altra parte era otticamente migliore). 

Col dispositivo di fig. 4 abbiamo misurato all’ora: 


— al livello del. mare: 2780 coincidenze 1234 (componente dura) e 4,7 =-0,3 
anticoincidenze 1234 — © (protoni); 


— a 2000 metri: 3900 coincidenze 1234 e 19,9 + 0,7 anticoincidenze 
1234 — ©. 
Il rapporto delle intensita delle componenti protoniche e quindi 4,23 + 0,31 
fra 2000 e zero m §.1.m.. 


1°3. Variazione di intensita con la pressione a 2000 m. — Sempre usando: 
il dispositivo di fig. 4 abbiamo cercato la correlazione fra intensita dei protoni 
e pressione atmosferica a 2000 m. A tale scopo la registrazione era effettuata 
a mezzo di un milliamperometro scrivente. 

I dati raccolti sono stati suddivisi in gruppi di 12 ore (precisamente dalle 0 
alle 12 e dalle 12 alle 24 di ogni giorno) e confrontati con le registrazioni del 
barografo. 

In 35 giorni di misura di ¢ ottenuto un coefficiente barometrico 


a =— 10,6 +5,0% per em Hg. 


L’errore ¢ stato calcolato dividendo in sei gruppi i dati raccolti e valutando 
lo scarto quadratico medio fra i risultati parziali. Per controllare la stabilita 


dell’apparecchio, durante queste misure, abbiamo ancora suddiviso i risultati 


in gruppi di 2 ore ciascuno ed abbiamo cercato una eventuale correlazione 
dell’intensita dei protoni col tempo solare. Sempre in 35 giorni di misure, ed 
usando i valori non corretti per la pressione, il valore medio del numero di 
protoni é di 1400 circa per ognuno dei gruppi di due ore. La dispersione. 


<a 
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intorno a tale media é 2700-+1000, che non é@ in disaccordo con una distri- 


buzione normale. 


1°4. Intensita assoluta al l.d.m. ed a 2000 m. — Le misure fin qui descritte 
sono tutte a carattere relativo e d’altra parte lo strumento non é il piu indi- 
cato per misure assolute d’intensita a causa dei diversi materiali che lo costi- 
tuiscono e che implicano correzioni per passare dal valore misurato a quello vero. 
Calcoleremo comunque il valore assoluto dell’intensita che corrisponde ai 
nostri risultati. A tale scopo bisogna conoscere i limiti ed il baricentro dello 
spettro di impulso su cui si ¢ effettuata la misura (*): il limite inferiore e 
Vimpulso di un protone che riesce appena ad attraversare l’apparecchio 
(890 MeV/c); come limite superiore assumiamo Vimpulso di un protone che 
al centro del contatore di Cerenkov ha la velocita corrispondente alla produ- 
zione di 1 elettrone al catodo del fotomoltiplicatore (1200 MeV/c). 0 bari- 
centro della banda si ottiene dallo spettro J. G. WILSON (*), opportunamente 
_degradato per le perdite per ionizzazione (circa 1020 MeV/c). 
Normalizzando le coincidenze quadruple 1234 col valore assoluto della com- 
ponente dura dei raggi cosmici in direzione verticale al l.d.m. (4), otteniamo, 
dalle misure descritte in 1°2, : 


— a livello del mare: (4,62 + 0,20)-10-* protoni cm-? s~1 sterad~?! ; 
y} ’ I ? 


— a 2000 m: f (19,54 + 0,70)-10-§ protoni cm-? s-! sterad~? . 


Questi valori rappresentano un limite inferiore per due motivi: a) i protoni 
che giungono nel contatore di Cerenkov accompagnati da particelle relativi- 
stiche sono da queste anticoincisi; b) una parte dei protoni scompare, mentre 
attraversa ’apparecchio, per interazione nucleare. Trascuriamo il primo effetto 
e, per calcolare la correzione dovuta al secondo, usiamo i cammini di intera- 
zione in materiali condensati misurati da Fox e coll. (°) per neutroni, assu- 
mendo che i cammini siano gli stessi per neutroni e protoni. L’apparecchio 
corrisponde a mezza lunghezza d’interazione complessiva cioé la frequenza dei 
protoni osservati é ridotta di un fattore 0,6. 

I valore vero per V’intensita assoluta é allora: 


—a Om s.m. (7,62 + 0,33)-10-®8 protoni cm? s~! sterad-! (MeV/c), 


—a 2000m sm. (32,2 +1,15)-10-* protoni cm-* s— sterad-? (MeV/e)-t 


(*) Si valuta lo spettro in impulso per facilitare il confronto con i risultati di altri 
autori. ; 

(®) M. G. Mitroy e J. G. Witson: Proc. Phys. Soc., A 64, 404 (1951). 

(*) B. Rossi: Rev. Mod. Phys., 20, 537 (1942). 

(°) R. Fox Cuertn, L. Wonrrs e K. R. MacKenzie: Phys. Rev., 80, 23 (1950). 
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si faccia Vipotesi semplificativa di un assorbimento esponenziale lungo l’atmo- 
sfera e si trascuri la diffusione angolare. Dalla variazione con la quota, dalla 

_ distribuzione zenitale e dall’effetto barometrico si pud allora dedurre il cammino 
di assorbimento della componente protonica di 400 MeV in aria. 

I valori che si ottengono dai nostri risultati sono i seguenti: 


— dalla variazione con l’altezza: A=148-+ 8; 


| — dalla distribuzione zenitale (*): A = 184 + 27; 


— dall’effetto barometrico: A =128 + 50. 


Se ora teniamo presente che: a) il cammino di assorbimento in aria della 
componente nucleonica di alta energia ¢ 120 g/em® (8); 6) il «range » residuo 
in aria di un protone da 500 MeV é 130 g/cm*; appare evidente che 1 protoni 
da 500 MeV da soli non possono render ragione di un cammino di assorbi- 
mento A~ 148 g/cm? e devono in massima parte esser prodotti localmente 
da una componente (neutronica) che ha un cammino di assorbimento, per 
‘energie analoghe, di almeno 148 g/cm? e che, presumibilmente, ¢ pit. numerosa. 
Il § 2 @ dedicato alla ricerca di indicazioni sulla componente neutronica. 
In ultimo possiamo confrontare l’intensita assoluta che abbiamo trovato 
con quella di altri autori. In una banda dello spettro di impulso che ¢ compreso 
fra 890 e 1200 MeV/c, con baricentro a 1020 MeV/c, troviamo I = (7,62 —- 
+ 0,33)-10-* protoni cm-? s— sterad-? (MeV/c)-*; nella stessa regione MYLROY e 
WILSON (°) trovano circa 5-:10-' e J. BALLAM e P. 
G, LICHTENSTEIN (7) circa 10-1078. 


| segs 
2. — La componente neutronica dei raggi cosmici. CE&XDQ: 
21. Rapporto neutroni protoni a 2000 m s.m. — - 
Cea * 


Un neutrone di 400 MeV che urta un nucleo ha 
energia abbastanza alta percheé, nella descrizione 

dell’evento, si possa prescindere dalla struttura nu- 
cleare e si possa considerare soltanto Vinterazione Wl dl lOcm 
del neutrone col singolo nucleone urtato. Se quest’ul- CSeeee 4 
timo é un protone si ha, per lo pit, « scambio di ca- Fig. 
rica » (essendo ancora poco probabile la produzione di 

mesoni): il protone cioé esce dal nucleo con approssimativamente la stessa 
energia e la stessa direzione del neutrone incidente. 


for) 


(*) Considerando solo i valori a 0° e 30° perché quello a 60° probabilmente fal- 
sato dalla diffusione angolare. ; 
(§) B. Rossi: High Energy Particles (New York, 1952),-cap. 8. 


<<. 


1°5. Discussione. — Un confronto fra i risultati ottenuti & possibile qualora — 
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Con Vapparecchio disegnato in fig. 6, confrontando la misura con assorbi- — 


tore in XY e quella con assorbitore in Y, possiamo misurare l’intensita dei protoni 

(della solita banda energetica 300-500 MeV) prodotti dai neutroni nell’assor- 

bitore YY. Lo stesso problema ¢é gia stato affrontato da J. BALLAM e P. G. 

LICHTENSTEIN (7), che usavano un sistema di due camere di Wilson per rive- 

lare i protoni secondari. 
Seguendo la loro impostazione 


Xe 
L 


(1) V = Pexp|—F YY? ; 


ove N é il numero dei neutroni incidenti; P il numero dei protoni che emer- 
gono dallassorbitore XY nel quale sono stati prodotti per scambio di carica; 
L é il cammino di interazione di neutroni e protoni in X e Z,, @ il cammino 
libero medio dei neutroni per eventi del tipo che ci interessa (assumiamo 
LIny = (A/Z)L, ove L @ il cammino di interazione nucleare) (°). Abbiamo usato 
(fig. 6) assorbitori di piombo Y= Y= 33 g/em?. 

Le misure, eseguite a 2000 m hanno dato: 


a) senza assorbitori 13,90) Sok protoni/ora, 
b) con assorbitore in X 14,44 + 0,22  protoni/ora, 


c) con assorbitore in Y 11,87. + 0,20 protoni/ora. 
La differenza b-c¢ da direttamente 


P = 2,57 +.0,30 protoni/ora . 


Dalla formula (1) con ZL = 234 g/em? e (quindi L,, = 590 g/cm?) si ricava 


ies: 


oO 


2,8 + 6 neutroni/ora . 

Questo numero di neutroni si pud confrontare con quello dei protoni misu- 
rato senza assorbitori a), qualora si trascurino le perdite per ionizzazione e si 
ammetta che il protone prodotto per scambio di carica conservi esattamente 
Venergia e la direzione del neutrone. Allora il rappcrto 52,8/18,9 = 2,8 é 
indicativo delle proporzioni fra neutroni e protoni dei raggi cosmici a 2000 m 
nell’intorno di 400 MeV di energia e, considerando le ipotesi fatte, 2,8 ¢ un 
limite inferiore. 


2°2. Discussione. — Come si era previsto in 1°5 discutendo l’assorbimento dei 
protoni di 400 MeV in aria, abbiamo trovato che i neutroni, a quella energia, 


(7) J. Battam e P. G. LicutensTEIn: Phys. Rev., 93, 851 (1954). 
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“sono pit. numerosi dei protoni. Lo sviluppo della cascata nucleonica in questa 
zona © quindi determinato dal comportamento dei neutroni. 

L’unica esperienza di altri autori con cui si possa istituire un confronto 
diretto @ quella di J. BALLAM e P. G.*LICHTENSTEIN (7) che, al livello del mare, 
in una banda di energia simile alla nostra, trovano un rapporto neutroni-pro- 
toni circa 4, con una statistica piuttosto povera. Pensiamo che la differenza 
fra il nostro risultato ed il loro, se pure é significativa, sia dovuta non tanto 
- ad un effetto della quota, quanto all’aver usato convertitori diversi. E infatti 
-evidente che le ipotesi semplificative fatte nella descrizione dello «scambio di 
‘earica » sono pit realistiche per il carbonio che per il piombo. 

_Non riteniamo invece molto significativo il confronto con esperienze di tipo 
jntegrale, come quella di J. C. BARTON (8) perché lo spettro energetico dei 
neutroni non é sufficientemente noto. 

® infine ovvio che l’'uso di un sistema di anticoincidenze e di un converti- 
tore a basso numero atomico ci avrebbe dato risul- 

‘tati migliori: la scelta del metodo che abbiamo usato BSS 


-é dovuta solo a ragioni contingent. 


3. — Interazione nucleare dei protoni in materiali 
condensati. 


Una grandezza che caratterizza Vinterazione dei 
protoni con i nuclei é il cammino libero medio L, 
funzione del tipo di nucleo urtato e dell’energia del Bivwn 
protone incidente. Descriviamo delle misure che 
hanno permesso di determinare questo cammino in piombo e carbonio per 
protoni dei raggi cosmici di circa 400 MeV. 

L’apparecchio disegnato in fig. 7, senza assorbitore in Z, riveli Ny, pro- 
toni/ora: con assorbitore in Z ne rivelera N, = oN, exp[— Z/L] all’ora, ove 
o<1 rappresenta le perdite per interazioni elettromagnetiche, mentre 
exp[— Z/L] rappresenta quelle per interazioni nucleari. Per determinare il 
yalore di 9 abbiamo usato uno spettro in range dei protoni a 2000 m, otte- 
nuto per interpolazione fra quelli sperimentali a 0 ed a 3500 m KhLm. (3%) 
(che peraltro non differiscono sensibilmente). 

Abbiamo poi calcolato qual’é il corrispondente spettro che arriva ai conta- 
tori 4 dopo aver attraversato tutto Vapparecchio e leventuale assorbitore Z. 
La banda di questo spettro degradato, che il nostro strumento puo rivelare, 


10¢m 


(8) J. C. Barton: Proc. Phys. Soc., 6 A, 1042 (1951). 
(°) G. E. Miter, J. ER. Henperson, D. S. Porrer, J. Topp e A. W. WOtTRING: 
Phys. Rev., 79, 459 (1950). 
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ha come limite inferiore zero e come limite superiore il range (all’uscita del- — 


Vapparecchio) di un protone che, nel contatore di Cerenkov, aveva velocita. 
sufficiente da produrre un elettrone al eatodo del fototubo. o & semplicemente 
il rapporto tra i valori integrali delle bande con e senza assorbitore. 

In tab. I abbjamo riportato i valori di 9, Z, N,, I in piombo e carbonio: 
per NV, = 16,9 + 0,6 protoni/ora. (Gli errori indicati sono quelli statistici). 


TABELLA I. 


0 |Z (g/em’) M, L (g/em?) | 
Piombo 0,710 33 9,6 + 0,6 150 +27 
Carbonio 0,775 15;7 10,9 + 0,6 87 aes | 


L’energia dei protoni al momento dell’interazione si calcola a ritroso dagli ~ 
spettri usati prima e ne risulta, all’ingresso dell’assorbitore Z, una banda fra. 
300 e 500 MeV cirea. 

Trascurando i protoni che sono fatti uscire dall’apparecchio da urti elastic. 
(perchée questo effetto dovrebbe essere compensato, almeno in parte, da quelli 
che vi entrano per la’stessa ragione), e trascurando la produzione di mesoni, 
possiamo definire il tipo di interazione nucleare a cui si riferisce il cammino: 
libero medio che abbiamo trovato: si tratta, di urti in cui i protoni perdono- 
abbastanza energia per uscire dalla banda 300-500 MeV. 

I cammini liberi. medi che abbiamo trovato coincidono, entro gli errori, 
con quelli relativi ad ogni urto anelastico (1°): risulta allora che, in media, le 
perdite di energia per interazione nucleare in carbonio e piombo sono di almeno 
un centinaio di MeV per urto. 


4. — Conelusione. 


In quanto precede abbiamo descritto uno studio abbastanza accurato svolto 
sui protoni dei raggi cosmici di circa 400 MeV di energia nella bassa atmosfera. 
L’ottimo accordo ottenuto con altre esperienze per quel che riguarda il valore 
assoluto dell’intensita e quello del cammino di interazione nucleare anelastica. 
in Pb e C é un indice dell’attendibilita del metodo. 

Abbiamo anche messo in evidenza la possibilita di misurare, con un dispo- 


(*°) J. DE JurEen: Phys. Rev., 80, 27 (1950). 


‘sitivo di contatori, l’intensita e la direzione di arrivo di neutroni di alcune cen- 
tinaia di MeV. 

Cercheremo ora di inquadrare i risultati ottenuti nello schema, in parte 
noto, della cascata nucleonica. Allo stato attuale della ricerca, lo studio della 
componente nucleonica di media e bassa energia, nell’atmosfera, non é in grado 
probabilmente di fornire utili indicazioni sui processi elementari; ha invece 
interesse per completare il quadro interpretativo e descrittivo dai raggi cosmici 
jp ancio energetico, origine). 

Il panorama sperimentale attuale ¢ ben noto: per energie di oltre een 
“GeV il cammino di assorbimento in aria dei protoni e dei neutroni si aggira 
‘su 120 g/em?; questo cammino cresce ad energie minori, tanto per i neutroni 
‘che per i protoni (questi ultimi sotto 1 GeV perdono sensibilmente energia 
‘anche per ionizzazione ma sono continuamente riforniti dalla componente 
-neutronica). 


L’aumento del cammino di assorbimento non corrisponde necessariamente 
ad una variazione delle sezioni d’urto elementari, ma sembra si possa spie- 
gare come dovuto, in parte, alla minor pendenza dello spettro primario alle: 
basse energie (11), ed in parte ad una variazione del grado di anelasticita nel- 
| Purto nucleone-nucleo, con l’energia. 

Tn questo ordine di idee i valori sperimentali del cammino di assorbimento- 
in aria per protoni e neutroni, e specialmente il valore del rapporto neutroni- 
protoni sotto 1 GeV di energia, forniscono un controllo molto sensibile per la 


indica un cammino di assorbimento per protoni di 148 + 8 g/cm? ed un limite 
inferiore al rapporto neutroni/protoni di 2,8, sempre per energia attorno ai 
400 MeV. 

Una teoria della cascata nucleonica valida anche ad energia di qualche 
centinaio di MeV é stata svolta da E. CLEMENTEL, F. FERRARI e G. PUPPI ('?-1*): 
in essa si é tenuto conto: a) degli urti nucleari anelastici; 6) degli urti elastici; 

c) delle perdite per ionizzazione dei protoni. Sempre a 400 MeV si trova un 
cammino di assorbimento dei protoni nella bassa atmosfera di 145 g/em® ed 
un rapporto neutroni/protoni — 2.16. 

Pud avere infine interesse il conoscere l’energia dei protoni primari da cui 

-derivano, in prevalenza, i protoni da noi osservati: ci sembra che Vunica utile 


di latitudine di stelle di varia grandezza. Risulterebbe che gli eventi di circa 


(11) W. HxIsensBerG: Kosmische Strahlung (Berlin 1953), cap. Vv. 
(22) E. CLEMENTEL e G. Puppr: Nuovo Cimento, 8, 942 (1951). 

(3) E. CLEMENTEL e F. Ferrari: Nuovo Cimento, 9, 572 (1952). 
(4) §. LarrimorE: Phil. Mag., 41, 961 (1950). ; 
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prova di ogni teoria che descriva la cascata nucleonica. La nostra esperienza. 


" indicazione si possa avere dallo studio compiuto da S. LATTIMORE (4) sulVeffetto- 


400 MeV di energia corrispondono ad una banda primaria il cui baricentro 
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minore o al massimo uguale a 15 GeV. Un’indicazione pit precisa si potrebbe 
naturalmente avere dallo studio dell’effetto di latitudine su protoni da 400 MeV, 
nella bassa atmosfera. 


Ringraziamo i Proff. P. BuDINI, E. CLEMENTEL, G. PUPPI e A. ROSTAGNI 
per utili discussioni ed i signori S. CApuzzo e H. VIANELLO per la parte che 
hanno avuto nella costruzione e nel controllo degli apparecchi. 


SUMMARY 


We have used a «heavy particle selector » with a Cerenkov counter in anticoin- 
cidence to measure the absolute intensity, the zenith angle distribution, the barometric 
effect and the altitude variation of cosmic ray protons around 400 MeV energy. We 
have also measured the neutron to proton ratio in the same energy region, and the 
anelastic nuclear interaction lenght in C and Pb for protons. With the exception of | 
the neutron proton ratio, all the results are consistent with our present theoretical 
description of the nucleon cascade in the atmosphere. . 


| 
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On the Nuclear Interaction of He-Nuclei in the Cosmic Radiation. 


M. CECCARELLI, G. QUARENI and G. T. ZoRN (*) 


Istituto di Fisica dell’ Universita - Padova 


| Istituto Nazionale di Fisica Nucleare - Sezione di Padova 


(ricevuto il 7 Febbraio 1955) 


Summary. — 42 stars, produced in photographic emulsions by the nuclear 
interaction of cosmic ray He-nuclei have been identified. They were 
selected in a systematic way, based on the identification of the tracks 
associated with nuclear disintegrations. These disintegrations, as well as 
those produced by «primary» protons in the same plates were anal- 
ysed, and the angular and frequency distributions for both types of stars 
were determined. From a comparison of these distributions it has been 
concluded that, on the average, only about one half of the nucleons of 
the He-nucleus contribute appreciably to the destruction of the target 
nucleus and to the production of mesons. 


This paper deals with the interaction of He-nuclei of the Cosmic Radiation 
“with nuclei composing photographic emulsions. The nucleus of Helium, having 
a small number of nucleons, is particularly suited to the investigation of inter- 
actions between nuclei. Photographic emulsion techniques allow the disintegr- 
ations so produced to be studied in great detail. However, due to the inherent 
‘difficulty of this type of research, very little work has been done on these lines (*) 
and in any case the greater part only deals with disintegrations at very high 
energy, with intense production of mesons. We believed it would be inte- 
resting to carry out a program of research in which the selection of the dis- 


(*) Now at Brookhaven National Laboratory, U.S.A. 
(1) H. L. Brapt, M. F. Kapion and B. PETERS: Helv. Phys. Acta, 23, 24 (1950); 
'U. Camerint, J. H. Davies, C. Franzinetti1, W. O. Lock, D. H. PERKINS and G. 
YeRKUTIELI: Phil. Mag., 42, 1261 (1951); G. Cortin1, A. MANFREDINI and G. SEGRE: 
Nuovo Cimento, 9, 659 (1952); A. ENeter, U. Haper-Scuatm and W. WINKLER: Nuovo 
Cimento, 12, 930° (1954). 
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integrations was aS unbiased as possible (i.e. in which the selection criteria — 
were the least restrictive). 


1. — Selection of Disintegrations Produced by He-Nuclei. . 


In this investigation we have used nuclear research emulsions (Ilford G5, | 
400 p. thick) exposed to the cosmic radiation at an altitude of 95000 ft for | 
4 hours at a geomagnetic latitude of 55° N. These plates were kindly lent 
to us by Professor C. F. PoWELL, F.R.S.. 


80 


60 


40) 


20 


1 ; Od 0.01 0.001 


Fig. 1. — Relationship between grain density 659, and mean angle of scattering, xo 

for tracks associated with nuclear disintegrations. The lines P, D, T and « correspond 

to protons, deuterons, tritons and «-particles rispectively. Line & was used in selecting 

the tracks of «-particles. A point accompanied by a horizontal line represents the 
upper limit for x09, for that particular track. 


mi £Out of a total of 7900 nuclear disintevrations observed in an emulsion 
volume of 9.5 em, about 1000 stars were selected each of which had at least 
one «grey » or «black» track in the upper hemisphere forming an angle of 
less than ten degrees with the emulsion plane. We have made grain density 
and multiple scattering measurements on those tracks longer than 1000 p 
and having grain densities greater than that corresponding to three times 
the minimum value. The results of measurements on a total of 650 tracks — 
So selected are partially shown in Fig. 1. In this figure the lines P, D, T 
and He correspond to protons, deuterons, tritons and He-nuclei respectively 


ON THE NUCLEAR INTERACTION OF He-NUCLEL IN THE COSMIC RADIATION 671 


and are based on a «best fit» of the proton line to the experimental 
points. If as a result of the first measurement the point corresponding to 
a track fell to the right of the T line, it was re-examined in more detail, 
taking into particular account the «distortion » of the emulsion. If after 
the second measurement the point fell to the right of the dashed line, 
the corresponding track was considered to be due to a He-nucleus and we 
have logically assumed it to be the «primary», thus identifying He-stars 
without any reference to the disintegration itself. The accuracy of our measu- 
rements is indicated by the separation of the points between the He and 
T lines, and, together with the method outlined above, has enabled us, we 
believe, to haye obtained in an unbiased way a fair sample of the He-disin- 
tegrations produced in these plates. 

This also seems to be confirmed by a comparison with results deduced from 
the energy spectrum determined by WADDINGTON of the Bristol group using 
these same plates. For this comparison we have divided the disintegrations 
‘into 2 groups, being those produced by primaries having energies greater and 
less than 1.6 GeV, and have compared the ratio of the number of stars in 
each group to the ratio of the number of particles in corresponding energy 
ranges as deduced from the energy spectrum. Assuming no. variations with 
energy of the mean free path 
for nuclear interaction, these io 
tatios may be directly compa- 
red and it was found that they 
are identical within statistical 
errors. 


2. — Results. 


The criterion adopted in the 
study of the interaction of He- 
nuclei of the cosmic radiation 
‘has been that of a comparison 

in the same emulsions of the 
disintegrations produced by 
these particles with those pro- 1 
duced by protons. A direct Fig. 2. — Frequency distribution for stars pro- 
comparison would seem to have duced by «-particles (solid line) and by protons 
‘its justification in the fact that (broken line) having NV, grey and black prongs. 
at high altitudes in the atmo- 

sphere both of these types of particles have similarly shaped energy spectra 
above 1 GeV/nucleon. The selection procedure for He-stars was that described 
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in the previous section. P-stars were also selected in a systematic way. 
They were identified with the group of stars which had a « thin » track in the 


Fig. 3. — Frequency distribution for stars pro- 

duced by «-particles (solid line) and by protons Ny 

(broken line) having n, thin tracks. For «-stars, 
the numbers n, have been reduced by one. 


and have adopted the notation NV, for the sum n,+ 7. 


« upper » hemisphere. However, 
if the star contained a «jet», 
the track of the singly charged 
«primary » had to appear op- 
posite to the axis of the jet’ 
within its median angle. 

For this comparison we have 
analysed in the same way stars 
produced by He-nuclei and by 
protons, and we have grouped | 
the tracks of these stars into” 
three grain density groups: 
«thin», «grey» and « black », © 
corresponding to specific ionis-— 
ation losses for singly charged 
particles of 1< F/T, = 2.24 
< T/f,< 5, 5< I/Iy, respecte 
ively. We have used'n,, n, and 
for the number of thin 
tracks (other than the « pri-— 
mary »), grey tracks and black 
tracks per star, respectively, — 
The angle of each — 


track with respect to the primary track was also determined, thus making 


possible a comparison of the an- 
gular distributions as well as the 
frequencies of the disintegration 
products. 

The frequency of stars having 
N, grey and black tracks is shown 
in Fig. 2 for both He-stars and p- 
stars, and a corresponding frequency 
distribution of stars having », thin 
tracks is shown in Fig. 3. The 
curves and histogram of Fig. 2 
have been normalized to the same 
total number of He-stars and p- 
Stars, whereas the curves and histo- 


gram presented in Fig. 3 have been normalized to the same number of He-— 
and p-stars having n, > 1. 


Stars having n, > 


g0° 180° 


Fig. 4. — Angular distribution of black tracks — 
from «-stars (solid line) and from p-stars 
(broken line). 


. 


; 


are shown in Fig 4. 


particles. 


180° 


fig. 5. — Angular distribution of grey prongs 
‘or stars produced by protons (broken line), 
x-particles > 1 GeV (solid line), and «-part- 
icles Pag 1 GeV (alternate dots and dashes). 
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180° 
ig. 7. — Angular distribution of thin tracks 
om a-stars (solid line) and from p-stars 
(broken line). 
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The angular distributions of black prongs from the He-stars and from p-stars” 

In Fig. 5 are shown the two angular distributions for grey prongs from 
He-stars having primaries of energy respectively greater and less than 1 GeV. 


These are compared with the angular distribution of grey prongs from all 


The angular distribution of thin tracks associated with He-stars are shown 


90° 180° 
Fig. 6. — Angular distribution of thin tracks 
from «-stars having 1 <n, <3 (solid line) 
4 <n, <9 (alternate dots and dashes); l0< 
t ki <0, (dotted line). 


| 
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Fig. 8. — Distribution of NV, as a function of 
the number of thin tracks, n,, from «-stars 
(solid line) and fromp-stars (broken line). 
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in Figs. 6 and 7. In Fig. 6 He-stars have been divided into three groups — 
corresponding to different multiplicities (n,-value) and the angular distri-— 
butions of thin tracks of these three groups were compared with each other. — 
In Fig. 7 a comparison of the angular distributions of shower particles for He- — 
and p-stars is made in the low multiplicity region (1 <n,<8). Finally the 
average N,, N,, of He and p-stars having the same multiplicity were com- ) 


pared. The result of this comparison is shown in Fig. 8. 


‘ 


8. — Discussion. 


The division of the star tracks into categories depending upon the ioniz- © 
ation of the associated particles allows us, generally, to identify either the 
kinds of particle or the phase of the disintegration process in which they were © 
emitted. Thin or «shower » particle tracks are attributed mainly to mesons — 


and to some high energy protons. Grey tracks are generally attributed to the — 
phase of direct emission, and black tracks to the evaporative phase of nuclear — 


destruction. 
N,, the sum of the number of grey and black tracks in a single star gives 


us an indication of the degree of nuclear disintegration. As is apparent from — 
Fig. 3, the disintegrations produced by He-nuclei result in a larger destruction — 


of the target nucleus than is visible in p-stars. Noting the histograms of Fig. 8, 


this effect seems to be more pronounced for disintegrations having small n, — 
and which, therefore, are produced at smaller primary energies. As the aver- ~ 


age energy increases, i.e. with increasing n,, one notes that there is a slower 


increase of N,, for He-stars than for p-stars, until, at the highest multiplicities — 


which have been compared, the star sizes are approximately the same. 


Since higher multiplicities are associated with a more frequent re-absorption - 


of mesons, it is reasonable to assume that the nuclear excitation must also 


- seeleae 


- 


depend principally on this same phenomenon. Thus the relatively small cont- — 


ribution, due to the direct interaction of the primary nucleons, does not sens- 
ibly affect the size of the stars (2). 

The histogram of Fig. 4 indicates that the black tracks are distributed 
almost isotropically, not only for stars produced by protons but also for those 
produced by He-nuclei. This result seems to confirm that the particles pro- 
ducing these tracks are emitted principally in an evaporation process, the 


excitation mechanism of which does not depend sensibly on the mode of the ~ 


nuclear excitation. 


For grey tracks from He and p-stars, however, a marked difference in their ~ 
angular distributions is observed (Fig. 7). In He-stars the grey tracks are ~ 


much more closely grouped in the direction of the primary than in p-stars. 


(?) M. CeccarELir and G. T. Zorn: Nuovo Cimento,-10, 540 (1953). 
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It would be possible to aepiain this fact if we were to assume that, for 
 He-stars, most of these closely grouped grey tracks are produced by one or 
both of the two protons which composed the He-nucleus. This hypothesis 
has its confirmation in the fact the»collimation of grey tracks is much more 


accentuated in the stars produced by He-particles having energies less than 


1 GeV, and therefore with ionizations greater than eight times the minimum 
value (twice minimum produced by doubly charged particles). The fact that 
the collimation of grey tracks decreases for stars with He primaries of greater 
energy may be considered as being due to the existence of a lower limit for 


the er ain density used for the selection of grey tracks. It would therefore seem 
_ possible ‘to state, based on the evidence thus far presented, that He- nucleons 
quite often traverse nuclear matter without interacting strongly, and that those 


particles producing well-grouped tracks in the forward direction may well be 


_He-nucleons which have interacted only very weakly with nuclear matter. 


Following this scheme it is evident that when the He primary is very 


energetic the charged fragments resulting from its disintegration, if non inter- 
acting, appear in the category of thin tracks and not in that of grey tracks. 
“This would, therefore, result in a more accentuated collimation for thin tracks 


associated with He-stars as is observed in Fig. 6. The effect of collimation 
observed for 1 <n, <3 is reduced when n, > 3, that is, when there is a more 
copious production of mesons. The angular distribution of these mesons would, 


in general, be much broader than the angular distribution for protons resulting 
from the fracture of the incident He-nucleus. 


The characteristics of the nuclear interaction of the He-nucleus will now be 
considered in the light of a simple model of its structure. We will make the 
assumption that, for the process considered, the 4 He nucleons interact with 
nuclear matter as four isolated particles which traverse the target nucleus. 


The data available on the cross-section for star production for fast protons 


indicates an appreciable nuclear transparency. 
Assuming in our case a value of 0.7 for the ratio of the effective cross- 
section to the geometric value for the average nucleus of the photographic 


emulsion, and assuming that the He-nucleus is composed of four completely — 


independent nucleons (also as regards their position in space), one may cal- 


culate the probability that on collision no nucleons of the He particle collide, 
and that one, two, three or four suffer collisions in a single encounter. These 


probabilities are listed in Table I. The mean number of interacting nucleons 
is 2.8 while the most probable is 3. 

Also it would seem necessary to consider the space correlation of the 
4 nucleons. They are not independent, for, if one interacts, it eliminates the 
possibility of this interaction for the remaining three nucleons. As a result, 
the average number of nucleons that interact should perhaps be notably smaller 


~ than 2.8, and such a value would seem to be in better agreement with the exper- 


ay 
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imental results. In fact, analysing quantitatively the angular distribution of grey 
tracks and of shower particle tracks for stars with n, between 1 and 3, we find 
that the average number of strongly interacting nucleons of the He nucleus 
is 2. The analysis was based on the hypothesis that the angular distribution 
of grey prongs is the same in p-stars and in stars having as primaries He- 
particles with energies less than 1 GeV, provided that it is possible to exclude 
tracks produced by the incident nucleons after the collision. The number of 


TABLE I. 
| 


| 0.008 | 
| 0:0756 

| 0.2646 
0.4116 
0,2401 


Pwd e Oo 


tracks which constitute the forward excess in He-stars was, therefore, held 
to be equal to the number of protons which had come from the fracture of the 
He-particle, and which had crossed the nucleus without suffering strong inter- 
action. A similar argument has been applied to the forward excess of showers. 

The model proposed above would almost preclude a traversal of a target 
nucleus by a He nucleus without at least one of its nucleons interacting 
(probability = 0.0081), and this is in fact borne out by the geometric mean free 
path for nuclear interaction that is observed experimentally (*). Whatever 
model of nuclear interaction is used, it should take into account the spatial 
correlation of the nucleons, which in turn would imply a knowledge of 
the problem of a many body interaction. On the other hand, we do not believe 
that our experimental data is sufficient to permit us to choose in a reliable 
manner between the various possible models. 

From the model proposed it follows that for He-nuclei many more peri- 
pheral star-producing collisions occur, together with a large number of inter- 
actions with light nuclei. For protons, on the other hand, central collisions 
with heavy elements resulting in stars are more probable. 

This would also seem to be confirmed by two He-events out of the 42 ob- 
served in this investigation, in which a process of stripping took place, very 
probably in a peripheral encounter. The details of these events are given 
in the following section. 

The results that have been previously discussed indicate that approximately 
two of the He nucleons either do not interact with the target nucleus or do so 
only weakly. Judging from these results it would appear that on the average 
only two of the He nucleons should contribute to the production of mesons. 


(8) C. J. Wapprineron: Phil. Mag., 45, 1312 (1954). 
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This may also be confirmed from the comparison of meson production in 
p-stars. In Fig. 2 one observes that the slope of the normalized curves re- 
presenting the frequency of stars produced by cosmic ray protons and He-nuclei 
as a function of their multipliticies (m,) are not very different. 

One should note that we have already substracted one shower particle 
from each He-star. Considering the model previously proposed, this « excess » 
of one fast particle may be attributed to the inclusion in the shower of a high 
energy proton from the break-up of the He-nucleus.* Since the number of 
mesons present in He-stars is not very much larger than in p-stars, we may 
‘infer that no more than two nucleons of the He-nucleus contribute to meson 
production, which agrees with the previous estimate. 


4. — Two Unusual Events. 


During this investigation two events of an unusual character were observed. 
They are, indeed, He-stars, but have the apparent characteristic that the 
‘He-primary producing the stars, continues on after the nuclear encounter, 
only slightly deviated in direction and without any change in velocity. The 
details of these events are presented in Table II. 


TaBLe II. 
—- 
: | s Re A: Type see 

Primary econdary Kinetic | o¢ star Visible | Angle 
a-particle a-particle energy | (y-part. energy | between 
Of DG a) Ris. rest of the | the two 
ion Osan. Osho O60: a-part. ineluded) star | x-tracks 

| é 2 : yee 2 


1 {o.0021-+| 76.34 | 0.04 | 76.24 |14GeV| 740 650 MeV 1670 
0.008 | 1.6 2 aa | 


Tr |0.01 +| 50.74 | 0.0114 | 50.44 | 5 GeV | 3+2 |900-1450| 1770 
’ ba 0.003 Leo | MeV | 


| 


The stars produced by the interaction of these He nuclei are the result 
of a high excitation energy and, therefore, may not be explained as being pro- 
duced by the energy loss that would result from the small angular deviations 
— in the direction of motion of the primary particle. They may, however, be 

explained as resulting from a « stripping » process in which a ‘He or a *He 
nucleus is transformed in the encounter into a ‘He or a He nucleus. Energy 
considerations would seem to indicate that the first event was produced by 
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at least two neutrons stripped from a *He nucleus. The second event could — 
have been produced by a single neutron, thus indicating that the parent 
particle could have been either a ‘He or a *He nucleus. Since the *He nucleus 
is unstable, its presence in the cosmic radiation can only be explained by sup- | 
posing it to be a result of the fracture of heavier nuclei of the primary radiation. ; 


5. — Conclusion. 


The model of nuclear interaction for He-nuclei which has been proposed 
in this investigation seems to explain in a satisfactory and self-consistent way 
the results obtained through the comparison of He and p-stars. The He-nucleus 
according to this model interacts strongly with the target nuclei, but only 
two of its nucleons contribute substantially to its destruction. The production 
of mesons as inferred from this model is also consistent with the experimental 
results and would seem to indicate that on the average not more than 2 of 
the nucleons of the He-nucleus are responsible for the production of mesons. 

Stripping processes in nuclear interaction have also been observed. These, 
presumably, result from a peripheral encounter with the target nucleus, and 
are apparently characterized by a very small excitation of the He-nucleus in 
the encounter. 
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RIASSUNTO 


Nel corso di questa ricerca sono state identificate 42 disintegrazioni nucleari pro- 
dotte in emulsione fotografica da nuclei d’elio della radiazione cosmica. L’identifica- 
zione © basata sull’analisi diretta delle tracce associate alle stelle e riteniamo quindi 
che essa sia poco restrittiva. Le disintegrazioni prodotte da particelle « sono state ana- 
lizzate e confrontate con quelle prodotte nelle stesse lastre da protoni. Da questo 
confronto é risultato che in media soltanto la meta cirea dei nucleoni formanti il nucleo 
delio contribuisce sensibilmente alla disintegrazione del nucleo urtato ed alla produ- 
zione di mesoni. 
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Singular Integral Equations in Quantum Field Theory. 


J. Cy TAYEOR 


Peterhouse - Cambridge, England 


(ricevuto il 7 Febbraio 1955) 


Summary. — The covariant theory of meson-nucleon scattering contains 
a vertex-part equation which is a singular integral equation. Because 
of this, there is a difficulty about the treatment of a renormalization 
constant. It is shown here how a consistent use of a high energy cut-off 
overcomes this difficulty. A related difficulty for the Bethe-Salpeter 
equation cannot be overcome by the same method. 


1. — Introduction. 


The study of the covariant integral equation for the meson-nucleon system 


-was begun by FUBINI ('), who showed that, for purposes of renormalization, 


the equation had to be analysed into a system of subsidiary equations. The 
renormalized system of equations, which has been given by a number of 


authors (2), contains a vertex-part equation which has the property of being 


singular (*). This has the consequence that a renormalization constant, Z~, 
which appears as an inhomogeneous term, must be zero. Thus, although the 


theory is a departure from the perturbation method, infinite constants are 


still encountered. 
Because of the « b-divergences » (4), Z + appears as a factor im a related 
self-energy part. Since infinite constants are now appearing as multiplicative 


(1) S. Fusrnt: Nuovo Cimento, 10, 851 (1953). 

(2) N. Krotu: Procedeings of the Fourth Annual Rochester Conference on High Energy 
Nuclear Physics, 156 (1954); M. M. Livy: Phys. Rev., 94, 460 (1954); J. C. TAYLOR: 
Nuovo Cimento, 12, 148 (1954), ete.. 

(3) A very similar equation has been studied by S. F. EDWARDS: 


284 (1953). 
(4) A. Satam: Phys. Rev., 82, 217 (1951). 


Phys. Rev., 90, 
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factors (as opposed to additive terms in the perturbation theory), it is ne- 
cessary to use some sort of cut-off at intermediate stages of the calculation. 
From the formal correspondence with the perturbation theory, one would 
expect the final result for observable quantities to be insensitive to the value 
of the cut-off. The proof of this, however, requires an examination of the 
uniformity of convergence of the series concerned. In section 2, this proof 
is supplied. It rests upon an asymptotic property of the vertex-part function, 
which is derived in section 3. The asymptotic property also enables the mechan- 
ism of the multiplicative cancellation of infinities to be exhibited. 

The Bethe-Salpeter (°) equation for the deuteron also has the singular 
property. Here, it has the consequence that there is not a discrete eigenvalue 
spectrum. It is the substance of a proposal by GOLDSTEIN (*) and by GREEN 
and McCarruy (7) that a spectrum be defined as the limit of the spectrum of 
the cut-off equation (which is discrete). In section 4, an examination of the 
asymptotic properties of the equation makes it probable that this prescription 
would not yield physically reasonable results. 


2. — The Vertex-Part Equation. 


In pseudo-scalar charge-symmetric meson theory, the renormalized vertex- 
part equation is (?), for the relevant state ([=}), 


(1) Pulp, k) =— igt(2ay-* f dk yhin(p —k—k') + MP ylip(p—¥) + 
Delpy kK ® + py + yg 


The renormalization constant Z—1 is supposed to be determined by 


(2) L(po, 9) = ys 5 typo + M=0. 


However, equation (1) can have no solution with Z-!+ 0; for, if it did, [.(p, k) ~ 
would tend to y;Z— for large k, and the integral in (1) would diverge logarithm- 
ically. This is the main consequence of the singular property. It means that (1) 
is effectively an homogeneous equation, and (2) leaves I’,(p, k) undetermined 
to within an arbitrary factor f(p) (satisfying f(p.) = 1). 

The theory also contains a self-energy function, related to I\,(p, k) by 


(3) 2(p) = p20) | pint —k) + MYL. (p, k)(k?+ pw?) dk . 


| 

4 
®) E. E. Savprrer and H. Betue: Phys. Rev., 84, 1232 (1951). j 
(6) J. 5S. Gotpstein: Phys. Rev., 91, 1516 (1953). | 
( 


") H. 8. Green and J. E. McCartuy: Proc. Phys. Soc., A 67, 719 (1954). 
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' The convergent part, 2, Fe given by 

(4) Dp) = X(p) — X (po) — (P — Po) ,L¢/ CP. ~(P) lo—n, » 

(5) Xp) = Z2rlp}- 


The appearance of the factor Z~+ again in (5) is the chief obstacle to a direct 

acceptance of the result Z-'=0. 

| The formal justification of equation (5), using the iteration solutions for 
the functions concerned, rests upon SALAm’s (*) proof of the cancellation of 

the « b-divergences » in the general case. In fact, the system of Feynman 
graphs implicit here is the simplest system having the essential structure made 

use of in Salam’s proof. 

Consider now the application to equation (1) of a high-energy cut-off, 
characterized by a large number X. Then (1) becomes an equation of the 
- Fredholm type, and has a unique solution I',(p, k). Moreover, for sufficiently 
small g?, the iteration solution converges and the Fredholm solution coincides 
with it. Z(X) will be a non-zero quantity, determined by equation (2). 
Assuming that a solution of the original equation exists, J’, will tend to a 
finite limit as X — co, and Z-1(X) will tend to zero. Defining the solution 
of (1) to be the limit of J’, removes the arbitrary function f(p). 

Let X*_,(p) be the iteration solution of the cut-off equation up to the N-th 
order in g?. Then the proof of the cancellation of the « b-divergencies » in the 
power-series shows that 2* , is insensitive to XY. For sufficiently small g? the 
power-series converge, and we would like to pass to the limit N — co and 
deduce that 2,., is insensitive to X. To justify this step, we require uniform 
convergence of the iteration solution, regarding the terms as functions of YX. 
In the next section, it is shown that Z7-1(X) and »,,, depend upon X through 
terms of the form 


exp [f(g) log X]. 


The radius of convergence of the g?-expansion of this expression is independent 
of X; and so the requirement of uniform convergence is certainly met, Finally, 
the result extends to all values of g? by analytic continuation. 

Thus, by using a cut-off which is eventually allowed to become infinite, 
we should be able to obtain sensible finite answers for both I’, and 2,. Of 
more interest than a formal proof, however, is an explanation of how the 
cancellation of X-dependent factors actually happens. This we attempt to 
provide in the next section. 
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8. — The Asymptotic Form. 


The singular property of equation (1) is signalled by the coupling constant’s 


being dimensionless. In this section, this fact is exploited to obtain the 
asymptotic form of /’,(p, k) for large k?, and thence to deduce the form of 2;,(p). 

First consider equation (1) without a cut-off and with Z-! put zero. For 
k?>> M?, w?, p?, it is approximately 


(6) Pulp, k) = ig2(2e)-+ | AR Lin (k +k’) + RY Liyk R22 Delp, Be). 


It is proved in the appendix that (6) has solutions (k? — ve)~* and (iyk)(k®—te)*, 
where « and f are roots of 
(7) (1—a)o(l+ a) = A= g?(4a)*, (2—fB)\1—A)p=A, 
respectively. For simplicity, suppose A to be sufficiently small for the roots 
1, %, % and f,, P., Bs of equations (7) to be real. Then they satisfy 

[0 << cee Ly he Seeds %, + + %=0; 
(3) | 

0<A<fi<1, B>2 , fpatht+h=3; 


and in each case only the first two solutions are admissable. Thus, for the 
asymptotic form of equation (1) without cut-off, we have 
(9) Tp, k) ~ ysflp) th (p(k?) + fa(p)(k2)- + 
+ (tk) ga (p)(k®)-"* + ga(p)(k®) I}, 
where f,, fs, g, and g, are determinable from the exact equation, but f(p) is 
undetermined. 
Second, consider equation (1) with a high-energy cut-off applied. Since 


the integrals are only logarithmically divergent, it should make no difference 
what form of cut-off is used. It is convenient to cut-off as follows: in (1) 


(10) subtract (iyk')(k?+ XM?) from [ty(p—k—k')+ MP. 
Then, up to terms of order 1/X, a solution of the homogeneous equation without 
cut-off will also be a solution of the inhomogeneous equation with cut-off, 
provided that 

(11) Z-(X) = ig? 2o0)-* | Ak! (iyk' (ki? XM)-Lip(p — k’) + M- 


Dp, B’)(k'?+ 2) + O(1/X). 
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Inserting (9) into (11) and using the result 
fax’ (e'2 4 XM2)(k!2) 2" = ACM) 


. (where A is a constant whose actual value does not matter), it follows that (11) 
is satisfied if ; 


(12) — AMX) = f (pL Aifi(p)(X M?)- + Asfe(p)(XM*)-™ + 
+ (iyp — M) {B,g,(p)(X M*)™ + Byga(p)(X M2) -*}]. 
i Equation (12) fixes the function f(p). We have also a ee equat- 


ion, derived from (2), which may be taken to be 
f(po) =1. 

Then (12) fens (absorbing powers of M? into the constants A and B) 

Z(X) = Aufs(po)X-% + Aafalpo)X-** — 2M Bg (po) X* + Baga(po)X-*]. 
ie It will be shown later that g.(y)=0. Anticipating this result, we have 
(13) Z-(X) = Asfa(po)X-“[ + O(X*-*)], 
where we have used the relations 
- (14) eooke Meee cn pee eee, ot 


which follow easily from (7) and (8). Using (12) and (13) to eliminate f(p) 
‘from (9), 
(15) T’.(p, k) ~ ysfo(Po) {(k2)-* + fi(p) (B®) / fal 
+ (iyk)/fo(p)Lgs(p)(2)-* + are Oey 
The important fact about this expression is that the coefficient of\ (k*)~** is 
_ independent of p. 

Consider now the self-energy functions defined by equations (3), (4) and (5). 
Denote the self-energy subtraction operator by S; so that X,(p) = S2(p). 
The term proportional to (k2)~* in (15) contributes, to 2, 

- (16) — g*(2)-*fa(po)8{9.()/folp) | AkeyLin(p — k) + MI 


Bess re “yn Re + 42)-2(12) Pp 
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The only divergent contribution from (16) is the term in which S acts on 
91(p)/fa(p) alone. Introducing a cut-off like (10) into (16), the leading term in X 
is proportional to X‘~*, Similarly, the terms in (15) proportional to (hk?) 
and (k2)~°: contribute terms of order X'~“ and X*~*, The term proportional 
to (k?)~* on the other hand, contributes only a convergent integral to 2,; 
for, in the expression analogous to (16), there is no function of p before the 
integral, and so S must act on the integral. Therefore, 


(17) Zip) = F, (p)X*-™ + G,(p)X*-* + G,(p)X*-% + O(1) ; 
and so, from (5) and (13), 
(18) 2.(p) = Fy(p)X-%-% + Gy (p) Xi 9 + G,(p)X1-*- + o(1). 


From (14), the first term in (18) tends to zero as X-—> oo, whilst the the 
second is independent of XY and yields a finite, non-zero contribution to 2. 
The third term, on the other hand, would give an infinite contribution. Since 
it was proved in the previous section that this cannot happen, we must have 
G3(p) = 0, and so g.(p) = 0 in the original solution (9). This is not unexpected, 
since the term in g,(p), alone amongst the terms in (9), is unbounded for 
large k?. Thus, only the second term in (18) remains, and comparison of (16) 
and (17) yields a relation between ,(p) and the asymptotic form of I’,(p, k). 

The above description of the cancellation of the X-dependent terms is- 
incomplete in some respects. The vanishing of g.(p) is not fully explained, 
and it is not certain that the result is independent of the form of the cut-off. 
Nevertheless, we believe that the main features — the constant coefficient of 
(k?)"“> in (15), and the exact cancellation of the powers of X in the G, term 
in (18) — would be shared by a more rigorous treatment. 


4. — The Bethe-Salpeter Equation. 


In pseudo-sealar meson theory, the Bethe-Salpeter equation (*) in the 
«ladder » approximation is 


(17) x(k) =—igt(4at) | ak Tiytp —) + MP Cy @ +) +P 


“VsYsL(k — hk’)? + wry y(k’). 


Here, 2p is the total energy, and is regarded as given, whilst g? is to be deter- — 


mined as an eigenvalue. Superfixes P and WN distinguish the two nucleons. 
GOLDSTEIN (*) has solved (1) for the particular case p=0 (and u= 0). 
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His solution confirms that, because of the singular property, the homogeneous 
| equation has a solution for each value of g’?, and so a discrete eigenvalue 
spectrum is not obtained. GoLpsTEIN also shows that the cut-off prescription 
defined in section 1 yields a single.« eigenvalue» in his particular case. 
GREEN and McCartTuy (’) suggest a definition of « eigenvalues » for sin- 
gular integral equations, based upon the use of the Fredholm method. The 
integral in the Fredholm discriminant of equation (17) are all logarithmically 
divergent. Cutting them off at a large value Y, the discriminant has the form 


Ax(p, g?) = exp [— v(g*) log X + O(1/X)] Ao(p, 9’) - 


Thus, for large XY, the zeros of A, are insensitive to XY, and they tend to the 
zeros of A,, which are defined to be the «eigenvalues ». Now, since the di- 
vergencies concerned are all logarithmic, it makes no difference whether the 
cut-off is applied term-by-term, or whether it arises from a cut-off inserted in 
the original equation. This fact establishes the equivalence of this method 
to the general cut-off prescription. | 

We now determine the asymptotic properties of 7, and show that these 
alone are sufficient to determine the «eigenvalue». The result is that the 
«eigenvalue » is independent of p, and, in particular, does not tend to zero 
as p?>—M?. This is clearly unacceptable; and so the cut-off prescription 
as defined cannot give sensible answers for bound-state energy levels. 

The asymptotic form of (17) is 


(18) lke) = — ig? (A08) (dy) ay hy yy (le — Be  (e!) AR 


This has a solution with the same matrix dependence .as Goldstein’s exact 
- solution; and then (18) reduces to 


(19) p(k?) = — ig?(4a®)(k2)-* | (k — k')-2(k'2) dk’ . 


2 


By the methods of the appendix, it follows that (19) has a solution (k?)~*~*, 
_ where 


(20) ee ee esther 
(provided that A’< 4). Thus 
(21) p(k?) = hy(p2)(k2)-2- + hha (p2)(h2) “3% , 


- where 0< a,< $< «<1 are the roots of (20). 


45 — Il Nuovo Cimento. 


“My 


“a 


686 | J. C. TAYLOR 
Insert a cut-off into equation (17) by subtracting (k’?4 Xy?)-? from 

[(k—k’)?+ u?}-?. Then (21) is also a solution of the cut-off equation, pro- 

vided that an equation of the form 

(22) Crh (pax al Cyhs(p yA — (). 

is satisfied. Whatever the form of h, and h,, any solution of (22) must tend 

to the limit a, =«,= 4,. /’=+ as X + co (*). Thus, on the assumption that 

the asymptotic form of y does have some term with the Goldstein matrix 


dependence, the prescription always gives the single « eigenvalue » A’= }. 


The author is indebted to Dr. P. T. MATTrHEws for a most helpful discussion. 


APPENDIX 
Continual use is made of the formula 


j= Tn— a -ll(m= n+ 0-1) Ln) See ee ; 
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O<a<1,n20, m2>n-+1). } 


Inserting the trial function (k?)~* into the right hand side of equation (6), — 
we obtain 


(24) — igh(2ay-*{ fax’ (iyk)(iyk'\(k 4 h!)-2(k!2) 2-2 + | ak'(k ee i’ tea 4% 
From (23) with ee 4, n=1, and using standard FrEYNMAN (°) techniques, : 
the first term in (24) becomes ; 
g?(4a)-?k? [aze-«(e + 2)-?*[(1(2—a)L(2+a)}". 
0 
Using formula (23) again, this expression becomes | 
— A(t — a) -*(1 + a)—2(k?)-* . 


(8) 4'= 4 is not an eigenvalue for any finite value of X, for the form (21) is only 
valid for «,4a,. Because this points is not stressed by GoLDsTEIN, the equivalence 
of his cut-off method to our prescription is slightly obscured. 

(*) R. Feynman: Phys. Rev., 67, 769 (1949). 
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- Similarly (this time using (23) with m=3, n—1), the second term in (24) 
becomes 
} Adie cy 800 ACK): 2 
and hence the first equation (7) is verified. 

For the trial function (iyk)(k?)-%, formula (23) with m = 4, n = 2 is used. 
_. The treatment of equation (19) is identical with that of the second term 
in (24). 


\ a a an ; 
RIASSUNTO (*) - 
’ Nella teoria covariante dello scattering mesone-nucleone si incontra lequazione di 
ana vertex-part che é un’equazione integrale dotata di singolarita. Percid si incontrano 
_ difficolt’ di rinormalizzazione. Nel presente lavoro si mostra come queste difficolta si 
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Sull’energia di legame dell’H;. 


F. Dumtio 


Istituto di Scienze Fisiche dell Universita - Milano 
Istituto Nazionale di Fisica Nucleare - Sezione di Milano 


(ricevuto il 12 Febbraio 1955) 


Riassunto. — Con: modelli molto semplificati, che si pensa possano tener 
conto, nelle grandi linee, della regola_ pari-dispari, si confrontano le 
energie di legame dei sistemi D* e H3, con quelle dei sistemi D e H,. 
I risultati qualitativi (assenza di stati legati per il D* e piccola energia 
di legame per |’H3) sono in aeccordo coi dati sperimentali sui frammenti 
instabili. - 


Nella fenomenologia delle particelle « nuove » (iperoni, mesoni pesanti, ecc.) 
occupano un ruolo particolarmente importante i frammenti instabili (*). 

Infatti noi siamo- in presenza di sistemi legati di iperoni coi nucleoni, ed 
é chiaro quanto una conoscenza dettagliata di tali sistemi possa essere utile 
nello studio delle caratteristiche delle particelle nuove. 

In questa nota esamineremo, sia pure in modo pressoche qualitativo, i 
sistemi iperone-nucleone e iperone-due nucleoni. 

Il punto di partenza consiste nel supporre valida Vipotesi (2) secondo 
cui le interazioni «forti» siano le (NjNom) e (NoNiz,) (oltre alla (N,N,7>)), 
cioé che la costante d’accoppiamento sia la stessa (o dello stesso ordine di 
grandezza) nei due casi. Per la particelle indicata con xz, (bosone) assumeremo 
la massa 970 m,, per la N, (fermione) massa 2185 m, (considereremo nel se- 
guito solo la N{= A° e non le N, cariche). 


(*) Per una completa bibliografia dei dati sperimentali vedi: R. Levi Servi: Suppl. 
Nuovo Cimento (in corso di pubblicazione), annesso al corso dal prof. B. Rossi alla 
Scuola Estiva di Varenna, 1954. 

(?) A, Pats: Phys. Rev., 86, 663 (1952). (Nelle notazioni di questo lavoro Ny e N, 
indicano rispettivamente nucleone e iperone e =, e =, Mesone = e mesone pesante (K). 
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In questo modo é evidente come le forze N,N, siano mediate dal campo 7,, = 
allo stesso modo come le ordinarie forze nucleari sono mediate dal campo 7 (*). 
~Adotteremo qui lo schema semplificatissimo di buche di potenziale che rap- 
presentino le suddette interazioni. Indichereno con %, %, Vo, Vi il range e 
la profondita di tali buche e per i rapporti tra di essi accetteremo i seguenti 
(che si ottengono per le buche di Yukawa derivanti dal calcolo perturbativo 
statico al secondo ordine): 


hy = Bory a. Mn 


J 
Iie 7/6 Wise 


41. — Sistema N,N). a 


Il sistema ¢ completamente analogo al sistema n-p (deutone). 

Vogliamo ora vedere se con le ipotesi precedenti riguardo le interazioni 3 
N,N, tramite il mesone z,, tale sistema ammette stati legati. . 

Adottando la forma pit semplice di potenziale possibile, cioé la buca ret- = 
tangolare, e supponendo valide le relazioni (1), la condizioneé perche esista uno 
stato legato ¢, come é@ noto: 


(2) v0 > 77h?/8M" , 


dove M’' @ Ja massa ridotta del sistema. 
Ma 


Oia = Oyo 


e oa & una costante che si determina in base all’energia di legame del D (*). 
- Sostituendo per M’ il suo valore M’= ~ 1000 m,, si vede che la condizione (2) 


‘ 
* 


non @ verificata: non esistono dunque stati legati No-N, e cid @ confortato 


 dallesperienza: infatti nessun frammento instabile identificabile con un D* 


x 


‘é stato finora osservato. 


2. — Sistema N,-N,°N;. \ 


Considereremo in particolare il sistema H;, cioe p-n-A°. 
Il problema che vogliamo affrontare ¢ dunque il seguente: determinare 


(8) Cid naturalmente va inteso in modo qualitativo: basti pensare che non abbiamo 
fatto ipotesi nemmeno sulla parita e sullo spin del 7,. ; 

(?) Va5 & costante nel caso di buca rettangolare e varia di poco al variare di % a 
e della corrispondente V, che rende conto dell’energia di legame del deutone, per altre 
~ forme di buca normalmente usate (gaussiana, di Yukawa, ecc.). é Sate 
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Venergia di legame di un sistema che differisce da un nucleo di H; ordinario 
per la sostituzione di un n con una A° supponendo che le forze nucleari tra n 
ep siano rappresentate da una buca di potenziale con parametri a e Vis 
mentre le forze n- A® e p: A® siano rappresentate da buche analoghe con para- 
metri «, e Vi. 

Tl caleolo anche qui sara semplificato il pit. possibile: seguiremo un metodo 
variazionale del tipo di quello usato nel classico lavoro di BETHE e BACHER (°), 
supponendo che le forze siano tutte del tipo di Majorana, e le buche di poten- 
ziale di tipo gaussiano. 

Introduciamo le seguenti coordinate: 


Myx, + M(x» - 3) 


Ass baricentro 
M, + 2M, 
(3) ri == X%5-—— X3 
Hy + Xs : 
oe Mie aes ae Op 
Come funzione di prova usiamo la 
(4) y = exp [— (v/2)(7%2 He Cale (4/2) 755 | Vj |X; — %;], 


che espressa in funzione delle variabili (3) si scrive: 
y = exp[— (0/2)? — (u'/2)q2], w= 2y, v'= (0/2) +. 


Il metodo variazionale consiste nello scrivere il valore medio dell’energia 
totale nello stato definito dalla funzione w e cercare i valori dei due para- 
metri we » che lo rendono minimo. Tale valore si approssimera tanto pit 
al’energia dello stato fondamentale quanto pitt la funzione y approssima 
Vautofunzione vera di tale stato. L’espressione (4) per la y é certo un’appros- 
simazione molto rozza, ma per gli scopi qualitativi che ci siamo proposti pud 
essere sufficiente. 

Per Venergia cinetica (*) e potenziale si ha: 


is M,M. 
"pres gt ron Oat oe 
(5) | t= jar 4 a, Po 
| V=— VJ, exp [ri2/i]— V, exp [ris/ai]— Vp exp [73,/a5] . 
Il valore medio dell’energia totale sara: 
ig SeM(L+V)y dg dr 
Jy*pdq dr 


(®) H. A. Berue and R. F. Bacner: Rev. Mod. Phys., 8, 83 (1936). 


(°) Nel sistema del baricentro, ciot traseurando lenergia cinetica di traslazione 
delVintero sistema. 
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che, con qualche calcolo e supponendo che le relazioni tra %, Vo e@%,, V, siano 
ancora del tipo (1), da 


a | i) f 5 OU ae BL) a) : 
») re 2 M, arian 28) Ta esa oe y+ + 4(B]%)? | S 


etna Sli rae : 
are aa te ‘ 


Con 
MM, +2M, 
i 4M, 
Ponendo (come in (°)) 
es fetes pa eae ican fone 
oer 4 Moe 


la (6) si riduce alla 


Ley ae, ames Ae le, ok aoa gre 
ies BE Bes | (o/62) + J Telecena} | 


aN 
=~] 
— 


1 tg eae 
aaa 5-27)? + 8). 


fod 


Il problema si riduce ora al minimizzare Vespressione (7) rispetto ao e p. 
Tale minimo dard lenergia di legame dell’ H;*. Ora, date tutte le approssima- 
zioni e semplificazioni usate, un risultato numerico avrebbe certo poco senso. 
Quello che ci importa ¢ un confronto tra tale valore e i valori che si ottengono, 
con lo stesso grado di approssimazione, per le energie di legame del tritone e 
del deutone: tali energie infatti si possono ottenere dalla stessa (7) come casi 
- particolari o limite. 

Se poniamo nella (7) B=1, y=? (cioe My = M,), p= 1 (cioe vy = p) 
avremo lenergia di ae del tritone (ricordiamolo ancora: con le appros- 


fod 


simazioni usate nella deduzione della (7), cioé pure forze di Majorana ecc.) 


(8) Hy = — 3V, i a + 3oT con o=— wit. 


ate 


Poniamo invece p = 4: indipendentemente dai valori di B e y avremo 


i 63 

(9) Ep =— 4 S| +50f CON © 6 = Oye 
La (9) da quindi l’energia di legame del deutone (cid @ chiaro se si pensa 

che p =4 corrisponde a y= 0). 

y I valori che si ottengono dalla (8) e (5) adottando la coppia di valori: 

 =2,25-10-18 cm, V.=35,6 MeV, sono rispettivamente ~ 1 MeV e ~ 135 MeV, 
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ambedue molto lontani dai valori sperimentali di 2,22 e 8,5 MeV rispettiva- 
mente. 

La determinazione del minimo di #y* in (7) é molto laboriosa e dipende gran- 
demente dal valore di / che si assume. In particolare con 6 = 3.5 si ha 
Ey* > E,. Questo lo si pud vedere ponendo nella (7) po = o' e trascrivendola. 
nella forma: 


of = arly ee Oe eee 
(10) Exy = 2VoB PT Op (o'/p)B2 +14 Very 


ar oT 4 5! Dy soe : 
2 3 ln eed 

In essa il secondo e il terzo termine hanno la forma (9) e per il 6 suddetto 
(con le altre costanti fissate come sopra) la somma tra il quarto termine 
e il primo é positiva per qualunque valore di p. In tal modo ’H; non risul- 
terebbe stabile. 

Osserviamo pero come il valore 3,5 di / fosse stato ottenuto in maniera 
molto semplicistica dal rapporto m_/m_; questa deduzione sarebbe corretta 
solo se fosse tale una teoria della interazione mesone-nucleone e x-nucleone 
per la quale fosse applicabile il metodo perturbativo al secondo ordine, e se 
detta interazione fosse scalare. Ora Vinterazione (xz), No) non solo non é debole, 
ma @ o PS o PV: in tal caso le interazioni al quarto ordine della teoria delle 
perturbazioni sono almeno altrettanto importanti quanto quelle del secon- 
d’ordine, e come conseguenza il «range » della buca che approssima la suddetta 
interazione viene ridotto (*). 

Da queste considerazioni é evidente come f possa scostarsi notevolmente 
dal valore 3,5. Con una scelta opportuna, per quanto arbitraria (*), di 6 (o di 
due valori per / nelle equazioni (1a) e (1b) ammettendo Veventualita che pos- 
sano essere diversi), @ possibile far si che Hy» < HE). 

E evidente anche che E,* risultera di poco minore di H,, per valori ragio- 
nevoli di # (ad esempio, tali per cui la relazione (2) non sia verificata, cioe 
non esiste un D*), e questo spiegherebbe la bassa energia di legame dell’H} , 
osservata sperimentalmente. 

Pur rendendoci conto della grossolanita delle ipotesi da noi assunte in 
questo lavoro, ci pare tuttavia che i risultati ottenuti autorizzino a ritenere 
che la regola pari-dispari per il meccanismo di produzione e decadimento delle 
particelle nuove pud rendere conto nelle sue linee essenziali dei fatti sperimen- 


(7) G. C. Wick: Nature, 142, 993 (1938). 
(8) Bisognera prendere # < 3,5 e questa potrebbe essere una indicazione, benchée 
molto vaga, che il z,, se ha spin 0, sia scalare piuttosto che PS. 
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tali riguardanti i frammenti instabili, o per lo meno che tale regola non Sins 2 
— contraddizione con questi (°). ety. 
4 ag 
a Ringrazio vivamente il prof. CATDIROLA per il suo interesse ed incorag- é e- 
_ giamento. . <cee 
seas birt 
¥ e 
f (°) E possibile trarre una conclusione analoga anche dal lavoro di CHESTON e& ; 

_ PRIMAKOFF (Phys. Rev., 92, 1537 (1953)) riguardo al problema del decadimento non — a 
~ mesonico dei frammenti instabili. 29 
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: SUMMARY 
Me 
st Using very simple models we have caleulated and compared the binding energies. 
goof the normal and excited deuteron and triton systems. These model seem to us to 
take into account the general principles of the even-odd rule. The qualitative results, 
i.e. the low binding energy for H#, and the absence of bound states N»-N, (D*) 


are in agreement with experimental results on unstable fragments. 
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The Interaction of Fast K-Mesons (*). 


M. W. FRIEDLANDER, D. KbEFE and M. G. K. MENON 


H. H. Wills Physical Laboratory - University of Bristol 


(ricevuto il 22 Febbraio 1955) 


Summary. — Two events are described in which heavy mesons interact 
with nuclei in photographic emulsions, producing small stars and emerg- 
ing themselves from the collisions. In one example, a relativistic singly 
charged particle enters the stack and produces a star with only three 
emergent charged particles, which have been identified as a hyperon, a 
m-meson and a K-meson respectively. The K-meson creates two stars 
before it comes to rest and decays with the emission of a slow u-meson. 
In the other example, a K-meson enters the stack from outside and, 
after interacting, comes to rest within the emulsion and decays with the 
emission of a single lightly ionizing particle. Certain features of interest 
associated with the scattering properties of heavy mesons are discussed. 


1. — Introduction. 


Recently we have observed in this laboratory events which appear to cor- 
respond to the interactions in flight of heavy mesons with a mass ~ 1000 m,. 
This paper reports two events of this type found in stripped emulsion stacks 
flown in England. The first example, described in § 2, occurs in a stack of 
80 stripped emulsions each 2015 x0.06 em*, the second, described in § 3, 
in a stack of 46 emulsion strips each 15 <15x0.06 em*. In each case, the 
decay at rest of the K-meson was observed in the course of scanning for heavy 


(*) The nomenclature K-meson and y%-meson are used throughout in the sense of 
PowELt (Proc. Roy. Soc., A 221, 278 (1954)), i.e. the term K-meson refers to any part- 
icle with a mass intermediate between those of the z-meson and the proton, and 


%-meson is a K-meson which decays with the emission of a u-meson and at least two 
neutral particles. 
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unstable particles. In the first, the charged product of the decay was a u-meson 
of 14.45 MeV, thus establishing the decaying K-particle as a x-meson, and in 
the second, the secondary particle was at plateau ionization and was not 
identified. 2 


9. — The Associated Production and Interactions in Flight of a Heavy Meson. 


21. Experimental Details. - Photomicrographs of this event are shown in 
Plate 1 and 2, and details of the measurements made on the various tracks 
are displayed in Table I. = 


geisseray dls 


‘Length No. of 


Sack . pp Mass Identi | Energy ‘Momentum 
rack | (mm)|plates, % | (MeV/c) | (m) | °™ ity | (MeV) | (MeV/c) 
i ae ill : | 7%: 5 | x ee OS eee, | . 2 eee 
D 50.20} 18 |1.02+4.03 aE = | m2) @ | 2320 +300 # 2460 +300 @ 
i a 4 | i. 
CO: 5.56 4 0.964.04 11004350 <proton K-meson# 7964250 11904300 
C, 71.5 | 25 |0.94+.03, 370+ 31} <500 |n-meson | 278+ 25 | 394+ 31 
On O75 | -5 2.00 4.08 470 + 70 20204350 Hyperon 3064+ 15 910+ 30 
econdary 19.2 21 1.24 4.05) = | — _L-meson S44 7 | = 
or 0; | | . at emission 
B 21.34 5 |1.73-4.05' 2714+ 27° 950+100| K-meson | 158+ 18 | 49542 27 
x 24.17 7 —- — | 850+100 x%-meson 66.3 265 
at emission 
u. bust 3 — | | = | 197+ 20) u-meson 14.45 


| at emission 


: 
\ 


" The reasons for the assignment of these values are discussed in the text. 


The track of the charged decay product of the slow K-meson emerging 
from the last interaction, Star «, is due to a u-meson of 14.45 MeV which later 
decays to an electron, and it cannot be reconciled with that due to a ~-meson 
decaying in flight. This K-meson is not therefore an example of the altern- 
ative mode of the z-meson and must be classified as a %-meson (O’CHAL- 
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LAIGH (1)). The mass of the x-meson has been determined by gap measurements — 
at several points along the track. 

Star « is of type 4+0p and in addition to the x-meson contains three short 
prongs of lengths 124 uy, 75 u and 5 yu. The first is probably singly charged, 
the second doubly charged and the third is too short to be identified. The — 
total visible energy contained in these three prongs is about 16 MeV. The — 
primary of this star (track B) is also a heavy meson and its mass from (g*, pp) 
measurements is 950-100 m,. Track x emerges from star « at an angle of 
147.69 with respect to the direction of track B. 

Track B originated in a star of type 3+0p, the other two prongs being 
a 307 wu proton track and an unidentifiable recoil of about 1 uw. The direction 
of track B makes an angle of 32.4° with that of the primary, Track O,. Track 0; 
is about 2 mm/plate and its identity cannot be directly established as the 
measured value of pf was 1100+300 MeV/c. The ionization, g*, was cert- 
ainly appreciably below plateau whereas that expected for a proton of this pp 
would be g*x 1.1. While this does indicate that the mass is less than that 
of a proton, it is not strong evidence since this value of pf is close to the 
upper measurable limit imposed by distortion in the plates concerned. Inde- 
pendent arguments will be given below which strongly suggest that track C, 
is, in fact, due to a K-meson rather than to a z-meson or proton. 

From the parent star, (1-+-2p), of track C,, there emerge two other part- 
icles. Track C, can be followed for 71.5 mm until it leaves the stack. Taking 
into account the errors in the (g*, pf) measurements, one finds an upper limit 
of 500 m, for its mass. The measurements are entirely consistent with its. 
being a z-meson, and this has been assumed in the discussion below. Track O; 
has been identified as due to a hyperon which decays in flight into an L-meson, 
after traversing 9.75 mm of emulsion. The mass of the primary from (g*, pp) 
measurements is 2020-350 m,. The secondary track has a g* of 1.24 and 
a projected length per plate of 0.74 mm. The Q-value for the decay scheme 


Yan ee 


(assuming the secondary particle to be a z-meson), is 97 + 15 MeV, which 
is consistent with the present accepted value of ~ 110 MeV. 

Track D whose direction makes an angle of 77° with the vertical has been 
assumed to be the primary of star y. Its projected length per plate is 2.8 mm 
and measurements of multiple scattering along this track. yield a value of 
x= ().039° per 100 u. An investigation of the distortion in the plates tra- 
versed, however, shows that this value of « almost certainly arises from this 
cause and can only be considered an upper limit. The directions of emission 


(1) C. O’CwatLaIcH: Phil. Mag., 42, 1032 (1951). 
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of the K-meson, the x-meson and the hyperon with respect to that of the 


assumed primary were 11.2°, 2.1° and 9.5° respectively. 


2°2. Discussion. — The only two tracks in this event apart from the 
black prongs — which cannot be directly identified are tracks C, and D. 
In view, however, of the known association in production of hyperons and 
heavy mesons, and of the fact that track B is due to an interacting K-me- 
son, it would appear reasonable to attribute track C, also to a heavy meson. 
From a consideration of the results of DAHANAYAKR et al. (?) and FowLER and 


PERKINS (3) on the production of heavy mesons and hyperons in cosmic-ray 


induced ' stars, it is possible to estimate quantitatively that the relative proba- 
bility that track C, is due to a x-meson or a relativistic proton ig less than 1°, 
of its being due to a heavy meson. It would thus appear fairly certain that 
this track was in fact caused by a K-meson and hence that the measured p/p 
value was not seriously in error. 

Star y admits of a simple interpretation if it be assumed that track D is 
that of a x-meson, the three charged products O,, C,, C;, being produced in 
a reaction of the type: 


Bil) mnt+N->Y+K+7 


a combination of the Brookhaven and Yukawa reactions. 

Energy and momentum considerations and the absence of any black prongs 
associated with the star supports the view that the collision was with a peri- 
pheral neutron in the target nucleus. The momentum component of the charged 
secondary particles (C,, C,, C;) transverse to the direction of the primary 
is 1178 MeV/c, which could quite easily arise from the Fermi momentum of 
the bound neutron. The longitudinal momentum component of these particles 
is 2460 --300 MeV/c which implies a primary x-meson kinetic energy of 
2320-300 MeV.. The actual energy (kinetic--excitation) observed amongst 
the secondary particles is 2263 +250 MeV. The discrepancy 197-50 MeV, (*) 
between these two values can be considered negligible because of possible inter- 
ference of Fermi momentum with the momentum balance or because of a 
small residual excitation of the target nucleus after the collision without the 
production of charged evaporation prongs. Had the primary particle been a 
proton, then at the given momentum its kinetic energy would have been 
1694 +280 MeV, which is 570+30 MeV too low and so cannot be explained 


(2) C. Dananayakg, P. E. Francois, Y. Fusrmoro, P. [REDALE, C. J. WADDINGTON 


and M. Yasin: Phil. Mag., (1955) in course of publication. 


(3) P. H. Fowrer and D. H. Perkins: Phil. Mag. (1955), in course of publication. 
(*) The discrepancy, 197 MeV, includes the -meson rest mass. The error + 50 MeV 
is the independent part of the error on the discrepancy. 
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in terms of residual nuclear excitation. Furthermore, the track of a z-meson 
of energy ~ 2.3 GeV has plateau grain density in agreement with the observ- 
ations, whereas that of a proten is significantly below plateau unless the part- 
icle has a considerably higher energy (> 7 GeV). However if the proton energy 


is > 2.3 GeV the momentum balance would be ensured by assuming the 


emission of neutrons in suitable directions. The agreement in the energy and 
momentum balance with the assumption of a single x-meson/nucleon collision 
could, of course, have arisen by chance and one cannot exclude the possibility 
that more than one nucleon was involved, despite the absence of other charged 
products. 

The space angle between the hyperon and the K-meson is 20.3° and if we 
define a plane (YK) which contains both their directions, then the plane (YK) 
makes an angle of ~ 2° with the primary particle track and an angle of 3° with 


that of C,. The angle made with this (YK) plane by another plane containing 


the hyperon and its L-meson secondary is 26.9°. 

At two points along the track of the K-particle from Star y occur stars p 
and «, in both of which a K-particle enters and a K-particle emerges. If the 
production of a K-particle in star y — equ. (1) —is analogous to the Brook- 
haven reaction, then in the collision of a K-meson and a nucleon one would 
expect either of the following processes to occur: 


a-Y + 7 (2a) 
K + 9 — intermediate state - 2 
K'+ QU (2b) 
the second of which corresponds to elastic scattering. Alternatively there may 
be a variety of inelastic scattering processes e.g. the creation of one or more 
m-mesons corresponding to a production mechanism such as (1) rather than 
to the ordinary Brookhaven process. Yet another possibility is afforded if 
among the K-particles there exist different classes (e.g. in lifetime, interactions, 
spin, etc.); then it might be possible that in the scattering process the final 
state K’ of the heavy meson belongs to a class other than that of the prim- 
ary, K. The emergence then of a x-meson from star « does. not necessarily 
imply that the primary of this star was itself a x-particle. 

If the nucleon in (2) is bound in a nucleus, in general it will have a Fermi 
momentum differing from zero up to about 200 MeV/e which must be taken 
into account in considering the kinematics of the collisions. The stars « and 6 
have been analysed to see if they are consistent with the simple model of a 
K-meson interacting with a single bound nucleon and this nu«leon thereafter 
producing a disintegration as it recoils in the target nucleus. In the case of 
star 6, the K-meson is scattered through an angle of 31° with a loss in energy 
of about 630 MeV and a change in momentum |p| = 850 MeV/c. This is in 
no way consistent with the transfer of energy and momentum to a single 


~ 
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nucleon and instead one must demand an interaction with more than one- 
nucleon or the creation of a neutral particle or particles. It is possible that 


star x is an example of a K-meson/nucleon interaction, since the angle of 


seattering (147.6°), the loss of energy (92 MeV) and the loss in momentum 


(238 MeV/c) are all consistent with’’a collision with a single nucleon if the 
latter had a Fermi momentum of about 200 MeV/c. 


3. — Collision of a Heavy Meson with a Bound Proton. 


This event presents the appearance of a star of three branches (cf. Fig. 1). 


Track a is that of a K-meson which came to the end of its range after tra- 


ty 


+ 200 m, for the particle producing this track, and 


cient to allow a determination of its direction of 


versing 17.45 mm in the same emulsion strip, and then decayed with the emis- 


* 


‘sion of a steep lightly ionising secondary particle (g*~ 1). The measured 


mass of this K-particle, from measurements of the mean gap-length at various 
points along the range, is 946 -- 60 m,, and its energy at emission was 
54.1 + 0.8 MeV. The steepness of the secondary decay particle precluded any 
reliable estimation of its energy. Track b is 89.0 mm 
in length and crosses nine emulsion strips before | a 
reaching the edge of the stack. Grain density and 
scattering measurements yield a mass of 1900 + 


K - meson 


K- meson 
so it has been assumed to be a proton. Its energy (comes fo rest) 


at emission from the star was 240+ 5 MeV. 
Track ¢ has an ionization of g*= 1.25 + .02 
and a value of pf = 380+ 30 MeV/c, which mea- 
surements, when combined, give a mass estimate 
of 84490 m,. This serves to identify this part- 
icle as a K-meson, but the observed track length in 
the stack — 32.28 mm in eight plates — is insuffi- 


motion. If one assumes that this particle is outgo- 
ing, then the event represents a star induced by 
a neutral primary in which two K-mesons are 
produced, both travelling almost vertically upwards 
in the stack. Since this appears to be an unlikely 
hypothesis, in what follows it has been assumed 


protor 

Fig. 1. — Schematic diagram of the event described in 

§ 3; the angles shown are the projected values of the 
space angles upon the plane of the emulsion. 
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that this track is approaching and causes the star. This view is further sup- 
ported by the near coplanarity of the event and the approximate agreement 
in the momentum and energy balance. 

The three tracks, a, b, ¢, quite clearly depart from exact coplanarity since 
all dip downwards in the emulsion from the star; the angle between the out- 
going proton track and the plane containing the two K-meson tracks is 7°. 
The angles in space between the tracks are as follows: ab = 171.29, be = 17S?, 
Ca = 119. 

Apart from these angular measurements the details of the three tracks are 
given in the table below, where the energies and momenta were calculated 
assuming a mass of 965 m, for both K-mesons. 


TABLE I. 
= = a | —— = = — aa — — j SS 
eet h Number Mia | Energy | Momentum 
Track ees | - of al | at stary (MeV/c) ¥ _— Identity 
plates ‘ (MeV) at star 
meh | | Bend $ 
Assumed Sle Gall 8 890+ 70° | 262 -E9 574110 K-meson 
primary (g*, pB) 
Stopping 17.45 1 946+ 60 54.1 40.8 238+ 2 K-meson 
K-meson ; Rested: kerae «) 
Recoil 89.0 9 1900-+200 | 240. +5 714410 Proton 
(9*, PB) 


Y Calculated assuming mq = 965 me, and mp = 1836 M¢. 


The lack of coplanarity and the unbalance in momentum imply that the 
K-meson was scattered by a proton bound in a nucleus. The momentum com- 
ponent of the secondary particles transverse to the direction of the primary 
is 91-+2 MeV/c and the total missing momentum is |p| = 130 + 14 MeV/c, 
both of which are consistent with the picture of a collision with a nucleon in 
motion within a nucleus. 

However, the sum of the energies of the outgoing proton and K-meson 
is 294 +5 MeV which exceeds that of the primary K-meson by 32-+10 MeV. This 
discrepancy must be further increased by an amount equal to the binding 
energy of the proton inside the nucleus (~ 8 MeV). This is somewhat surpris- 
ing when one considers that a collision with a bound nucleon frequently leads 
to excitation of the residual nucleus, resulting in a loss of energy. One explan- 
ation for this apparently exothermal event is that a rare statistical fluctuation 
has resulted in a spurious increase of the grain density in the track of the 
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primary K-meson. (At low ionizations the estimation of energy from grain 
density becomes rather more sensitive to changes in g*). If the g* measur- 


ements — which have been checked independently by different observers — 
are not seriously affected by unknown fluctuations then one is forced to consider 


two other possible explanations of this event. (a) The mass estimates of the 
two K-megson tracks are seriously in error and in both cases one is dealing 
with a particle about 150 m, more massive than a t-meson. This seems unlikely 


in face of the precision of the measurements on the ending track. (b) The 
incoming heavy meson is about 60 to 100 electron masses heavier than the 
outgoing K-particle, and has suffered a change in identity at the collision. 


Should the existence of K-mesons with different masses be established this 


- would appear to be the most satisfactory explanation. At present the question 
of the occurrence of a variety of _K-meson masses remains open. 


In the event of the high value of the ionization of the primary being due 
to a statistical fluctuation and the two K-mesons having the same mass, then 
it is clear that, apart from the effect of nuclear binding, the collision must have 
been very nearly élastic and involved a single nucleon. 


4, — Remarks. 


It is well known that the classification of K-mesons, e.g. 7, x, 7, K,,, Kg ete., 
according to their modes of decay, is purely phenomenological and does not 


imply the existence of a corresponding diversity of intrinsically different ele- 


mentary particles. On the other hand many K-mesons appear to have closely 
similar masses, but their different modes of decay may or may not represent 
alternative methods of transformation of the same particle. It is therefore 
of interest to consider any points of similarity among the heavy mesons such 
as might occur in their mode of production or interaction. 

DANIEL and LAt (4) have seen two examples of interactions produced by 


K-mesons from each of which there emerges a t-meson; in one of them the 


<-meson is known to be positively charged. Let us for the moment assume 
that in the event described in § 2 and in the two Bombay events, the heavy 
meson does not change its identity upon collision. It then follows that the 


‘K-meson and +-meson have two characteristics in common. Firstly, they 


produce interactions in flight without self-annihilation. Secondly, as described 
in § 2 the K-meson was produced in association with a L-particle — where 


yt +at+n+~110 MeV (in the notation of GELL-MANN and Pats (5)); a 


similar association in production between such a hyperon and a 7t-meson 


(4) R. R. Daniet and D. Lat: Proc. Ind. Acad. Sci., in course of publication (1955). 
(3) M. Grri-Mann and A. Pats: Proc. Int. Nucl. Phys. Conf. (Glasgow), July 1954. 


46 — Il Nuovo Cimento. 


702- M. W. FRIEDLANDER, D. KEEFE and M. G. K. MENON 


has already been observed (°). It is difficult to draw any conclusions at present 
about those interactions produced by K-mesons in which the emergent 
K-megon is unclassified, since it stops in the emulsion and decays into a lightly 
ionizing secondary which cannot be identified (47°) and § 3 of this paper. 

If on the other hand, a transformation of identity upon collision is admitted 
to be a possible process then the observation of the K-meson in the event of 
§ 2 is insufficient to establish the association in production of K-mesons and 
-particles. Moreover, the observed emergence of K- and +t-mesons from 
K-meson induced disintegrations need not necessarily imply that these part- 
icles frequently produce nuclear interactions in flight. As pointed out in § 3, 
the existence of unlike K-mesons, the heavier transforming into the lighter, 
provides the simplest explanation for the puzzling energy discrepancy found 
in the second event. 

In addition to these considerations, it is also possible to make a comparison 
between the available: experimental material and the theoretical framework 
of GELL-MANN and Pats (*). In what follows we shall use the nomenclature 
of these authors. According to their scheme the following process 


zr+0—+>Y4+K 


is a Strong reaction. (Statements concerning x-97 collisions also apply to 97-97 
collisions except for the necessity of conserving nucleons). In the above 97 
refers to the nucleon, K to K+ or 0°, and Y only to the X* and A®; for the 
purposes of discussion we do not consider other hyperons already known (such 
as &->A®°+7-+-~ 60 MeV) or any new ones which may be postulated. 

Whilst the K*-mesons can be produced in association with the Y-particle, 
the K (K’- and §°-particle) is produced only in association with K. This has 
the consequence — which has been stated on a number of occasions previously — 
that in contrast to the K*, a K--meson requires a higher threshold energy 
for production and the number of slow negative particles observed in emulsions 
may be correspondingly smaller. 

In the case of scattering or absorption, however, the isotopic spin assign- 
ments lead to the following reactions: 


= pf ae + Tv I(a) 
K + WW — Intermediate state” _ 
“K'+ WW  1(b) 


K + 9 -> Intermediate state K’+ 9?’ (II). 


(*) J. Crussarp, M. F. Kapton, J. KuaRMANN and J. H. Noon: Phys. Rev., 95, 
584 (1954). 
(*) G. GOLDHABER: Proc. Rochester Conference on High Energy Physies (1955). 


(°) D. Lat, YasH Pat and B. PrrEers: Phys. Rev., 92, 438 (1953). 
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Reaction I(a) has been observed experimentally in the case of the nuclear 
_ capture of stopped K--mesons. 

sy Whilst the K--mesons have two real channels I(a) and I(b), the first of 
_ which results in the production of a hyperon and consequent disappearance 
| of the K-, the K* mesons have only one possible channel, that of direct scat- 
_ tering. Both types can presumably suffer charge exchange scattering to give 
( §° and §°-particles. . 
Accordingly, when the production of K+ and K--mesons occurs in heavy 
\- nuclei, where the probability is large for further nuclear interactions before 
Is escape, one expects the number of K-mesons to be reduced as a result of 
| reaction I(a) thus leading to a further increase in the relative numbers of 
| slow K+ to slow K--mesons observed in emulsions. 

An argument of this type would also explain the observations made by 


_ rise to K--mesons. All the available experimental data on the scattering of 
_ K-mesons in emulsions are consistent with the same general picture. In this 
4 connection, it would be important to compare the differences in the scattering 
| properties of K* and K -mesons when high intensity beams of such particles 
are available from the giant accelerators. Further, it is also of interest to 
| compare the relative intensity of the two reactions I(a) and I(b), for it is likely 
\s that I(a) may be more frequent. 
A further point raised by a consideration of reaction (II) is that the inter- 
mediate state necessary in this process — undoubtedly only virtual — has to 
| be a complex one involving antiparticles ete., if considered only within the 
_ framework of the theory of GELL-MANN and PAs. On the other hand one 
} may ask whether these phenomena are in any way an indication of the exist- 
ence of a K-meson/nucleon potential which has so far not been directly invoked. 


‘ 
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RUGALS UN Ones) 


Si descrivono due eventi in cui mesoni pesanti interagiscono con nuclei dell’emul- 
sione fotografica producendo piccole stelle ed emergendo essi stessi dalla collisione. 
In uno degli eventi una particella relativistica dotata di carica semplice entra nel pacco 
e produce una stella con sole tre particelle cariche emergenti che sono state identificate 
con un iperone, un mesone z e un mesone K, rispettivamente. Il mesone K produce 
due stelle prima di arrestarsi e decade con V’emissione di un mesone py lento. Nell’altro 
evento un mesone K penetra nel pacco dall’esterno e, dopo aver interagito, si arresta 
nell’emulsione e decade con l’emissione di un’unica particella debolmente ionizzante. 
Si discutono alcuni interessanti particolarita riguardanti le proprieta dello scattering 
dei mesoni pesanti. 


(*) Traduzione a cura della Redazione, 
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Velocita di ultrasuoni in sistemi di liquidi parzialmente miscibili. 


M. CErVvoOLANI e 8S. PETRALIA 


Istituto di Fisica del’ Universita - Bologna 


(ricevuto il 5 Marzo 1955) 


Riassunto. — Con la tecnica della interferometria ultrasonora si ¢ misu- 
rat. la velocité di propagazione di ultrasuoni a frequenza di 3 MHz in 
sistemi di_liquidi parzialmente miscibili (fenolo-acqua, cicloesano-meta- 
nolo, solfuro di carbonio-metanolo, anilina-cicloesano). Mediante misure 
di densita si é poi determinata la compressibilita delle singole miscele 
alle varie concentrazioni, la velocita molecolare di Rao e le variazioni 
di volume che si hanno all’atto della miscelazione. I dati sperimentali 
vyengono discussi alla luce delle recenti vedute sulla propagazione degli 
ultrasuoni nei liquidi. In generale in queste miscele la compressibilita 
risulta maggiore di quella prevedibile per miscele ideali: l’energia di coe- 
sione molecolare nella miscelazione viene a diminuire. Per il sistema 
fenolo-acqua si nota pure, per bassa concentrazione molecolare del fenolo, 
una lieve diminuzione della compressibilita; per il sistema anilina-ciclo- 
esano la compressibilita sembra avere andamento rettilineo. I valori spe- 
rimentali della velocité di Rao sono molto prossimi a quelli calcolabili 
teoricamente. 


14. — Introduzione. 


In una nota precedente (1) abbiamo comunicato i primi risultati di misure 
di velocita e assorbimento di ultrasnoni in sistemi di liquidi parzialmente misci- 
bili, per valori della temperatura vicini al punto critico di soluzione. 

Abbiamo ritenuto opportuno continuare tale studio, onde approfondire di 
pit il comportamento di queste mescolanze. B& infatti ben noto come da mi- 
sure della velocita V di un fascio di ultrasuoni che si propaga in una miscela 


(1) S. Perrarra e M. CEVOLANT: Rend. Acc. Naz. Lineei, 12, 674 (1952). 
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ordinaria di liquidi, a varie concentrazioni dei componenti, si possono trarre 
conclusioni interessanti per la comprensione delle interazioni molecolari. Le 
forze intermolecolari influenzano il valore della compressibilita adiabatica 
del liquido e questa si pud determinare dalla velocita di propagazione del suono 
e dalla densité o del liquido stesso, essendo / = 1/V20. Ora appunto si e tro- 
vato che per la maggior parte delle miscele la compressibilita non varia linear- 
mente con la composizione di queste. Secondo Vinterpretazione data da R&R. 
PARSHAD (?) nella miscelazione si altera il gioco delle forze intermolecolari, 
determinandosi in conseguenza delle associazioni nuove o rompendosi quelle 
gia esistenti tra le molecole dei liquidi puri. La rottura di un’associazione, 
aumentando il numero di molecole interagenti con una molecola data, accresce 
Venergia di coesione e quindi riduce il valore della compressibilita. 

Ci siamo allora proposti di esaminare come varia la compressibilita delle 
nostre miscele, tenute a temperatura di poco superiore a quella critica di solu- 
zione, al variare della concentrazione dei componenti, allo scopo di vedere se, 
malgrado la loro caratteristica della non miscibilita a temperatura ordinaria, 
il loro comportamento @ analogo a quello delle miscele ordinarie, oppure se 
ne discosta. Percid abbiamo tenuto in qualche caso la temperatura molto vicina 
alla temperatura critica di soluzione, e in qualche caso abbiamo ripetute le 
misure anche a temperatura notevolmente superiore. 


2. — Metodo di misura. 


Le misure di velocita sono state eseguite mediante un interferometro ultra- 
sonoro. Gli ultrasuoni vi erano prodotti da una piastrina di quarzo oscillante 
su 3 MHz, alimentata da un sistema oscillatore-amplificatore. I picchi della 
reazione acustica erano rivelati da un voltmetro elettronico. La frequenza del- 
Voscillatore era regolata in guisa che il quarzo fosse eccitato in corrispondenza 
del minimo della sua curva di risonanza; la costanza della frequenza era con- 
trollata mediante un frequenziometro BC 221. 

La densité delle miscele, alle varie concentrazioni, necessaria per ricavare 
la compressibilita, ¢ stata misurata col metodo della bilancia idrostatica. Per 
vero la precisione qui raggiunta non si spinge al disopra di 1 %,, come sarebbe 
stato desiderabile, soprattutto in vista di risalire, dai valori della densita, a 
una determinazione accurata delle variazioni di volume, che hanno luogo nella 
miscelazione. Tali variazioni sono in rapporto cor le interazioni molecolari tra 
i componenti della miscela e la loro misura pud portare, come é noto, un valido 
contributo alla conoscenza di queste. Notiamo tuttavia che i valori della den- 
sita. da noi determinati per la miscela fenolo-acqua, alla temperatura di 70 °C 


(7) R. Parswap: Journ. Acoust. Soc. Amer., 24, 175 (1949). 
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~ si accordano abbastanza bene con quelli che sono riportati da O. R. HOWELL (*). 
La precisione raggiunta nella misura della velocité ultrasonora si pud rite- 
nere dell’ordine di 1%,. A raggiungere tale precisione ha contribuito anche la 
costanza della temperatura, a cui é stato di volta in volta portato Vinterfero- 
metro. Il sistema termo- is 
statico difatti non permet- 
teva oscillazioni di tempe- 
yatura superiori a 0,08 °C. 


Fenolo-acqua 70°C 


a 
_ 3. — Risultati sperimentali. 


Le tabelle I-III e le fi- 
gure 1-8 raccolgono i risul- 
tati delle misure per le 
quattro miscele fenolo-ac- 
qua, cicloesano -metanolo, 
solfuro di carbonio - me- 
tanolo, anilina - cicloesano. 
Precisamente nella tabella I 
_ sono riportati per le quat- 
tro miscele, in funzione 
della concentrazione mole- 
colare del primo. compo- 

nente, la densita, la velo- 

—eita di propagazione, la compressibilita, la variazione di volume molecolare Av 
che ha luogo all’atto del mescolamento e la velocita sonora molecolare 
di M. R. Rao (4). Il valore di Av é definito dall’equazione 


/ 


i iho alle 


\ 


M,y+M,(1— MM. M, 
es yal o(1 7) ( 1, L (1 ”) 


Av 


Q , O11 Q2 


essendo M, e M, i pesi molecolari dei due componenti, di cui il primo entra 
nel miscuglio con la concentrazione y @ Q1, Q2 Sono le rispettive densita. La 
~ é€ una grandezza empirica definita dall equazione \ 


ad 


4 


(3) O. R. HowELy: Proc. Roy. Soc., A 187, 418 (1932). 
bs (#) M. R. Rao: Journ. Chem. Phys., 9, 682 (1941). 


essendo M il peso molecolare del liquido di densita 0; essa é analoga al para- 
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coro, a cui risulta proporzionale, e gode delle proprieta additive di quest’ ultima 
grandezza. ; 

Le fig. 1, 2, 4, 5 e 6 raccolgono i diagrammi relativi a V, 9 e 6; per tutte 
le miscele Je curve di velocita mostrano una pil o meno marcata concavita 


TABELLA I. 


= == : | : 


| ‘Concentrazione | | E . 
| Miscela | molecolare del eee ; eS ae R ae | 
g/em? m/s cm?/dine Cine pad 
1° componente s 
| Fenolo- 0,0 0,978 1554,5 42,4 215,8 0,00 
-acqua 0,4 0,979 1555,0 42,24 216,9 0,00 
70°C. | 0,8 0,980 1555,7 42,16 220,3 0,00 
1,2 0,981 1554,6 42,18 223.7 0,00 
Zall 0,983 1549,2 42,4 230,9 0,00 
Enel 0,991 1500,5 44,8 274,8 0,05 
16,1 1,000 1453,9 47,4 343,0 0,11 
| 22,3 1,004 1430,4 48,7 392,7 Ongaey 
| 30,9 1,010 14132 49,6 461,5 0; 1S 
| 43,4 1,016 1393,2 50,8 | 560,6 O;1'5 ae 
63,3 1,022 1375,0 51S) aro 0,21 
100,0 1,031 1359,0 52,6 1010,8 0,00 
| ' | | 
| Cicloesano- OO 0,762 1020,0 125,9 422,5 0,00 
_ metanolo 6,3 _ 1014,2 — = = 
50 °C 8,7 0,754 1013,0 129,2 486,9 | 0,37 
pie3 0,752 | 1014,3 129,3 506,4 | 0,48 
14,0 0,751 1015,0 129,2 525,9 0,52 
27,6 0,747 1031,6 125,8 628,0 0,70 
47,0° | 0,745 1058,2 120,0 773,4 . 0,76 
| 60,4 0,746 | 1076,7 115,6 867,7 0,68 
| 77,4 0,746 1096,3 les I aes 999,2 0,45 
87,8 0,746 1110,0 108,8 1080,7 | 0,38 
95,0 = IID = (os a4 
100,0 0,748 11328 104,9 1173,2 0,00 
| Solfuro di | 0,0 ho OS 7 6 fb OG5: Om att, ele 3s Gat pyar 2 bets 0,00 
| earbonio- 4,5 | 0,804 1050,7 11237 430,4 | ORES 
| -Metanolo 9,5 0,832 1038,0 111,6 441,0 0,34 
36,5 °C 15,3 0,866 1029,7 108,9 » 452.4 | 0,42 
21,9 0,903 | 10220 | 106,2 465,7. | 0,49 
| 29,6 0,943 1018,0° | > 102.4 481,0 | 0,56 
38,7 0,988 1019,0 97,6 500, 1 0,61 
| 49,5 | 1,039 | 10230. |: 92,0 |. 620.9 | 120,58 
79,1 11642 1 O56. l= 7766 584,4 0,21 
88,8 | 1,199 106758 bee nro? 606,0 0,20 
100,0 1,238 vO san 66,3 635,8 | 0,00 
————_—_ —— | i | 


} 
4 


segue TABELLA I. | ap ag 


| leonechtrazione: | e | | | rs 
| Miscela __ molecolare del . pal eae i | R ih 
4 Ra ae g/em | m/s em?/dine | em 
| ponente- a | . | 
| | | | | | 
Anilina- | 0,0 eet ou, RTS So Vo LOA? a 117352 0,00 | 
Cicloesano 9,1 | 0,766 | 1149,0 98,8 | 1162,9 Oat 
50 °C is elt SOrrss 160.6 a). 98115 | 1152,4. 7* 0,34 | : 
27,9 | 0,806 | 1190,8. | 87,5) 1141,0 0,39 | 
a 37,6 Is* 0,829. ,\\1220,2 81,0 | 1130,0 O39. sl “g 
a 47,5 0,853° | 1254,5 74.6 cE TI9;8 0,23 | 
aa 57,5 | 0,879 « |) 1298,7 67,4. | 1108,9 0,03 
A\ 67,8 0,906 1344,4 61,1 1099;7 | —0,01 
78,3 0,935 1406,8 54,1 Hogs = Of 
89,1 | 0,964. | 1470,9 47,9 1088,6 | —0,04 | “S 
| 100,0 | 0,995 | 1539,6 42,4 1081,9 0,00 | 
| Anilina- 0,0 0,763 | 1203,4 90,5 1174,5 Be od 
| Cicloesano 18,4 | 0,799. | 1236,2 82,0 1152,3 ca 
i 35 °C 37,6 | 0,844 1284,0 rates 1128,3 at ‘ 
in | 57,5 | 0,895 | 1356,0 60,8 | 1094,5 sae 
78,3 | ~ 0,949 | .1467,2 | 48,9 1091,4 = 
100,0 | 1,009 | 1598,9 38,9 | 1080,1 au 
TABELLA II. 
Temperatura Metanolo Cicloesano Temperatura Fase omogenea — c 
oC V (m/s) V (m/s) oC | VW (mjs) aa 
- | | 
18,5 | = | 1243,3 | 47,2 | 1071,1 
21,0 | 1121,3 | 20 47,9 | 1069,8 
>: 23,9 hig hiey: | 1216,2 | 48,9 1064,4 
31,6 1089,1 . 1181,1 50,0 1059,0 
34,0 | 1081,6 | 1166,7 51,3 | 1053,7 
37,0 1076,7 | 1 157,8 51,9 | 1051,3 
39,5 . 1 067,2 1142,2 | 53,1 | 1048.5 . 
43,1 1057,8 | 1124,3 . 54,2 1041,2 
; 45,0 1060,5 | 1110,5 — | = 
W 46,1 | 1064,0 | 1095,8 tt | \e | 
46,3 am | 1099,8 | on | ee | ae 
47,1 | 1074,4 1 085,3 ae | = | a 
47,5 = LO7S;0. a | — 
i | ' 


‘ 


verso l’alto. Nella fig. 4, relativa al sistema solfuro di carbonio-metanolo i 
tratti punteggiati corrispondono a una lacuna di miscibilita. Nella fig. 3 e 
segnato ’andamento, in funzione della temperatura, della velocita ultrasonora 
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TABELLA III. 


| Temperatura | Metanolo (puro) | Temperatura | Cicloesano (puro) 
. oC V (m/s) | eG V (m/s) 
20,4 1118,7 25,4 125155 
30,5 1085,0 35,6 1201,3 
40,0 | 1053,0 45,5 1 152,0 
50,8 1017,2 49,7 113355 
55,6 | 1001,6 55,1 


nel cicloesano e nel metanolo puri, come anche nella miscela cicloesano-meta- 
nolo nell’intorno del punto critico di miscibilita (che per le nostre sostanze, 
fornite da Merck, cade a 47,2 °C), per una concentrazione corrispondente 
alla critica (71% in peso di cicloesano); le tabelle IT e III raccolgono i valori 


Cicloesano-metanolo 50° C 


+ 


Fig. 2. 


1106,5 


numerici. Curve analoghe 
per le altre miscele sono | 
state gia da noi riportate — 
nel precedente lavoro. 
Per la velocité moleco- 
lare R nella fig. 8 sono stati 
segnati i punti dedotti dalle 
nostre misure e inoltre le 
rette, che rappresentano, in | 
funzione della concentra- 


zione, la stessa velocita, 
; b) 3 


calcolata in base al numero 
dei legami chimici, che 
compaiono nelle molecole 
dei componenti di ogni sin- 
gola miscela, secondo i eri- 
teri stabiliti da R. T. La- 
GEMANN e W.S. DUNBAR (°). 
La fig. 7 infine da l’anda- 
mento dei Av. 

Sono stati anche calco- 


lati per ogni miscela i valori di un raggio molecolare r, facendo uso di un’espres- 
sione stabilita da W. ScHAAFFs (*) per liquidi puri. Nella formula di Schaaffs 
viene espresso il covolume di van der Waals in funzione della velocita del 


(°) R. T. LaGemann e W. 8. Dunzar: Journ. Phys. Chem., 49, 428 (1945). 


(°) W. Scuaarrs: Zeits f. Phys., 114, 110 (1939). 


| of ahs Seale oases ici te <2 es 
x > VELOCITA DI ULTRASUONI IN SISTEMI DI LIQUIDI PARZIALMENTE MISCIBILI 711 
 suono, della temperatura asso- - 9 


Juta, della massa molecolare’e 
della densita del liquido. Suppo- 
~ nendo lecita Vestensione di tale 
formula al caso di una miscela, 


Cicloesano metanolo (pur!) 
Cicloesano 
Metanolo 


Fase omogenea 


la grandezza r cosi ottenuta do- 
_ yrebbe rappresentare un valor 
f medio del raggio per una delle 
specie molecolari componenti la 
 miscela, il cui campo di azione 


i} 
- 


BS viene alterato dall’aggiunta del- 
i Yaltro componente. Nella mag- 
he gior parte delle miscele qui stu- 
E diate, al variare della concentra- 
- zione molecolare, 7 ha un anda- 
- mento pressocché rettilineo, dal 
valore che compete ad uno dei 20 30 
|. componenti fino al valore rela- 
| - tivo all’altro componente da solo. 


Solfuro di carbonio-metanolo 36.5° C 


40 50 ree 


Fig. 3. 


Nel caso della miscela fenolo-acqua l’andamento e alquanto diverso dalla 
linea retta, mostrando una concavita verso il basso. Tuttavia, non essendo 
riuseiti a dare un significato pit preciso a tale grandezza, abbiamo preferito 


non riportare qui i valori 
di essa. 


4. — Discussione dei ri- 
sultali. 


Dalle figure appare evi- 
dente che il comporta- 
mento generale delle no- 
stre miscele @ analogo a 
quello delle miscele comuni 
studiate da altri autori, e 
ormai ben noto. 

Facendo ricorso ai datt 
forniti dalle International 
Critical -Tables (1928), ab- 
biamo ricostruito le curve 
della temperatura di ebul- 
lizione delle miscele ciclo- 
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esano-metanolo, solfuro di carbonio-metanolo e anilina-cicloesano; per la mi- 
scela fenolo-acqua una curva completa della temperatura di ebullizione, alle 
varie concentrazioni, ¢ stata di recente determinata da H. BrussET e Y. 
GAYNES (7). Ora tutte e quattro le curve si mantengono al di sotto della retta 
che congiunge i punti di ebullizione dei liquidi puri. Cid sta a indicare che 
certamente Venergia di interazione molecolare subisce in media una diminu- 
zione nella miscela. Nell’approssimazione da noi raggiunta nella misura delle 
densita, le variazioni di 
volume Av, che si pud cal- 
colare debbano aver luogo 
all’atto della miscelazione, 
sono, per i sistemi fenolo- 
acqua, cicloesano-metano- 
lo, solfuro di  carbonio- 
metanolo, positive. Per la. 
miscela fenolo-acqua ab- 
biamo ottenuto una con- 
ferma del segno di Av me- 
diante determinazioni di- 
rette con un  volumeno- 
metro. Qualche Autore (7) 
per questo sistema riferisce 
Vesistenza di una contra- 
zione di volume. La mas- 
sima variazione (positiva): 
di volume si ha per il si- 
stema cicloesano-metanolo ; 
segue poi, in tal senso, Val- 
tro sistema contenente ancora questo alcool. Nel caso della miscela anilina-ciclo- 
esano sembra ci sia una dilatazione di volume per piccolo contenuto in anilina, 
cul segue una contrazione a forte tenore di anilina. Tale comportamento, e 
cioé l’inversione nel segno di Av, é stato notato per altre miscele da H. HARMS (°) 
e si puo giustificare in base a considerazioni fatte da I. PRIGOGINE e V. MATHOT (?).. 
Le variazioni di volume nel mescolamento comprendono, secondo H. G. MARK- 
GRAF e A. NIKURADSE (!°) e P. MEARES (11), un termine geometrico, dovuto 
al’assembramento delle molecole, e un termine dovuto alle forze di attrazione 


H. Brusser e J. GAyNiS: Compt. Rend., 286, 1563 (1953). 

H. Harms: Dissertation Wiirzburg (1937). 

I. PRIGOGINE e V. MatHor: Journ. Chem. Phys., 20, 49 (1952). 
H. G. MarkGrar e A. NIKURADSE: Zeits. Naturfor., 9a, 27 (1954). 
(71) P. Meares: Journ. Chem. Phys., 22, 955 (1954). 


~ molecolare. Secondo i primi 
due autori nei miscugli di 
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Anilina - cicloesa 


-particelle di diversa strut- 
tura, ma con dimensioni 
non molto differenti e sen- 


t 


| za interazione molecolare 
specifica, @ da attendersi 


in generale un aumento di 
volume. Cosi si compor- 
tano parecchie miscele, a- 
venti come uno dei com- 


ponenti il cicloesano o il 
_ solfuro di carbonio. 
Abbiamo fatto pure del- 


le determinazioni qualita- 
' tive del calore di mesco- 
lamento; esso risulta in 
ogni caso negativo (miscele 
endotermiche), d’accordo, 
per aleune miscele, con i ri- 


>_> +? OO Oe 
ie 


Fenolo-acqua 70° C 
Cicloesano-metanolo 50°C 
Anilina-cicloesano 50°C 


Solturo di carbonio-metanolo 36.5°C 


Fig. 7. 


Fraz.mol. di anilina 


Fig. 6. 


sultati che si possono trovare nella letteratura; risulta pertanto di segno op- 
posto a quello di Av. BH questa una regola che sembra verificarsi per molte 


miscele: (**). 

Nella curva di compressi- 
bilita del sistema fenolo-acqua, ~ 
determinata alla temperatura 
di 70 °C, possiamo distinguere 
due regioni. Al crescere del 
contenuto in fenolo della mi- 
scela e per piccoli valori di 
questo, la compressibilita di- 
minuisce dal valore che com- 
pete all’acqua pura e passa 
per un minimo a Una concen- 
trazione molecolare di fenolo 
di circa 0,8°%. La diminuzione 
di compressibilita sta a indi- 
care manifestamente un au- 
mento dell’energia di coesione 
molecolare. Ora tanto l’acqua 


che il fenolo sono liquidi associati attraverso legami idrogeno; sembra poi 


che Vintensita di tale legame sia pit rilevante nel fenolo che non nellacqua, 
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E probabile percid che aggiungendo fenolo, questo provveda a rompere le as- 
sociazioni dell’acqua, che ancora devono esistere alla temperatura di 70 °C, e 
cid secondo PARSHAD conduce a una diminuzione di /. Anche la temperatura 
di ebullizione, per piccole concentrazioni in fenolo, passa per un minimo, che 
si raggiunge a una concentrazione molecolare di 1,9%, alquanto superiore a 
quella per cui si ha il minimo di /, secondo le nostre misure. E stato pure con- 
statato (7) che con miscele contenenti meno di 1,9% difenolo il vapore é@ piu 
ricco di fenolo che non il liquido- 
Fenolo-acqua 70°C da cui deriva, mentre per mi- 
Cicloesano-metanolo 50° C scele pit. ricche di fenolo il 
SR ee ae vapore contiene pit: acqua della 
Solfuro di carbonio-metanalo 36.5" C 
T | miscela. Tale comportamento. 
pudo appoggiare Vipotesi della 
rottura delle associazioni del- 
Vacqua operata dal fenolo, in 
quanto nelle associazioni le mo- 
lecole di acqua sono piu legate 
e Penergia richiesta per liberarle 
é maggiore che non per le mo- 
lecole gia distaccate dalle asso- 
ciazioni. 

Conviene qui ricordare come 
in un’altra miscela, tetracloruro 
di carbonio-fenolo, studiata da 
W. Marer e A. Mrz (”) e da 
A. F. CHHAPGAR (1%), la presen- 
za di fenolo determini un estre- 
mante nell’assorbimento e nella 
velocita, per piccole concentra- 
zioni. di tale sostanza. 

Quando la concentrazione molecolare di fenolo nella soluzione aumenta, la 
compressibilita cresce dapprima rapidamente, poi pitt lentamente mostrando 
umampia coneavita rivolta verso il basso. La maggior parte della curva di 
compressibilita si svolge al disopra della retta congiungente i valori estremi 
relativi ai liquidi puri, si ha cioé una compressibilita maggiore di quella che 
dovrebbe competere a una miscela ideale. Cid sta a indicare che Venergia di 
coesione molecolare nella miscela va diminuendo col crescere del contenuto 
di fenolo; le molecole di questo si associano fra di loro, mentre la proporzione. 
di esse nella fase di vapore diminuisce. 


eo eet (iret 
---y 


(1?) W. Matpr e A. Mez: Zeits. Naturfor., Ta, 300 (1952). 
(18) A. F. Cowapear: Journ. Acoust. Soc. Amer., 25, 794 (1953). 
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Nella curva che rappresenta il Av per questo sistema, non si nota aleuna’ 
yariazione per le basse concentrazioni di fenolo, a parte piccolissime oscillazioni, 
ora positive ora negative, che si possono calcolare sia con i nostri valori per 
- Ja densita, sia con i valori di @ forniti da Howe. D’altra parte il segno posi- 
- tivo di Av é @accordo con l’aumento che in generale ha luogo per la compres- 
| sibilita. 

Le altre tre miscele, cicloesano-metanolo, solfuro di carbonio-metanolo e 

if anilina-cicloesano, contengono un componente completamente inerte come é il 
| cicloesano, oppure uno quasi inerte quale é il solfuro di carbonio, entrambi - 
\ con momento di dipolo nullo. Per le prime due miscele le curve di compres- 
sibilita stanno al disopra delle rette riunenti i punti estremi (compressibilita 

» dei componenti puri) con un massimo netto per la miscela cicloesano-metanolo, 
' massimo che si ha per una concentrazione molecolare di cicloesano di 11,3%.- 
Nella miscelazione si ha wna diminuzione dell’energia di coesione; le molecole 
del composto inerte non sono capaci di rompere o alterare le intense associa- 
zioni esistenti nelle molecole di metanolo, provocheranno solo un allontana- 
mento di queste, determinando l’aumento di compressibilita. I] comportamento 

+ in sostanza analogo a quello di miscele contenenti cicloesano studiate da 
altri autori (!*). La variazione di volume che si ha all’atto del mescolamento: 

® conforme ai criteri sopra -ricordati, é cioe di origine geometrica. La compo- 

_ sizione delle miscele per la quale si ha il valore massimo di Av non coincide 
| perd con quella, per la quale si verificano le deviazioni maggiori di f dall’anda- 
mento rettilineo, il che potrebbe far pensare che i fattori strutturali, che inter- 
-vengono a determinare le variazioni di volume, possono esser diversi da quelli 

che determinano la velocité ultrasonora nella miscela (23) 

M Per la miscela anilina-cicloesano, la curva di compressibilita (fig. 5 e 6) 
ha un andamento quasi rettilineo, sia alla temperatura di 35 °C, poco discosta 
dal punto critico, come alla temperatura superiore di 50 °C. Forse si pud scor- 
t gere, in entrambe le fig. 5 e 6, una lieve concavita, rivolta verso alto, per 
~ eoncentrazioni di anilina superiori al 60%, dove sembra esserci un cambia- 
mento nel segno di Av. Essa starebbe a indicare una lieve interazione tra le 
due specie molecolari. Comunque si tenga presente che uno dei componenti ¢ 
bensi un liquido inerte, ma con discreta polarizzabilita, mentre l’anilina é 
 dotata di momento dipolare e pud comportarsi, alle grandi concentrazioni, 
come liquido associato, per quanto lievemente ('*1”). 
Infine nella fig. 8 sono riportati i valori di R per le quattro miscele, cosi 


i 
+ 


Ee 


4 (44) I. Gaprrertt e G. Porant: Ric. Scient., 22, 1426 (1952). 

; (25) F. Danusso: Rend. Acc. Naz. Lincei, 17, 234 (1954). 

(26) K. Hieasr: Sctent. Pap. I.P.C.R. Tokio, 28, 284 (1936). 

N. Fusan, M. L. Josten, R. L. POWELL e E. Urrersack: Journ. Chem. Phys.- 
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come risultano dall’esperienza e i valori calcolati secondo la legge di additivita 
valida per tale grandezza (rette a tratti). L’estensione di questa grandezza, 
introdotta inizialmente per liquidi puri, anche alle miscele ¢ stata fatta da. 
O. Nomoro (18). Nomoro ha ricavato alecune regole, che governerebbero Vanda- 
mento di R per le varie miscele. Osserviamo anzitutto che per le miscele qui 
studiate i valori sperimentali di R cadono abbastanza vicini alle curve teoriche. 
Per le miscele solfuro di carbonio-metanolo e anilina-cicloesano, costituite da 
liquidi a densita notevolmente diverse, i punti sperimentali si adagiano su 
una curva, che ha una lieve concavita rivolta verso Valto, conforme ai criteri 
di Nomoto. Le miscele fenolo-acqua, cicloesano-metanolo contengono invece 
coppie di liquidi a densit’ molto vicine e le R corrispondenti hanno anda- 
mento rettilineo. 


Queste ricerche sono state compiute con lausilio finanziario del C.N.R., 
che qui teniamo a ringraziare. 


(48) O. Nomoto: Journ. Phys. Soc. Japan, 8, 553 (1953). 


SUMMARY (*) 


Using ultrasonic interferometry measures have been performed of the propagation 
velocity of ultrasonics of 3 MHz frequency in systems of partially mixable liquids 
(phenol-water, cyclohexane-methanol, carbon sulfide-methanol, anylin-cyclohexane). 
With density measures the compressibility of the mixtures has been determined at 
different concentrations as well as the molecular velocity of Rao and the changes in 
volume which happen on performing the mixture. The experimental results are dis- 
cussed in the light of the modern ideas on the propagation of ultrasonics in liquids. 
Generally in these mixtures compressibility results to be higher than the one one could 
foresee for ideal mixtures, the molecular cohesion energy reducing itself in the mixture. 
For the system phenol-water one notices also, by low molecular concentration of phenol 
a slight decrease of compressibility; for the system anilyn-cyclohexane the compressi- 
bility seems to change rectilinearly. Experimental values of the Rao velocity are very 
near those theoretically calculated. 


(*) EHditor’s translations. 
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ALLA REDAZIONE 


(La responsabilita scientifica degli scrilti inseriti in questa rubrica é completamente lasciata 


dalla Direzione del periodico ai singoli autori) 


Revision of the 2-Ray Spectrum of *:;Bi( RaC). 


R. A. Ricct and G. TRIVERO 


Istituto di Fisica Sperimentale del Politecnico - Torino 


(ricevuto il 27 Dicembre 1954) 


4. — Several authors have tried to 
interpret the decay scheme 21Bi=(8)e4b 0, 
which presents difficulties due to the 
complexity of the emitted 6 and y ray 
spectra (7). 

In order to test the validity of the 
different schemes suggested, we have 
tried to analyze the @ spectrum of agi 
with an absorption method, at the same 
time, using the #-y coincidences tech- 
nique (?). 

The investigations concern the expe- 
rimental determination of the absorption 
eurve of Ra 6-spectrum and the ab- 
sorption curve of the 6-y coincidences. 


2. — Fig. 1 shows the experimental 


apparatus. S is a Ra sample (about 


16 microcurie) in equilibrium with its 
decay products up to RaD (half-life 
T = 22 years). 

Pgisa scintillation counter for B-rays 


(@) E. RUTHERFORD, Ww. B. Lewis and B. 
V. BowbeEn: Proc. Roy. Soc., A, 142, 347 (1933); 
J. SurnuGurE: Journ. de Phys. et Rad., 8. 7, 145 
(1946); G. D. LarysHev: Rev. Mod. Phys., 19. 
132 (1947); A. H. Wapsrra: Int. Con!. @ and ¥ 
radioactivity (September 1952). 1247; F. DEMI- 
CHELIS and R, Matvano: Nuovo Cimento, 10, 
405 (1953), 

(®2) A. C, G, MITCHELL: Rev. Mod. Phys., 20, 
296 (1948). 


47 -— 1 Nuovo Cimento. 


consisting of naphtalene crystal (dia- 
meter 1 cm; thickness 0,3 cm) and 


RCA 1P21 photomultiplier. 

F,, is a scintillation counter for y-rays 
(Nal crystal activated with thallium and 
RCA 913A photomultiplier). 


The d.c. voltages for the photomul- 
tipliers are stabilized to 0.2 or 

The voltage pulses at the output of 
the photomultipliers are amplified and 
shaped, and then applied to a coinci- 
dence circuit O which has a resolving 
time of 0.23 + 0.01 us. 

The scalers Ng, Ny, Ney record the 
total number mg of pulses 6 and ny of 
pulses y respectively, and the total 
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number gy of coincidences at the output 
of the pulse shapers Ug, U,, and of the 
coincidence circuit C. 


750 


500 


Fig. 


The absorbers a, consist of a series 
of aluminium sheets of various thick- 
nesses, calibrated and measured with an 
accuracy of 0.5%. 

a, is a lead absorber (1 mm) placed 
in front of the Nal crystal in order to 
make it completely insensitive to 6-rays. 

’ The background due to dark pulses 
and spurious events (some y detection 
from the 8 counter and the y-y coin- 
cidences in the 8-y apparatus) was mea- 
sured, as frequently as necessary, by 
covering the source with 9 mm of be- 
rillium; this stops completely all $-rays, 
while it does not lower appreciably the 
intensity of the y-rays, owing to its 
very small cross section for our y-rays (*). 

We have taken into account the 


(*) A. H. Wapstra: Academisch Proeschrijt 
(Amsterdam, 1953), 37. 


accidental fluctuations of the apparatus 
in order to get normalised experimental 
data. 


s(mm Al) 


4.0 4.5 5.0 5.5 6.0 


The results obtained agreed within 
the statistical errors in the case of the 
coincidences and within 2% in the case 
of 8 counting rates. 

The 8-rays which may be detected 


by this apparatus, are emitted from the. 


nuclides: *2Pb(RaB), 7 Bi(RaC), and 
*NTI(RaC”). We may eliminate the 
B-rays of RaB, with a convenient ab- 
sorber, owing to its relatively low energy 


(0.65 MeV). The @-rays of RaC”, which 


have an energy of 1.8 MeV, are harmless 


owing to the very small probability of 


the transition RaC-(a«)-RaC” (0.04%). 


Thus we may detect only the §-rays. 


of *}3Bi(RaC) with energy greater than 
0.65 MeV. 

The y-rays are emitted from °sRa,. 
*3Bi(RaC) and 73Po(RaC’). 

The y-rays of Ra, are not detected 
owing to their very low energy (0.19 MeV): 


4 
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those of *33Bi give rise to spurious events 
and those of *4{Po are of interest in 


our measurements. 


"33 Bi( RaC) 719 
counting rate ng (counts per second) as a 
function of Al thickness s. 

Fig. 3 shows the curve of the 8-y co- 
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3. — We have made @ absorption 
measurements in order to determine: 


a) the maximum energy of *33Bi 
8-decay corresponding to the end-point 
of the electrons absorption curve, ob- 
tained by plotting the counting rate 
given at the B scaler against Al absorber 
thickness. 


b) the coincidences between *5;Bi 
B-rays and *3;Po rays, corresponding to 
8 transitions of *3;Bi to excited states 


of "Po. 


The end-point of the 8-y coincidences 
should give the energy upper limit of 
the 8 branches, which are followed by 
emission of y-rays. 

Fig. 2 shows the 8-rays absorption 
curve: the full line curve gives the 


incidences: the full line curve gives the 
counting rate 2g, (counts per second) as 
a function of Al thickness. 

Both Figs. 2, 3, give in the dotted 
curve the background line; in fig. 3 (*) 
the scale below the absorber thickness 
gives the corresponding energies of the 
upper limit of various ® spectra. 

The end point of the electron ab- 
sorption curve can be fixed atuo8 Se 
+ 0.35 mm of Al and agrees within a 
good approximation with the maximum 
energy (3.17 MeV) of the extreme 


(*) The counting rates of the total B-y coin- 
cidences as well as the background coincidences, 
aré corrected from the accidental concidences. 

(4) CG. D. Huis: Proc. Roy. Soc., A. 148, 
350 (1935); G. ScHARFF-GOLDHABER: Phys. Rev., 
90, 587 (1953); see also HK. RuTHerRFoRD and 
cow. (1), and F. DemicHenis and R, Mat- 
VANO (7°). 
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6 branch, as found by LatysHEy and 
by WAPSTRA. 

For the 8-y coincidences (Fig. 3), 
we find the end point at an aluminium 
thickness quite higer than the thickness 
found by WapstrRa (3); our thickness 
corresponds to an energy 2.56 +0.25 MeV. 

The energy found by WaprstrRa for 
the first partial @ spectrum, using the 
B-y coincidences technique, is 1.56 MeV; 
the same quantity is given by LArySHrEy 
as 1.65 MeV (2). 

We have compared ours and Wap- 
stra’s results; this comparison is easier 
than in the case of LAtTysuEy’s re- 
searches. 

At 880 mg/cm? (3.25 mm Al) Wap- 
stRA found a ratio: 


Ngy/g = (4452) -10-8 


Under the same conditions, 
a ratio: 


we find 


Nay/Ne = (5.0 +2.5) oD ese 


Other values, for absorbers thicker 
than 2.6 mm AI (wich is the thickness 
corresponding to an energy 1.56 MeV), 
are collected in Table I. 
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of a $-y coincidence with the following 
energies: 2.56 MeV for the $-ray and 
0.61 MeV for the y-ray. 

This conclusion is consistent with 
the experimental results of several au- 
thors about the y spectrum of *4{Po, 
who agree on the existence of an excited 
and very intense level of 0.61 MeV, 
whose intensity should not be exausted 
by the y-y caseades connected yee 
this level (°). 

Our results allow the establishment 
of a partial 8 decay scheme of *33Bi 
relatively to the 8 branches of higher 
energy, consisting of two $8 branches of 
3.17 MeV and 2.56 MeV respectively. 

This scheme however requires a 
knowledge of the intensity of each com- 
ponent branch, which we were not able 
to determine, with our apparatus, with 


. Satisfying accuracy. 


We notice anyway that A. H. Wap- 
STRA, by estimating the errors of his 
measurements, draws a maximum inten- 
sity for the supposed 8 branch of 
2.56 MeV, of less than 10%; that is less 
than 4 of the intensity of the 3.17 MeV 
transition to the ground state, 
by him as 19%. 


TABLE I, 
= dae ae esa api i Nar 
| mm Al ngs Ngy/S | Now| NG 
ie. ;: | 
| 5 [es aa | ih ha 
| - 2.6 273 (1.47 £0.35) -10-2 | (5.4-41.4)+ 10-4 
ea 3.0 176 (1.2040:45) » | (6.842.5) » 
DAY, 100 (0.53-40.40) » | (5.344.0): » 
ieee ie 41 (0.35 40.32) » | (8.54+7.8) » 
| 5.0 26 (0.16 40.23) » (6.2+8.8) » 


4. — From our experimental data we 
may conclude that the @ branch of 
3.17 MeV energy corresponds to a tran- 
sition of *{3Bi to the ground state of 
*<aPo; this agrees with LATysney’s and 
WAPSTRA’s results. 

The same data confirm the existence 


The examination of our experimental 
coincidence rate leads us to estimate 
that the ratio between the intensity of 


() F. DEMICHELIS and R. MaLtvano: Nuovo 
Cimento, 12, 358 (1954). 


given - 


i 


the 2.56 MeV branch and that of the 
3.17 MeV branch should be greater 
than $. 

At the moment we are carrying on 
a new experiment in order to obtain 
better confirmation of these results and 
more information about the 8 spectrum 
of “Bi. 


We want to express our gratitude to 
Prof. E. Prrucca for his advice and 
encouragement; to Proff. F. DEMICHELIS 
and R. MALvano for stimulating discus- 
sions. Our thanks also to Prof. G. VEN- 
TURELLO, who provided us the berillium 
necessary for the research. 
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P.S. — A concise report on our results” 
(the statement of the @ branch of 
2.56 MeV energy in the decay of 
Bi) was already published in Rend. 
Ace. Lincei, 17, 44 (1954). It was yet 
a support for the scheme of y levels in 
“Po recently proposed by F. DEmr- 
cHELIS and R. Matvano (Nuovo Cimento, 
12, 358 (1954)). 

But some corrispondence with A. H. 
WapstRA stopped the publication of 
this paper. We are glad to inform now 
that also this Author could experimen- 
tally confirm the exsistence of the new 
8 branch, and we are indebted to him 
for his kind control of our conclusions. 
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Ionospheric Self-Interaction of Radio Waves at Vertical Incidence. 


G. J. Arrcutson and G. L. GoopwIn 


Physics Department, The University of Adelaide, Australia 


(riceyuto il 1° Gennaio 1955) 


An investigation has been carried out 
to determine whether self-interaction of 
radio-waves occurs in the ionosphere at 
a frequency of 1550 kHz, which is close 
to the local gyro-frequency (approxi- 
mately 100 kHz at 1600 km altitude). 
Transmissions were made from the Uni- 
versity of Adelaide on twenty-five nights 
between 0.00 and 05.30 hours local time, 
from May to October 1954, using a 5 kW 
transmitter, amplitude modulated with 
pure audio frequencies in the 
160 Hz to 4000 Hz. 

The receiving station was 5.6 km 
south of the transmitter, so that the 
sky-wave was reflected from the iono- 
sphere at almost vertical incidence. The 
receiving equipment included an Eddy- 
stone «680» receiver with input either 
from a tuned loop-aerial which supplied 
sky-wave signals, or from a short simple 
aerial which supplied ground-wave signals 
of strengths comparable with those of 
the sky-wave from the loop-aerial. The 
amplitude of the ground-wave received 
by the toop was reduced to a very small 
value by means of a phased signal from 
a vertical aerial connected across the 
loop’s output via a split condenser. The 


range 


signal received by the loop had an aver- 
age sky-wave amplitude of about 15 times 
its ground-wave amplitude. 

A vacuum-tube-volt-meter and a 
« Marconi» wave analyser of band width 
4 Hz were both connected to the final 
I.F. stage of the receiver, to measure 
the R.F. and A.F. levels respectively. 
To calibrate the receiving equipment to 
read modulation depth percentage, read- 
ings were taken on the ground wave of 
R.F. and A.F. levels (using arbitrary 
scales on the two measuring instruments) 
for signals of known modulation depths 
as measured at the transmitter. From 
these calibration each pair of readings 
of R.F. and A.F. levels, measured for 
the sky-wave, could be converted to 
percentage modulation. Measurements 
of percentage modulation on the sky- 
wave were made during intervais of less 
than two minutes, and after each inter- 
val the calibration was checked by a few 
measurements on the ground-wave. 

Frequently, reflected signals from the 
H- and F-layers of the ionosphere were 
received simultaneously. At such times, 
«selective fading » caused by the inter- 
ference of these two sky waves produced 


ate eet ee een aes 


ce 


spurious variations in modulation depth 


of the received signal. To guard against 
errors due to «selective fading », the fol- 
lowing procedures were adopted: 


1) Each 15 minutes of modulation 
with pure audio frequencies was fol- 
lowed by three minutes of modulation 
with pulses. This enabled the relative 
amplitudes of ground-wave, H-reflected 
wave and F-reflected wave, as received 
by the loop-aerial, to be measured on a 
cathode-ray display at the receiving 
station. Readings were taken only when 
the R.F. amplitude of one of the two 
reflected waves was at least three times 
as great as the sum of the amplitudes of 
the ground wave and the other reflected 
wave. Reliable readings were seldom 
possible for more than one-third of the 
transmission time, and at times very few 
readings could be taken for a whole night, 
due to «selective fading» between the 
two sky waves. 


2) Variations in received signal amp- 
litude cause the R.F. and A.F. levels to 
fluctuate almost in unison, bur readings 
were taken only at instants when the 
A.F. level was a maximum. This ensured 
that if any errors occurred due to «se- 
lective fading», the measured readings 
of modulation percentage would be 
slightly larger than the true value. Since 
the measured modulation percentages 
were less than those transmitted, this me- 
thod of measurement reduced rather than 
enhanced the observed effect. Results 
of transmission (frequency 1.55 kHz; 
transmitted modulation depth 20%) are 
summarized in the table. 


On the nights of 9-10th and 10-11th 
November, 1954, similar tests were made 
on transmissions from broadcast station 
5CL, Adelaide (frequency 730 kHz, power 
5 kW) between 23.00 and 03.00 hours 
local time. Pulse modulation was not 
used in these tests, as it was assumed 
that the sky-wave at this frequency was 
a pure H-reflection. No measurable re- 
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duction in modulation depth was ob- 
served on these transmissions. 
The results show that: 


1) Near the gyro-frequency, the 
modulation depths of both an H-reflected 
and an F-reflected wave were significantly 
less than that of the ground wave. 


2) The reduction in modulation 
depth was greater for reflection from the 
F-layer than from the H-layer. 


3) Within the limits of measure- 
ment, no reduction in modulation depth 
occurred at a frequency of 730 kHz, 
which is remote from gyro-frequency. 


4) A comparison of the values in 
columns (4) and (6) of the table indicates 
that there is a greater reduction in mo- 
dulation depth for larger proportions of 
F-reflection in the received signal. 


The results also suggest that the effect 
is greatest for modulation frequencies of 
the order of 800 to 1500 Hz. This mat- 
ter is being further investigated. 


In qualitative explanation of these 
results, it is tentatively suggested that 
at a frequency near gyro-frequency the 
extraordinary component of the sky- 
wave is strongly absorbed in the H-layer, 
while the ordinary component is re- 
flected either from a higher level in the 
E-layer, or from the F-layer. In the 
region where the extraordinary compo- 
nent is absorbed, the absorption coef- 
ficient of the ionosphere varies at the 
modulation frequency, causing a change 
in the modulation percentage of the or- 
dinary component as it passes through 
this region. 

Curoo (1) has observed considerable ° 
reductions in the modulation depths of 
waves reflected from the ionosphere, and 
has attributed this effect to radio selt- 


@) M. CuroLto; Nuovo Cimento, 9, 687 


(1952). 
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interaction. The effect has been recently. 


confirmed by Mirra (®). = 


The authors wish to thank Professor 


#- 
@) S. N. Mirra: Conference on the Physics 
of the Ionosphere, Cavendish Laboratory, Cam- 
bridge (1954), pag. 7. 
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L. G. H. Huxiey for his constant in- © 


terest and encouragement in the work, 
and the officers of the Postmaster- 
General’s Department of the Common- 
wealth of Australia who made the 5CL. 
transmitter available on the nigths 
mentioned. 
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A proposito delle esperienze sull’interazione delle radioonde nella ionosfera. 


M. CuroLo 


Istituto di Fisica Tecnica dell” Universita, Centro Studi di Radiopropagazione - Napoli 


(ricevuto il 20 Febbraio 1955) 


Nel numero di Luglio dell’anno pas- 
sato di questo giornale (+), il prof. BoELLA 
ha pubblicato una lettera con lo stesso 
titolo, nella quale egli muove a due miei 
precedenti lavori (”) aleune critiche rela- 
tive alla misura (ottenuta mediante lo 
studio della girointerazione e della auto- 
girodemodulazione) del campo magnetico 
terrestre nella ionosfera e al fenomeno 
della autodemodulazione. 


1. — Cirea la prima questione, dai miei 
lavori risulta chiaro che non ho affatto 
preteso di aver raggiwnto la 3* e 4® cifra 
decimale nella determinazione del campo; 
ma che ho cerecato di dimostrare come il 
metodo della girointerazione possa per- 
mettere di «risolvere il problema del 
campo magnetico nello strato H, e come 
tale metodo sia idoneo, qualora si adoperi 
una girostazione funzionante in regime 
impulsivo, di fare misure precise, con in- 
certezza soltanto sulla 4° cifra decimale » (*). 
« Se invece si cerca di limitare, il che é 
possibile, Verrore soltanto a 1 sol em per 
clascun massimo, e cioé di 2 em per la 


(Sy) Me 
(1954). 
(@) M. CuroLo: Nuovo Cimento, 9, 687 (1952); 
10, 915 (1953). 
: CuToLo: 


BoELLA: Nuovo Cimento, 12, 140 


Nuovo Cimento, 10, 915 


lunghezza d’onda media, si ha una varia- 
zione sulla 4* cifra decimale soltanto di 
1 unita, per cui lerrore in H é 1 deci- 
millesimo » (4). Soggiungevo anche (°) che 
questa precisione si potrebbe ottenere se si 
adoperasse una stazione funzionante in 
regime impulsivo, con una quarantina di 
kW di cresta, capace, in una decina di 
minuti, di variare con continuita la fre- 
quenza portante intorno alla girofre- 
quenza locale. Non abbiamo noi, invece, 
adoperato una stazione a onde continue 
di soli 3,3 kW, che variava la sua lun- 
ghezza d’onda di 5 in 5 metri, salvo in- 
torno ai massimi dove si € cercato di va- 
riarla di metro in metro o anche meno? 

Il prof. BoELLA, stimando che i me- 
todi da me proposti possano raggiungere 
la precisione solo nella 2 cifra decimale, 
conclude che «rientrano quindi nellin- 
certezza [per i valori di H] le differenze 
tra i valori calcolati con la formula di 
Schmidt, in base a quelli calcolati sulla 
superficie terrestre, e i valori dedotti 
dall’esperienze di girointerazione; cosic- 
ché queste non sembra riescano a portare 


(@) M. CuroLto: Nuovo Cimento, 10, 918 
(1953). 

@) M. CutToto: Nuovo Cimento, 10, 915 
(1953). 
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° 
TABELLA I. — Hsempi di misure di H nella ionosfera (strato ff). 


’ Valore di H,,. 
sulla Terra 


| (oersted) 


3 Luglio 1949 
Poe Luglio 1949 | 
_ 13 Luglio 1949 
| 23 Luglio 1950 
17 Giugno 1950 


0,44770 + 3-10-° 
0,44770 + 15-107 
0,44770 + 55:-10~° 
0,44770 + 0-10 


0,4477 (*) 


| Febbraio 1954 


| (India) 


0,474 


per ora un maggior affinamento nella 
determinazione di H ad alta quota » (°). 

Questa considerazione sarebbe giusta 
se non esistesse la ionosfera. Nella realta 
il problema della determinazione di Take 
nello strato FE non consiste tanto in un 
maggior affinamento delle misure, cioe 
nel raggiungere la 3* o 4° cifra decimale ; 
quanto nel valutare la 2°, se non addi- 
rittura la 1* cifra, in quanto il valore 
di H in quella regione dell’atmosfera ¢ 
influenzato dalle forti correnti elettriche 
generate dall’azione meceanica delle ma- 
ree sugli elettroni e sugli ioni dello strato 
jonizzato che a sua volta risente dell atti- 
vita solare. 

Pertanto la formula di Schmidt puo 
tutto al pit esser valida al limite infe- 
riore della ionosfera, e non nell’interno 
di questa, dove le correnti producono una 
diminuzione del campo magnetico nel 
quale sono immerse; e dove quindi tutto 
al pit essa pud servire, come noi abbiamo 
fatto (7), per avere un primo dato orien- 


(®) M. BorLia: Nuovo Cimento, 12, 140 
(1954). 

(?) M. Curoro: Nuovo Cimento, 10, 915 
(1953). 


| (*) Non é@ nota l’incertezza nella 4* e 5* decimale. 
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Valore teorico di 
nella ionosfera mentale di H 
ottenuto mediante nella ionosfera 
la formula di Schmidt | | 


Valore speri- 


(oersted) (oersted) | 
| | 
| | 

0,428 0,434 
0,428 0,431 
0,428 0,423 
0,428 0,430 
0,428 0,458 | 
0,450 0,360 


tativo della frequenza giromagnetica e 
ricavare la banda di frequenza che oc- 


- corre esplorare. 


La fig. 1 mette a confronto l’anda- 
mento che H ha in quota secondo la 
formula di Schmidt e secondo le determi- 
nazioni sperimentali eseguite mediante 
razzi (8). Ora, mentre nelle notti, di as- 
soluta tranquillité ionosferica, in cui fu 
osservato in Italia il fenomeno di giro- 
interazione, le variazioni di H sulla terra 
erano addirittura di aleuni gamma, cioe 
interessavano la 5? cifra decimale e pit 
raramente la 4 cifra decimale (°); nella 
ionosfera si avevano variazioni nette nel- 
la 24 cifra decimale. Se poi la ionosfera 
non @ tranquilla si hanno addirittura 
yariazioni nella 1* cifra decimale. 

Ora potrebbe la formula di Schmidt 
dare variazioni nella seconda e uella 
prima cifra decimale se le variazioni di H 
sulla terra avvengono nella 5® e pit ra- 
ramente nella 4° cifra decimale? 

Queste circostanze mostrano che solo 


@) S. F. Srncer, E. Maree W. A. BOWEN: 
Nature, 170, 1093 (1953). 

(°) Vedi i dati dell’ Osservatorio Magnetico 
di Chambon-la-Forét. 
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da fenomeni in loco si puo ricavare il 
valore di H nella ionosfera: pertanto 1% 
nostri metodi possono effettivamente recare 
un notevole contributo allo studio del campo 
magnetico terrestre nella ionosfera. Ricor- 


nM 
is 


Diminuzione del campo (milligaus) 


80 100 


20 40 60 
Altezza sul livello del mare (Km) 


La curva piena da Vandamento del 
secondo le teorie moderne e le misure 
con i razzi. 


diamo che a tale proposito V. A. BAILEY 
scrive: « Gyrointeraction may be used for 
the magnetic field in the 
H-layer with sutficient precision to re- 
veal the presence of those electric cur- 
rents in the ionosphere which are postul- 
ated to account for certain terrestrial 
magnetic variations » (2°). 


measuring 


2. — Cirea poi il fenomeno dell’auto- 
demodulazione, @ facile rendere ragione 
del perché la curva di risonanza possa 
presentarsi con due massimi simmetrici 
rispetto alla frequenza giromagnetica. 

Il BaiLtEy ha dimostrato infatti (11) 
che quando la frequenza di un’onda varia 
intorno alla girofrequenza locale, 1’« in- 
dice d’interazione » (ossia lenergia ceduta 
agli elettroni) varia secondo una curva 
che puo avere un massimo sulla frequenza 
giromagnetica Oppure due massimi sim- 
metrici rispetto ad essa. Il tipo di curva 
dipende dalla penetrazione dell’ onda nello 
strato: se la penetrazione é notevole (swpe- 


@)_ Vo. tA. Bacon, JR AS sSineninn «Keone nnr= 
DECKER, A. J. HiGGs e F. H. HipBerp: Nature, 
169, 911 (1952). 

COP Vi AS Baminy: 
(1937); 26, 426 (1938). 


Phil. Mag., 28, 929 
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riore ai 4 km), come net caso delle onde 
le euni frequenze sono comprese nella. 
banda tra 1000 e 1500 Hz, Vindice d’in- 
terazione, alla quota dove ha sede il 
fenomeno, per Vonda la cui frequen- 
za @ uguale alla girofrequenza ¢ piccolo, 
perché Vonda di tale frequenza essendo 
penetrata notevolmente nello strato, ha 
ceduto durante il percorso gran parte 
della propria energia; invece per le fre- 
quenze diverse dalla girofrequenza, las- 
sorbimento essendo minore a parita di 
penetrazione, l’indice di interazione é piu 
erande. 

M. CarLEvARO ha dimostrato (2) che 
sulla girofrequenza Vonda, essendo piu 
assorbita che nelle due frequenze sim- 
metriche, @ pit demodulata di queste 
ultime due. 

I due fenomeni (girointerazione e 
autogirodemodulazione) sono dunque op- 
posti, nel senso che al minimo relativo 
all’indice d’interazione sulla girofrequen- 
za (per penetrazioni superiori ai 4 km), 
corrisponde un minimo della modula- 
zione residua del’onda e quindi un mas- 
simo della demodulazione, e ai massimt 
relativi dell’indice d’interazione per fre- 
quenze ugualmente discoste dalla giro- 
frequenza, corrispondono due massimi 
relativi della modulazione residua e cioé 
due minimi relativi della demodulazione. 

Per -poter costruire una teoria del- 
Vautogirodemodulazione occorrerebbe co- 
noscere l’assorbimento subito dall’onda 
nello strato. Ora, dall’esame dei vari 
diagrammi si vede che la demodulazione 
si aggira intorno al 40%. Una demodu- 
lazione cosi notevole non deve affatto 
sorprendere, se consideriamo che, con la 
stessa potenza emessa (3,3 kW) e con 
Videntica profondita di modulazione, ra- 
dio Firenze ha impresso in precedenti 
esperienze dal 3 al 10% di modulazione 
parassita sullonda di radio Taranto 
(630 m). Se si pensa che la modulazione 
trasferita in un’altra onda dipende dalla 


@?) M. CarLEvaro: La Ricerca, 3-4 55 


(1951). 
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frazione di energia perduta dalla seconda 
onda per assorbimento da parte della re- 
gione della ionosfera disturbata, si com- 
prende che la modulazione impressa, di 
cui risulta affetto lassorbimento delia 
ionosfera, corrisponde a perdite di energia 
e a demodulazioni molto pit importanti. 

Non é escluso che Vespressione poco 
felice « autogirointerazione » abbia avuto 
qualche parte nel generare dubbi in pro- 
posito. Noi adesso preferiamo il termine 
di « autogirodemodulazione » appunto per 
sottolineare il fatto che il fenomeno non 
& loealizzato. nella regione della cross- 
modulation (regione di Bailey), ma inte- 
ressa tutto il percorso ionosferico del- 
londa, e che esso si deve al meccanismo 
di propagazione di un’onda media nello 
strato e non al processo d’interazione pro- 
priamente detto. Infatti le curve di riso- 
nanza dell’indice di interazione si rifert- 
scono allonda disturbatrice e non all’onda 
ricereata. 


3. — A proposito dell’autodemodula- 
zione su frequenze lontane dalla giro- 
frequenza il prof. BoELLA ci muove al- 
eune osservazioni che mi pare possano 
essere ridotte a questi dubbi: 


a) si pud escludere ogni influenza 
del ricevitore? 


b) perché ’autodemodulazione cre- 
sce con la frequenza di modulazione, 
mentre nell’interazione la modulazione 
parassita diminuisce con la frequenza di 
modulazione? 


c) si possono giustificare teorica- 
mente demodulazioni superiori al 10%? 


d) la presenza del fading selettivo, 
specie nelle alte frequenze di modula- 
zione, non sarebbe tanto importante da 
mascherare in ogni caso l’effetto di auto- 
demodulazione? 


A queste domande possiamo cosi ri- 
spondere. 


a) Il ricevitore BC314 € stato usato 
soltanto due volte e solo per ricavare la 


curva di risonanza di fig. 1 del lavoro del- 
L Agosto 1952 (78). In quel caso la fre- 
quenza di modulazione (la medesima per 
tutte le frequenze portanti) era bassa 
(230 Hz), e pertanto la linearita del ri- 


60 


50 
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oO 


nm 
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Ww 
oO 
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% 1000 2000 “3000 4000 


Frequenza di modulazione c/s 


Fig. 2. — Andamento della modulazione residua 

in funzione della frequenza di modulazione (tra- 

smittente Radio Parigi: 863 kHz, 60% di mo- 
dulazione, 150 kW; ricezione a Napoli). 


cevitore era certamente assicurata. I 
diagrammi di fig. 2 dello stesso lavoro 
non sono stati ottenuti col BC314, ma 
con altro ricevitore, che era lineare fino 
a 1000 Hz (14). Comunque, anche per eli- 
minare la perplessita circa influenza 
degli apparati sulle misure del campo 
elettromagnetico proveniente dalla iono- 
sfera, al posto di una supereterodina 
abbiamo adoperato, in oceasione del ciclo 
di esperimenti, eseguito nel Marzo 1953, 
su piano internazionale sotto legida del- 
VU.R.S.I. (45), un ricevitore del tutto 
lineare a circuiti accordati. I] diagramma 
di fig. 2, che raccoglie le misure eseguite 
in questa occasione, ¢ analogo a quello 
di fig. 2 dell’ Agosto 1952 (16) (salvo una 
maggiore estensione del campo della fre- 
quenza sperimentale). 


(43) M. CuroLo: Nuovo Cimento, 9, 687 
(1952). f 

(4) M. Curoto: Nuovo Cimento, 9, 695 
(1952). 


(5) U.R.S.1.: Bulletin Winformation, Mai- 
Juin, 16 (1953). 
(8) M. CuroLo: 


(1952). 


Nuovo Cimento, 9, 692 
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b) Nelle nostre curve, gia sin dalle 
pit basse frequenze di modulazione, la 
demodulazione é@ sensibile. Le ragioni 
teoriche per le quali la demodulazione 
aumenta con la frequenza di modulazione 
non sono ancora ben chiare. Comunque 
i nostri risultati sono confermati da quelli 
ottenuti in altri laboratori (come I’Isti- 
tuto di Fisica Industriale di Algeri du- 
rante il ciclo internazionale ricordato (?”) 
e, in particolare, da S. N. Mirra in India 
nel Febbraio 1954 (18) e dai fisici austra- 
liani qualche mese fa (7°). 


c) Sembra assai verosimile che per 
lautodemodulazione si possa raggiungere 
una diminuzione della profondita di mo- 
dulazione maggiore del 10%. Il fatto che 
la modulazione parassita, impressa su di 
un’onda da un/altra della potenza di 
150 kW (come nel nostro caso di radio 
Parigi), abbia raggiunto valori superiori 
al 10%, testimonia infatti una perdita 
notevole di energia, certamente maggiore 
di quella che ha provocato il cambia- 
mento del coefficiente di assorbimento, 
dato che una parte di tutta lenergia é 
stata acquistata anche dagl ioni ed 
elettroni presenti nello strato. Inoltre ai 
fini della demodulazione bisogna tener 
conto dell’intero percorso ionosferico, 
laddove nel caso dell interazione solo una 
parte del percorso partecipa al fenomeno. 
Di pit, quando la ricezione é effettuata 
a notevole distanza dal trasmettitore, il 
fenomeno della demodulazione @ incre- 
mentato dalle successive riflessioni tra 
ionosfera e terra. In conclusione il feno- 
meno di autodemodulazione sembra do- 
ver essere necessariamente pit. cospicuo 
della semplice interazione. 


d) Non posso tacere che mi sembra 


(24) SU Rasaliae 
Juin, 16 (1953). 

(8) S. N. Mirra: Riassunti della Conferenza 
sulla fisica della ionosfera, Physical Society 
(6-9 Settembre 1954). 

(*) G. Js AITOHISON e G. IL. 
Nuovo Cimento, 1.722 (1955). 
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assolutamente sorprendente come un fe- 
nomeno transitorio nel tempo, quale & 
Vevanescenza selettiva, possa essere re- 
sponsabile del’andamento della demo- 
dulazione in modo d’avere una curva. 
tanto regolare come quella di fig. 2. Se 
la demodulazione fosse dovuta all’eva- 
nescenza selettiva noi dovremmo avere 
una curva del tutto irregolare. E evi- 
dente infatti che cotesta evanescenza, di- 
pendendo da interferenza di fasci che 
hanno percorso cammini molto diversi, & 
necessariamente accompagnata da di- 
storsione della. forma dell’onda, causa i 
continui mutamenti di fase che hanno 
luogo per variazioni di densita elettro- 
nica della ionosfera e deformazioni dello 
strato riflettente (o degli strati riflet- 
tenti, se, come sembra, la riflessione av- 
viene anche nello strato F). Ora le nostre- 
misure sono sempre state eseguite quando 
Vinviluppo Wonda era visibilmente sinu- 
soidale e percid in assenza di fading. Infine 
altri recenti esperimenti, che presto pub- 
blicheremo, nei quali sono state prese le 
fotografie delle curve inviluppo d’onda,. 
ci confermano nella convinzione di poter 
escludere il fading selettivo come re- 
sponsabile della riscontrata demodu-: 
lazione. 

Come noto, nell’interazione il fading 
si manifesta nel senso che la sua influenza 
aumenta, pit che diminuire, il percento 
di modulazione parassita. Ora se la curva 
della fig. 2 fosse la conseguenza del fading: 
selettivo, non vediamo ragione perché 
questo non doyrebbe influenzare anche: 
Vandamento dell’effetto Tellegen, consi- 


derato in funzione della frequenza di mo- 


dulazione. Al contrario la modulazione 
parassita decresce con la frequenza di 
modulazione ed ha un andamento che é 
eiustificato qualitativamente e quantita- 
tivamente dalla teoria dell’effetto Tel- 
legen. 

Ad accentuare la nostra diffidenza. 
circa una marcata influenza del fading’ 
selettivo sulla demodulazione, stanno an- 
che gli esperimenti compiuti da S. R. 
Kuasterr e P. M. Das dal 1948 al 
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1949 (2°), Durante alcune trasmissioni ef- 
fettuate nelle prime ore della notte da 
Caleutta su 4840 kHz e ricevute a Dacca 
(240 km di distanza) con la sola portante, 
con una frequenza di modulazione fisse 
e con il consueto programma radiofonico, 
fu notato infatti che le fluttuazioni del 
campo ricevute presentavano nei tre casi 
quasi lo stesso andamento sia per quello 
che riguarda l’ampiezza sia per il periodo. 
(id dimostra che almeno in quel caso il 
fading non aveva caratteristiche di selett- 
vita. Durante la seduta del 17 Feb- 
braio 1954 a Torino della Commissione 3-b 
dell’ U.R.S.1., feci rilevare che in condi- 
zioni di ionosfera tranquilla il fenomeno 
di autodemodulazione non é affatto ma- 
scherato dal fading selettivo, perche que- 
sto si presenta solo ad intervalli di tempo. 
In conelusione, mentre le notevoli varia- 
zioni del percento di modulazione (sopra- 
- modulazione o quasi scomparsa della 
modulazione) sono da attribuirsi for- 
se al fading selettivo e si presentano 
spesso solo a tratti, le piccole fluttua- 
zioni intorno al valore medio del per 
cento di modulazione (fig. 3) sono da 
attribuirsi al maggiore 0 minore assor- 
bimento dei picchi di modulazione in fun- 
zione della variazione della densita elet- 
tronica. Queste piccole fluttuazioni con- 
tinue del grado di modulazione dell’onda 
sono pertanto un’altra conferma dell’esi- 
stenza dell’effetto di autodemodulazione. 
Se il fading selettivo fosse continua- 
mente presente, tutte le misure ionosfe- 
riche doyrebbero essere inficiate in quanto 
da esso continuamente influenzate 0 ma- 
scherate. 
Ora dall’esame delle grafiche di fig. 3 
e di altre analoghe costruite a Napoli e 
ad Algeri si vede chiaramente come sia 
possibile, specialmente nelle notti in cul 
la ionosfera non é agitata, fare le medie 
dei valori osservati per ciascuna fre- 
quenza di modulazione, perché nella mag- 


(2) S. R. Kasrerr e P. M. Das: Proc. Roy. 
Soc., (B) 1° novembre, 924 e 928, fig. 2 e 3 
(1950). 


gior parte dei casi i valori differiscono 
agsai poco tra loro. Cid si osserva anche 
nelle registrazioni effettuate a Milano. 
dove é stato possibile, alle volte, fare 
addirittura 300 misure per ciascuna fre- 


Fig. 3. — Il diagramma da i percento di modula— 
zione ricevuti a Napoli con segnali provenienti 
da Radio Parigi (863 kHz, 60% di modulazione, 
150 kW) alle diverse frequenze di modulazione 
indicate a fianco di ciascuna curva in funzione 
del tempo di osservazione (in secondi). Risulta 
evidente che per ciascuna frequenza di modula- 
zione le fluttuazioni della modulazione residua 
si mantengono piccole ed inoltre le curve non 
si sovrappongono. Il calcolo della media per 
ciascuna auto-frequenza appare pertanto giusti- 
ficato. 


quenza di modulazione. L’osseryazione 
dei diagrammi in fig. 2 mostra che la 
forma della curva é la stessa di quella 
della modulazione parassita-frequenza di 
modulazione dell’effetto Lussemburgo, 
ma l’andamento del fenomeno é lop- 
posto. Questo fatto concorderebbe con 
quanto abbiamo visto sopra e cioé che 
Vandamento dell’autogirodemodulazione 
si presenta in qualche modo opposto a 
quello della girointerazione. Prendendo 
lo spunto proprio da questa osservazione 
non sara difficile trovare il bandolo della 
matassa e comprendere il meccanismo 
del fenomeno. 


4. — A convalidare ulteriormente i ri- 
sultati da me ottenuti e comunicati nelle 
note precedenti mi piace ricordare anche 
quanto segue. 


a) Durante la conferenza di Cam- 
bridge in Inghilterra, sulla Fisica della. 
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ionostera (6-9 Settembre 1954), S. N. 
Mirra ha comunicato di aver eseguito 
in India una serie di esperienze che gli 
hanno permesso di confermare leffetto 
di autogirodemodulazione: « 14 trasmet- 
titori coprenti la banda di frequenze da 
590 a 1490 kHz irradiarono un tono di 
1000 Hz con un percento fisso dell’80%. 
Il pereento di modulazione del segnale ri- 
cevuto proveniente da tutti 1 trasmet- 
titori fu misurato a Dehli. La curva del 
pereento di modulazione ricevuta in fun- 
zione della frequenza dell’onda mostra un 
significativo abbassamento a 1020 kHz, 
dove la modulazione era del 48%. La 
girofrequenza nello strato # é@ pertanto 
di 1020 kHz, per cui il valore di H nello 
strato # é di 0,36 I" essendo il corrispon- 
dente valore sulla superficie terrestre di 
0,474 Pr” (21). Le esperienze di Mirra, 
oltre a confermare lefftetto di risonanza 
dovuto al campo magnetico terrestre 
mostrano: primo, che il percento della 
demodulazione é identico a quello da me 
misurato nel 1950 e 1951 (27); secondo, 
che esso & molto superiore all’1%, e che 
infine il fenomeno non scompare aftatto 
per frequenze intorno a 1000 Hz. E poi- 
ché 1 cammini dei fasei elettromagnetici 
erano differenti causa la diversa ubica- 
zione dei trasmettitori, e la curva di de- 
modulazione é regolare, si conclude anche 
che il fenomeno non dipende affatto dal 
fading selettivo. 


b) Molti mesi prima della pubblica- 
zione della lettera del prof. BoELua, il 
fisico russo I. M. VILENSKIT ha pubbli- 
cato una memoria con la quale ha dimo- 
strato matematicamente come « la consi- 
derazione della non linearita permette di 


(7) S. N. MiTRA: vedi (38). 
(*) M. CuroLto: Nature, 24 Febbraio (1951); 
Nuovo Cimento, 9, 687 (1952). 
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prevedere non solo cambiamenti dell’am- 
piezza e della fase dell’onda, ma anche 
cambiamenti della profondita di modu- 
lazione di ampiezza, la produzione di ar- 
moniche superiori 2m e 3m della modula- 
zione di ampiezza m e lVapparizione di 
una modulazione di fase. Come mostrano 
le valutazioni numeriche, il cambiamento 
della profondita di modulazione del tono 
fondamentale e la grandezza delle armo- 
niche della modulazione di ampiezza pos- 
sono essere importanti» (7%). 

Ora le formule del Vilenskii dicono 
che alle bassissime frequenze di modula- 
stone e per frequenze portanti lontane dalla 
girofrequenza locale, il percento di demodu- 
lazione puo arrivare persino al 23%. Per- 
tanto i nostri risultati sperimentali, che 
danno alle basse frequenze demodula- 
zioni del 10%, possono giustificarsi teori- 
camente partendo dalla considerazione 
della non linearita della ionosfera, lad- 
dove per queste frequenze nessuna in- 
fluenza del fading selettivo puod essere 
chiamata in causa. 


c) Un metodo escogitato recente- 
mente dai fisici australiani(!*) ha permesso 
di eliminare completamente Vinfluenza 
del fading selettivo per cui gli autori 
hanno potuto chiaramente dimostrare 
come il fenomeno dell’autodemodulazione 
effettivamente esiste ed é€ notevole, ov- 
vero non ¢ prodotto dal fading selettivo. 


* OK 


Da quanto sopra ho riferito mi sembra 
scaturire come le critiche e le osserva- 
zioni del prof. BoELLA non risultino giu- 
stificate, almeno per quel che riguarda 
le nostre esperienze. 


(3) I. M. VILENKII: Dokl. Akad. Nauk 


SSSR, 92, 515-528 (1953). 
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A determination of the spin of the 


~+-meson has been attempted by looking ; 
at the energy-distribution of the unlike ' 


z-meson, emitted in the disintegration 
ot: 7's.(353), 

However, if the t-meson has a spin 
> 0, the t can be polarized, the kind of 
polarization being determined by the 
process of emission (*). The slowing down 
of the + does not remove this polariz- 
ation unless the t has a high anomalous 
_ magnetic moment (*>). This suggests 
~ looking at the distribution of the angles 

between the plane of decay of the 7's 
and the direction of emission of the 7’s 
from the parent stars. If such a distri- 
bution is not isotropic, this would prove 
simultaneously that the t’s have spin 
> 0 and that a certain kind of polariz- 
ation is preferred in the process of 
emission. On the other hand an iso- 
tropic distribution — will leave in doubt 


@) R. H. Datirz: Phil. Mag., 44, 1068 (1953): 

_@) E. Fasri: Nuovo Cimento, 11, 479 (1954). 

(3) E, Amatpi, G. Baront, G. CORTINI, C. 
FRANZINETTI and A. MANFREDINI: Suppl. Nuovo, 
Cimento, 12, 186 (1954). a ‘ 

(4) G. WENTZEL: Helv. Phys. Acta, 22, 101 
(1949). ; 

(®) E. HerEre, U. Kruse, J. MARSHALL, 
L. MARSHALL and F. Sou~mirz: Phys. Rev., 97, 52 
41955). ° 
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whether the spin is zero or the 7 is 
unpolarized. 

Till now we have investigated 9 
t-mesons in nuclear emulsions. 6 of 
them ‘were produced in a nuclear inter- 
action inside a stack of stripped emuls- 
ions. For these 6 we could measure with 
good accuracy the angle y between the 
direction of emission and the normal x 
to the plane of decay, naturally corrected 
for the shrinkage of the emulsions. For 
the other 3 7’s we measured y taking the 
direction of entrance into the stack as 
the direction of emission. This should 
be a good approximation for events 7; 
and t, which had a long residual range 
at the point of entrance. t,, however, 
was observed in ordinary photographic 
plates and had a small energy. In this 
case the angle measured can be quite 
different from the true y. Table I gives 
the ranges and the energies of the 9 7’s, 
caleulated with Gottsteins table (°). 

Fig. 1 gives the histogram in’ terms 
of y for the 9 events. If the distribution 
were isotropic, one half of the events 
should. have a y > 60°. If the distri- 
bution is ~ sin? yd(cos y) one should ob- 


(*) H. Fay, K. GorrsrEIn and Kk. HAIN: 


Suppl. Nuovo Cimento, 11, 2384 (1954). 
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ZA 

= NO PARENT STAR 


eee OF EVENTS PER 5° 
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TABLE I. 
Event | Range Energy yo | 
(mm) (MeV) | 
| | 
Be, | 22,39 62.8 | 17,5 
(i Bey ‘dca @lawt an 984. 0laueeseye 
Be, 8.80 | 36.9 | 66.5 
Be, -poSne Weel 09. shake 
Re,» hsb: 1608)| 182/01) SOeeas 
| Beg |, 19,08 | a57.4: | 81 
| Be, 0.93 10.3 70.5 
Be, 3.66 22,4 75 
Be, 13.29 46.7 | 64.5 


serve 68.7% above 60°. We have 7 events 
amongst 9 with y > 60°. The agreement 
with a sin? y-distribution is better than 
with an isotropic one. However we can 
not exclude in this poor statistics that 
the distribution is isotropic. 

It should be possible to get a more 
significant information about the distri- 
bution of the angle y with all the t-me- 


sons actually known, but till now this. 


information is not generally included in 
the data published on t-mesons: It could 
also be useful to look at the angle bet- 
ween the emission of the + and the un- 
like =z. 

We must not forget that in the scan- 


ning may be a tendency to miss t-events. 


with small y. The importance of such 
a bias could be checked in analysing the 
distribution of directions of flight and 
orientation of planes of decay respectiv- 
ely versus the plane of the emulsion. 


A detailed description of all our 


t-mesons will be given later in Helvetica 
Physica Acta. 

All these t's were found in plates. 
flown by the Sardinia Expedition 1953.. 


We thank Professors F. G. HourEer-- 
MANS and CH. Pryrov for their help- 
ful interest in this investigation. 
the t’s were found by Mrs. B. ALBRECHT. 
The others by Mrss. MULLER, RIESEN 
and THIRRING. This work was supported 
by the « Schweizer Nationalfonds ». 
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Least Squares Curvature in Non-Uniform Magnetic Field. 


R. W. THompson 


Department of Physics, Indiana University - Bloomington, Indiana 


(ricevuto il 28 Febbraio 1955) — 


The determination of momentum by measurement of curvature in the magnetic 
cloud chamber is often carried out in magnetic fields which are appreciably non- 
uniform. In practice, the momentum is calculated from a relation of form p=300H, 0, - 
where H, is some average value of the field along the track and g, is some average 
value of the radius of curvature. It is clear that the averaging process 


H, =| w(x) H(x) dex , 


of which H, is the result will be expected to depend on the method by which @, is 
evaluated. The object of this note is to derive the appropriate weight function w(#) | 
when the curvatures are reduced by the method of least squares. The use and adyant- 
ages of the least squares method in the reduction of curvatures have been discussed 

‘ by THOMPSON ef al. (1), and the method has also been used by the Manchester 
group (?) and the Berkeley group (°?). 

Let y, be measured at various points 2; along the track. We define the least 

squares radius of curvature 9, by the equation 


1 
Qa ~ 96” 


where ¢ is derived from least squares adjustment of a parabola 


(1) y=a+ ba + cx, 


. 


(*) Assisted by the Office of Ordnance Research and by grant of the Frederick Gardner Cottrell 
Fund of the Research Corporation. : 

(@) R. W. THompson, A. V. Buskirk, H. O. Coun and C. J. KARZMARK: Proceedings of the 
Bagnéres Congress, Paper No. A. 8, (1953). 

?) K. H. Barker: Suppl. Nuovo Cimento, 11, 309 (1954). 

(3) W. B. FRETTER: private communication. . 
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; = a 736 q 
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n ya; Dy: | 
eed f sear 
ve ba. (2) ¢ ce >, Dy > * >. Yate | > 
« Se SH Foal | 
where 
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ss Tn view of the amout of computation involved, the use of least squares “would 
certainly not appear to be justified in this application. Fortunately, the labor is 
reduced to negligible proportions if the values of x, are equally spaced and odd in 
number: x,;=1 (an integer) = — m,..., 0,.... +m. In this case, > a>, x =0. If 
Yo=0, eq. (2) thus reduces to é 


_ 2m+ I Y/,. mim + 1) 
grin ¥ (i \« 


(3) gid yy, 


where 


The values of 63, and ys i for m up to 20 are tabulated in Table I. 


: 6d Taste I. — 63, and 2? a. 


) | F or) 
> a 2 Dea nv a Ong 


: ; +m | \ +m j 

> een 

. ere GAY styttba muh CRNee Bawa See donee foils aut 

2 Sas | | es 

ie? Tey 2 2 | > Salta al 1012 814 660 
. Bea 10 70 gene 8 1300 1345500 
nag Be 28 58S <~ aaa ee oes 2137590 » 
Be OF 60 2772 || «14 | 2080 3284 946 
5 5 110 9438 Dy cle Mecets 280) 4904944 
- 6 182 26 026 | 16 2 992 7141904 
4 7 280 61 880 | ae B70 / 10170930 
pis 8 408 [BL 7SLAt eS TB ees 14202 006 
Ee 9 570 257754 |, 19 4 - 4940 © <|.0 19484848 
3 : 10 770 4710869 -\); 20° | 5740 | 2631N 018 
ae = If the curvature is small, as implied by eq. (1 ), the trajectory of the particle 
: ee can be represented by the equation 

dy 300 ae 

° aa = p> (a). 5 

, 
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__-where p is the momentum fer H (a) is the magnetic field along the track. Integr- oy se 
- ation to obtain the displacement y; at the various measured points ¢ gives (yo = 0) {258 
=. (4) (Kayo Yan) 7a Jer ia + H(— é)}dé. 2 
a ~ Ae 
i Denote za 
ig 
4 : z 
‘ 2H, = | [me + H(—))]4aé, - 
i. | j-1 eo 
Re (5) 7 = . i 4 
e ce . ; a 
K - | antg= | (Ze) + a9] sas, a 
4 4 & 5 % 
e : a og 
a where #7; is the mean value and £; is the centroid of the field in the j-th interval. ~ z =s 
Then, if the momentum p is to be calculated from the equation p=300H,9,, it 13 
; follows from eqs. (3), (4) and (5), that . 
et | 
; 4(2 Lest n(m + 1) pian 
; H,= Slee > (i phe *) G— =) Hye 
. ‘ Oss 4=1, j=1\ 3 By 
On summation over i we find 
4 : be 
Ba 15 1 ue —1 ate 
oe ae m(m + 1) 1 AG ne Aan 
3 (2m — 1)(2m + 1)(2m + 3) m(m + 1) 
ei ‘ 
=- i(7 —1) + 1+ 2(27 — 1)(E; — ; 
an ch (punithvis sees anaes Ae MEs—5 + 9) H,. : 
¥ mim + 1) 
i If pres Be tion of the field over the j-th interval is small, we can iene ~j—#, < 
in which approximation eq. (6) can be written : = q 
h 4 5 
H, => w(m, j)H; s ; 
t G=1 e 
&. 
» where 
ie a 
“ 15 1 (7 —1 —l 1 he 
ce eg es fo PR eee a a4 
& (2m —1)(2m + 1)(2m + 3) m(m -+ 1) mim aie}, a 
he It is readily verified that : 
> oa ae 
f > w(m, j) = 1. = 
ie j=1 pe 
i 


In order to show that the error resulting from the approximation &; ~ j — $ 
is small, assume that | H(é) + H(— &)] increases linearly by 10% from (j —1) to i, 
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For m = 1, eq. (7) gives H, = H,; whereas eq. (6) gives H, = (62/63) Hy. For 


m = 2, eq. (7) gives 

: 1 ee 

A= oa (315 H, + 1264.) , 
whereas eq. (6) gives 


1 ¢ = 
= — (314 1 1247). 
(8) gs SS 44] (3 Ay aie Hs) 


For larger m, or less variation per interval, the error is even less. Note that the 
sum of the coefficients in eq. (8) is not equal to unity. 


TABLE II. — The Normalized Weights w(m, 7). 


m 


5 0.04 | 0.08 | 0.10 | 0.11 | 0.12 | 

6 0.02 | 0.05 | 0.07 | 0.09 0.09 
7 ge3 a 0.02 | 0.04 | 0.05 | 0.07 
8 0.01 | 0.02 | 0.04 
9 | . | 0.01 0.02 
10 - - | ; 0.01 


| 
i i r 


The normalized weights w(m, j) from eq. (7) are given to two decimal places for 
mup to 10 in Table IT. In practice, it may often suffice to derive the relative weights 
from the relation w(*)~[1— (a#/m)?}?, where m is the half-track length. 
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S and P Wave Analysis of Proton-Proton Seattering Experiments. 


L. Beretta, E. CLEMENTEL and C. VILLI 


Istituti di Fisica dell Universita di Padova e di Trieste 
Istituto Nazionale di Fisica Nucleare - Sezione di Padova 


(ricevuto il 5 Marzo 1955) 


Recently, using consistently the hypothesis of charge independence of nuclear 
forces, high energy p-p and n-p scattering data have been satisfactorily fitted 
without D-waves (1). The method employed allows the determination of certain 
combinations of the triplet P state phase shifts 6,(J 90, 1, 2), whereas the singlet S 
state phase shift is evaluated in first Born approximation assuming a meson po- 
tential well. 

Howeyer, detailed information either on the phase 1K, or 6, can be obtained 
entirely from experimental data taking into account Coulomb interference at small 
angles and without any preconceived nuclear potential. 

In the following we shall outline a way of approach which gives a clear insight 
in the phase shift mechanism in fitting the experimental data, and which was 
found suitable also for scattering analysis at intermediate energies, where the angular 
dependence of the nuclear term in the proton-proton cross-section cannot be ne- 
glected. 

While this work was in progress, the idea of using Coulomb interference to get 
nuclear phase shifts has been suggested also by GARREN (°), but the procedure he 
employes is somewhat different and so far applied to high energies, where the ana- 
lysis in terms of S and P waves only is questionable (*). 

We eall z,(k) and 2,(k) the phase shift combinations indicated by « and f in refe- 
rence (1), 23(k) = sin (1K) cos (1K) and 24(h) = f(d9, 1 3) the coefficient of 
P,(cos 0). Unless otherwise stated, all other symbols correspond to those used in 
the above quoted paper. 

The Breit-Kittel-Thaxton formula of the proton-proton cross-section, valid for 
a non central potential, gives at # = 7/2 


(1) sin?(1K,) = [1 — 27 sin(ylog 2)}-?[AP(a/2) — 2,(k)+ 27 cos (4 log 2) 24(k)-+ $24(k) | 


@) R. M. THaLer and J. BENGSTON: Phys. Rev., 94, 679 (1954). 
(2) A. GARREN: Phys. Rev., 96, 1709 (1954). 
(8) B. D. Frrep: Phys. Rev., 95, 851 (1954). 
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where 
(2) AP(8) = k*[P(0) — P,(9)]. 


From the p-p cross-section, separating the terms independent from 2,(k), we get 
(3) @,,(k, 8) = AP(8) —-AP(a/2)[1+ (y/2) ¥o(8)I1 — 2n sin (y log 2)? = 
; 4 
5 La,(k, D)z,(k),. 
t=) 

where 
(4) ai(k, 8) = 14 (a/2)¥,(0)Py( 0080) — [1+ (y/2)¥,(0)]01 —2n sin (mn log 2)1, 
(5) aj(k, 0) = 2n cos (y log 2)[1+ (7/2) ¥,() J. — 27 sin (4 log 2)}-! — (/2)X, (9) . 
(6) a,(k, 8) = — (n/2)X,(8) P,(cos 8) , 
(7) a,(k, 3) = P,(cos 3) + a 41+ ( (y/2) Y,(#) [1 — 27 sin (7 log 2)}-} 


Since to the approximation of 0.1% a,(k, 3) ~ a,(k, #), the determination of 
the unknown quantities 2,(4) directly from Eq. (3) by fitting the experimental data 
at small angles, where the Coulomb interference is sensible, becomes difficult. In 
particular, for intermediate energies (7 > 0.015), this procedure would lead to un- 
reliable results, unless the experimental cross-sections were known with exceedingly 
high accuracy. 

To overcome this difficulty we determine from Eq. (1) the quantity ($)z,(/) —- 2,(k) 
as a function of 1K,. Then we write down Eq. (3) for two angles 3, and 0, and we 
determine all 2,(k) as functions of 1A,. It follows that the proton-proton cross- 
section, for a given energy and at a given angle, depends on 1K, only. Finally, by 


choosing a third angle #,, the S-wave phase shift 1, is determined by solving the i 
equation P(1K,, 0,) = P.,,(93). Once A, is known, all z,(k) are also determined. z 
As a check, the same procedure can be applied to a fourth angle, to esthablish if ; 
the value of the cross-section corresponds, within quoted experimental errors, to ; 
the previously determined S-wave phase shift. The quantity (4)z,(k) —2,(k) depends ; 
on tk, through a fourth degree equation, and therefore the total number of sets i 


[1K,, 2,(k)], for a given energy, is four. Selection among these sets is provided by 
the best fit over all angles with the experimental cross-section. The more accurate 
the experimental data, the more strict is the discrimination of the set reproducing 
correctly the essential features of the cross-section. In general, the constructive or 
destructive interference between nuclear and coulomb terms is decisive in selecting 
the sign of 1K). 

Once the set ['A,, 2,(k)] is selected, we express sind,=* and sin 6,=y as a 
function of 6, by means of the following equations 


POR ela Ke oe ae 
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¥ 

(9) ya(Oo) = (a — 2%) , 

where 

(10)  «(d,) = %4(h) — 5 sin? 6,, B(dg) = 2,(k) — 5 sin 6, Cos d,, (0g) = «2+ B2— 3a. 


(8) x (Oo) 
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The pairs 74(0,) and y+(6,) are then selected taking account of the equatiom 
2,(k) = f (dq, 9,, 52). 

~ As an example of more extensive calculations which will be published later, 
we discuss p-p scattering at 18 MeV. The following partial analysis is based on 
the experimental data of YNreMA and WHITE (2); 


Ve a 


_S AND P WAVE ANALYSIS OF PROTON-PROTON SCATTERING EXPERIMENTS TAL. 


The variation of the S-wave phase shift 1, is limited within the interval 


199 <1K, <52.5°. Correspondingly it is found — 0.2148 <z2,< 0.3431, 0.0224 < 
< 2 <0.5464 and 0.1717 <2, <0.3926. These figures have been obtained assuming 
#, = 30°[P(30°) = 25 mb] and #, = 40° [P(40°) = 26.60 mb]. Taking now the angle 
8, — 60°, we find that the p-p cross-section as a function of 1A, varies in the inter- 
val 22.22 mb < P('K,, 60°) <36,69 mb, and the equation P(‘K,; 60°) = P.,,(60°) = 
= 27.37 mb is satisfied for 1K, = 43.7°. It follows that 2, = 0.0378, 2, = 0.1678 
and 2, = 0.1697. Since «(d,) > 0, the phase shift 0, is defined within the interval 
— 10.79 <6, <10.7°. A further reduction of this interval is provided by the con- 
dition fp? <y(4 + y — 2a), which insures that the phase shifts are all real. It is found 
that the possible solutions correspond to 6, varying within the interval — 5.79 < 
(On Oca. 

Incompatible with the equation 24(/) = f(09, 1, 52) were found the following 
sets: [6, <.0, 7, < 0, y4.> 0], [6,* 0, 7, $0, yy SO eos 0s eL.O,, Goal 
And On 0, t. > 0; Yo > Ok 

Taking mean values of solutions which differ from each other by less than 1%,- 
for 1K, = 43.7°, we find the following values for the phase shifts 46): 


(a) Se LO Ate, Oy ee nT 8e a Oye 52, 75° 3 
(b) Seah Gh ads 10a <P 18s 
(c) B24 be aad 9 4.30, 10, = — 11°. 


The cross-section at # = 90° has the value 27.37 mb, the plateau is reached at 
8 = 60°, the dip occurs at & = 27° [P(27°) = 24.95 mb]. The value of the cross- 
section at # — 20°, where at the present no experimental data are available, aip- 
pears to be 28.3 mb. 

According to this analysis it is seen that the nuclear term of the p-p cross- 
section shows a sensible angular dependence, which was found essential to deter- 
mine the plateau. An attempt has also been made to consider Pyyo angle independent, 
ie. 2,=0. Im this case we found ‘Ky = 50.5°, % = 0.0257 and 2 = — 0.0447- 
Correspondingly, the following sets were determined: 


(a) dan 1a Senty Ok 


td SE 5 ET 55 
(b) US ook Oh Rabe ae elena Wr ey 
(c) PikeentO dig petOp ee 829, , | ,== 0:25. 


As a consequence of the assumption 2, = 0, the calculated cross-section was not: 
found flat definite, within quoted experimental errors, between #? = 60° and # = 90°. 


(¢) J. L. Ynrema and M. G. WuHIrE: Phys. Mev., 95, 1226 (1954). 
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Sull’introduzione di un intervallo di tempo fondamentale 
nella teoria dell’elettrone. 


P. CALDIROLA 


Istituto di Scienze Fisiche dell Universita - Milano 
Istituto Nazionale di Fisica Nucleare - Sezione di Milano 


(ricevuto il 5 Marzo 1955) 


Nella teoria classica dell’elettrone da 
noi proposta (1) Pequazione del moto 


viene stabilita partendo dall’assunzione 
che il moto « macroscopico » dell’elettrone 
puod essere definito solo in una succes- 
sione discreta di istanti separati lun 
Valtro da un intervallo fondamentale r, 
di valore 


(1) gas ete 


Vogliamo ora mostrare, per mezzo 
del principio di indeterminazione di 
Heisenberg, come la considerazione di un 
siffatto intervallo abbia un significato 
notevole anche in campo quantistico. 

Ricordiamo che se si vuol determinare 
aun istante t l’energia # di una _parti- 
cella di massa my; le grandezze +t e EH 
sono conoscibili solo con la limitazione 


@) P. CaLpIRoLa: Nuovo Cimento, 10, 1747 
(1953); P. CaLprrota e F. Durmio: Nuovo Ci- 
mento, 12, 699 (1954); R. CIRELLI: Nuovo Cimento, 
1, 260 (1955); P. CaLprRoLA: Nuovo Cimento, 
1, 269° (1955); 1, 347 (1955). 


imposta dalla relazione di indetermina- 
zione 


(2) Ar:-AH >h. 


In particolare la conoscenza sempre 
piu esatta della grandezza rt (onde 
At —0) comporta un’incertezza sempre 
mageiore sul valore della grandezza H 
(onde AH — co). Cid vuol dire che il pro- 
cedimento di misura attribuisce alla par- 
ticella un moto incontrollabile di flut- 
tuazione cui compete un’energia tanto 
pit elevata quanto pit rapida é Vopera- 
zione di misura. 

Se si suppone che possano esistere 
stati interni « eccitati» della particella 
caratterizzati da valori della massa pit 
elevati di quella m, che compete alla 
particella ordinaria (vale a dire nel suo 
stato interno fondamentale), avremo che 
la locuzione «particella di massa my » 
avra un significato abbastanza preciso 
solo finche AH @ minore della differenza 
fra lenergia intrinseca jc? che compete 
al primo stato eccitato della particella e 
quella m,c? del suo stato fondamentale; 
vale a dire finché AH < (uy —m,)c? (?). 


(*) La legittimita di applicare le relazioni di 
indeterminazione nel modo qui seguito dovrebbe 
a tutto rigore essere giustificata da una preci- 


Re 
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SULL’INTRODUZIONE DI UN INTERVALLO 


Dalla (2) deriva allora che Vistante 
di osservazione della particella dovra sof- 
frire di una incertezza: 


h he 


(Hy — Me 


(3) 


Ar > 


Supponendo, come da qualeuno (*) é 
stato suggerito, che il mesone wu possa 
considerarsi come il primo stato eccitato 
dell’ elettrone e osservando che per la sua 
massa si ha: 


\ 


he 
7 2 mw 57,02 ee ee 2. 
(io — Mo)C? & 206mM9¢ cae 2 MC , 


sostituendo nella (3) si ottiene: 


(4) 


Tn altri termini, il valore della massa 
a riposo m, di un elettrone non pud 
essere dato ad un istante esatto ma solo 
entro un intervallo temporale 


emes 
At~— : 
3 myc 


E interessante notare come questa 
limitazione, pur essendo stata dedotta 
dalla. relazione di indeterminazione di 


sazione matematica del concetto di stato interno 
eccitato di una particella. 

(@) Ad esempio: D. Boum e M. WEINSTEIN: 
Phys. Rev., 74, 1784 (1948): M. Suyawara: 
Prog. Theor. Phys., 7, 599 (1952); T. HAMADA 
e M. SuyawaRra: Prog. Theor. Phys., 8, 363. 
(1952). 


coincidenza numerica ma 


DI TEMPO FOND \MENTALE ECC. 743 
Heisenberg fondamentale della teoria 
quantistica, non contenga la costante di 
Planck (+). 

Osserviamo ancora che, volendo se- 
guire un elettrone (di massa definita mp) 
nel suo moto, come conseguenza di 
quanto precede avra significato solo la 
considerazione di due istanti successivi 
T, © T,, clascuno assegnabile con Vincer- 
tezza (4) e quindi tali che: 


Orbene la quantita $(e?/m ¢*) coin- 
cide con Vintervallo di tempo elemen- 
tare (1) che separa, nella teoria da noi 
proposta, due istanti successivi in cui é 
definito il moto « macroscopico » Classico 
dell’ elettrone. 

E ovvio che la dimostrazione prece- 
dente pud essere invertita: ammessa cioé 
un’indeterminazione At ~ t)/2 nella mi- 
sura del tempo t, si pud risalire all’esi- 
stenza di uno stato eccitato dell’ elettrone 
cui compete und massa pari a quella del 
mesone u.. 


Ringrazio il dott. LOINGER per alcune 
sue apprezzate osservazioni. 


(4) Naturalmente cid @ vero se si Suppone 
3 he 

ehe la relazione 206 ~ B oe sia una mera 
abbia un effettivo 
fondamento teorico connesso al modello stesso 
del mesone u.. Tale relazione, suggerita da tempo 
da Y. NamsBu: Prog. Teor. Phys., 7, 595 (1952). 
é oggi accettata da diversi autori. 
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Esempio di una probabile particella Ay di alta energia. 


A. Dr Marco, A. MILONE e M. REINHARZ 


Istituto di Fisica dell’ Universita - Genova 
Istituto Nazionale di Fisica Nucleare - 


(riceyuto il 9 


1. — Avviene frequentemente di tro- 
vare nell’esplorazione di lastre nucleari 
eventi costituiti da una traccia con 
ionizzazione doppia del minimo che si 
risolve poi in due tracce al minimo di 
ionizzazione. Tali eventi sono di solito 
attribuiti a coppie di elettroni. 

Riteniamo utile descrivere uno di tali 
eventi da noi studiato, che sembra poter 
essere interpretato come la disintegra- 
zione in volo di una particella A, di 
una energia di ~5 + 1 GeV. 

L’evento ¢@ stato trovato durante 
Vesplorazione dilastre nucleari G5 esposte 
per 65 40" ad una altezza media di 
24000 m (spedizione Sardegna 1953), 
esplorazione eseguita per la ricerca di 
elettroni d’urto. L’evento, mostrato in 
figura, @ costituito da una coppia di 
particelle al minimo di ionizzazione, for- 
manti tra loro un angolo talmente pic- 
colo che le due tracce restano inseparate 
per un tratto di 5000 uw. In questo tratto 
e precisamente a 4700 u dal vertice della 
coppia, ha origine un’altra traccia al 
minimo di ionizzazione, facilmente iden- 
tificabile dal suo scattering per un elet- 
trone. 

Data la natura dell’evento @ ragio- 
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nevole assumere che detto elettrone sia 


stato generato in un urto elastico di una. 


delle due particelle costituenti la coppia 
con un elettrone dell’emulsione. Ci é 
sembrato quindi opportuno approfittare 
di questa circostanza per vedere se era 
possibile identificare il processo che aveva. 
dato origine alla coppia. 


2. — I risultati delle misure eseguite 
Su clascuna traccia sono riportati nella 
seguente tabella: 


“du. ie 

traccia vhezzau N/100 p. |(&/100y.)° - 108 
a 5000 | 56,6+1,6 | — r 
s | 20000 | 26,8-+0,9 | 16+ -3,6 
d 20000 26,6-40,9 8+ 1,6 
e 2000 24,0+1,0 1000+150 

| 

| @=ae=795T' + 0°48" 


Le misure di ionizzazione sono state 
fatte con ingrandimento 1600, risol- 
vendo i singoli grani, mentre quelle di « 
sono state eseguite per le tracce s e d 
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con il metodo delle saggitte e per la 
traecia e con il metodo angolare. Le 
misure sono state corrette dalla distor- 
sione, determinata col metodo di Mayor (?) 
e che @ risultata circa un ventesimo del 
valore della saggitta media relativa alle 
celle di misure. Gli errori su % sono stati 
ealeolati seguendo le indicazioni consi- 
gliate nel Suppl. Nuovo Cimento, 12, 
228 (1954). 

Per la misura degli angoli 0 e o, 
per il calcolo dei relativi errori e per la 
determinazione dell’energia cinetica H 
della particella urtante, ottenuta dalle 
misure fatte sullelettrone urtato, sono 
stati seguiti i criteri esposti in un arti- 
colo in corso di pubblicazione sul Nwovo 
Cimento. 


3. — Se la particella responsabile del- 
Velettrone d’urto fosse un elettrone, do- 
vrebbe avere un’energia cinetica H = 
= (83,473'3:) MeV e di conseguenza un 
angolo di scattering % = (0,387 o79)° che 
non ¢ compatibile con nessuno dei valori 
trovati sperimentalmente su ciascuna 
delle due tracce. D’altra parte un elet- 
trone con un’energia cinetica di 83,4 MeV 
non pud produrre un elettrone d’urto di 
32 MeV senza subire una deviazione 
apprezzabile (5°) dalla sua direzione ini- 
giale. Possiamo quindi concludere che 
entro i limiti di precisione delle misure, 
la particella responsabile dell’ elettrone 
durto non pud essere un elettrone (*). 
Siccome non vi ¢ aleuna evidenza di 
particelle di massa intermedia fra l’elet- 
trone e il mesone, si pud calcolare la 
massa della particella urtante per mezzo 
della formula (5) dell’articolo su citato. 


(@) J. V. Mayor: Brit. Journ. Appl. Phys., 
8, 309 (1952). 

(*) Cid quando si trascuri il fatto che, nel- 
18% dei casi, la misura dell’energia dell’elet - 
trone pud essere errata, per, difetto, a causa 
della perdita di energia per radiazione. 
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Si ottengono, tenendo conto dei valori ~ 
di % riportati nella tabella, i seguenti 
valori per le masse delle particelle costi- 
tuenti il ramo di destra e il ramo di 
sinistra della coppia: 


ramo di destra: m = (440+145) MeV 


(traccia d) 


ramo di sinistra: m = (220+ 75) MeV 
(traccia s) 


B quindi plausibile che la particella 
responsabile dell’elettrone d’urto sia 
quella relativa al ramo di sinistra della 
coppia, la cui massa é compatibile con 
quella di un mesone leggero. 

Escluso che si tratti di una coppia di 
elettroni, si possono fare le seguenti 
ipotesi: 


1) Vevento @ una particella Q): in 
tal caso le due particelle, costituenti 1 
due rami della coppia, sono entrambe 
dei mesoni leggeri, e l’energia di legame 
risulta YQ = (16,4773) MeV. 


2) levento @ una particella Noe 
in tal caso le due particelle sono un 
mesone leggero ed un protone. Se il 
mesone é il ramo di sinistra si ha 
(y= (94,4173) MeV, se invece é il ramo 
di destra si ha Q = (474,77 7477) MeV. 


Confrontando i valori di Q cosi tro- 
vati con quelli delle energie di legame 
relativi alle particelle 0,-e Ay, si vede 
che la seconda ipotesi, nel caso che il 
mesone sia il ramo di sinistra, ¢ la piu 
ragionevole, per cui l’evento puod essere 
considerato, con molta probabilita, come 
una particella A, di alta energia. 


Desideriamo ringraziare il gruppo 
lastre dell’Istituto di Fisica della Uni- 
versita di Roma per aver concesso di 
utilizzare i loro microscopi per le nostre 
misure, ed i proff. E. Pancrtni e A. Bor- 
SELLINO per l’incoraggiamento e le utili 
discussioni. 
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On the Decay of 1%4Cs. 


G. BERTOLINI, M. BETTONI and KE. LAZZARINI 


Istituto di Fisica Sperimentale del Politecnico - Milano 


(ricevuto il 10 Marzo 1955) 


134C's is known to decay by 8 emission 

excited states of 1%4Ba. Several 
measurements have been made on the 
energy of the y-rays and on the #-rays 
spectrum with scintillation and magne- 
tic spectrometers (1°). 

The continous spectrum shows a 
low energy component (~ 90 keV) and 
two high energy components (~ 650 keV) 
the end points of which differ by 3040 
keV. However the evaluation of the 
higher component is only informative 
since the end of the spectrum is disturbed 
by the internal conversion of 
560 and 600 keV y-rays. 

We have investigated the §-decays 


on 


lines 


() T. SrpGBHAN M. DrutscH: 
71, 483 (1947); 78, 410 (1948). 

(*?) M. A. WAGGONER, M. L. Moon and A. Ro- 
BERTS: Phys. Iev., 80, 420 (1950). 

(3) L. G. Evxior and R. BE. Bet: Phys. Rev., 
72, 979 (1947). . 

(4) F. H. Scumipt and G. L. Krister: Phys. 
zvev., 86, 632 (1952). 

() J... Ma (Cork; J Me We Banos 
NESTER, D. W. MARTIN and M. K. 
Phys. Rev., 90, 444 (1953). 

(8) M. C. Josur and B: V. 
Rev., 96, 1022 (1954). 
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in coincidence with y-rays of different: 
with an intermediate image 
B-ray spectrometer and a Nal(T1) crystal, 
fig. 1. The y-ray spectrum detected by 
the Nal crystal is shown in fig. 2. 


energies 


oe : 


Light pipe 
< 5819 
—— ee Pb : 
[sex Na I(T) 


eg 
Anthracene 


= 


Fig. 1. — Schematic diagram of magnetic spec- 
trometer. 


In fig. 3 (a, b, c) are shown the Fermi 
plots of the 8-spectrum in coincidence 
with y-rays of energy higher than D,, 
D, and D, respectively. In fig. 3a the 
8-spectrum going to 1.395 MeV level is. 
predominant and in fig. 3¢ a §-spectrum 


of allowed shape with end point of 


approximatively 335 keV shows up. On 
the other hand in fig. 3b the three 
B-spectra going to 1.700, 1.395 and 
1.361 MeV levels are present. 
way the straight lines of figs. 3a and 3¢ 
and the convex line of fig. 3b can be 
understood. 


In this. 
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Fig. 2. — y-ray spectrum detected by the Nal(Tl) erystal. ‘ 
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Fig. 3a. — Fermi plot of g-spectrum in coin- 
cidence with y-rays of energy higher than D, 
(360 keV). 
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Fig. 3b. — Fermi plot of @-spectrum in coin- 
cidence with y-rays of energy higher than D;. 
(950 keV). 


640 keV 


1.0 15 C0 
Fig. 3c. — Fermi plot of @-spectrum 
cidence with y-rays of ehergy higher than D, 


in coin- 


(1100 keV). The figure below shows the Fermi 
plot of the 335 keV (-spectrum. 


Fig. 4. — Proposed decay scheme of !4Cs. 


, 
: 


With these results and with preli- 
minary measurements on the y-y coin- 
cidences a quite reasonable decay scheme 
of 134Cg can be that shown in fig. 4. 

A complete description of 8-y and 
y-y coincidence is going to be published 
soon. 
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The Optical Model and the Nucleon-Nucleus Scattering. 


A. Kinpb and C. VILLI 


Istituti di Fisica dell’ Universita di Padova e di Trieste 
Istituto Nazionale di Fisica Nucleare - Sezione di Padova 


(ricevuto il 10 Marzo 1955) 


Recently the optical model of the 
nucleus has been re-examined on the 
basis of recent measurements of the total 
neutron cross sections for neutron ener- 
gies ranging from 0 to 3 MeV (?) and 
from 40 to 300 MeV (2). The attempt 
to fit the measured cross sections by 
adjusting the values of the inverse 
mean free path for absorption of neutrons 
in nuclear matter K and the average 
potential V, encountered by a nucleon 
inside a nucleus, has given evidence that 
not only K but also V varies with 
neutron energy. In particular, agree- 
ment, within quoted experimental errors, 
between the calculated cross sections 
and the observed ones in the energy 
range 60300 MeV is obtained provided 
the potential V behaves as a monoto- 
nically decreasing function of the neutron 
energy EH from a maximum value of 
V ~30 MeV for Hx 60 MeV to 
V ~ 10 MeV for H ® 300 MeV. 

In this note we attempt to give a first 
rough theoretical justification of the em- 


(@) H. Fesupacu, C. E. Porter and V. F. 
WEISSKOPF: Phys. Rev., 96, 448 (1954). 

() T. B. Taytor: Nuclear Scattering of high 
energy neutrons and optical model of the nucleus, 
to be published in the Physical Review. 
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pirical results concerning V on the basis 
of the independent particle model. 

Consider a neutron of energy H# and 
wave number k, outside the nucleus, col- 
liding with a nucleus made up of 4 
nucleons filling up all states of lower 
energy. In the limiting case of low 
neutron. energies, the independent part- 
icle model, according to which the 
incoherent part of the nuclear interaction 
is negligible compared with the coherent 
one, allows the calculation of the mean 
potential energy of the neutron within 
the nucleus in terms of perturbation 
theory. With reference to the elastic 
part of the nuclear interaction, the same 
can also be assumed valid for high 
neutron energies and the mean potential 
energy can still be calculated by means 
of perturbation methods. It follows that 
in both cases, in order to calculate V, 
one may assume as a zero approximation 
that the nuclear matter remains un- 
perturbed by the passage of the neutron 
through it. 

The ‘consequences of this approxi- 
mation in the optical picture are the 
following. Let AL be the work done by 
the interaction forces exerted between 
the incident neutron and the nuclear 
matter. Then, the kinetic energy of 


750 A. KIND and ©. VILLI 


the neutron will increase from the value 
EL, outside the nucleus, to a certain value 
H', inside the nucleus, and the mean 
kinetic energy of the nuclear matter 
itself will also undergo an elastic in- 
crease JAU,. Since the energy conserva- 
tion requires that 


(1) A AU = Boe AT 


the variation of the magnitude of the 
propagation vector inside the nucleus is 
given by 


2) k =if(i AL — AU,\3 i} 
( aca Gk ot Pere Ue -d 


Assuming in eq. (2) 42 — AU, = V, one 
gets the standard definition of the 
refractive index of nuclear matter ac- 
cording to the optical model, provided V 
is assumed dependent on the magnitude 
k'=k-+ k, of the propagation vector 
of the neutron inside the nucleus. The 
zero approximation AU, =0 means, 
therefore, that the whole of the inter- 
action energy is spent in increasing the 
kinetic energy of the neutron and, 
consequently, one has to expect that 
the momentum of the nucleon within 
the nucleus is in this way overestimat- 
ed. Although only the consideration of 
a higher approximation - will put the 
picture in correct terms by sharing the 
available interaction energy between the 
incident neutron and the nuclear matter, 
it was thought of interest to develop 
the consequences of the approximation 
AU, =0 and compare the calculated 
anomalous dispersive properties of nuc- 
lear matter for neutron waves with 
those revealed by the above quoted 
analyses (12). 

We describe the interaction of the 
incident neutron with the individual 
nucleons of the nucleus in terms of a 
central potential having a Yukawa beha- 
vior and exchange properties expressed 
by the operator 


(3) O = 77,[9? + P(o0,;)]- 


The range of the nuclear forces a)* and 
the two interaction parameters g? and /? 
will be determined from experiments. 
The wave function of the system nuc- 
leus + nucleon is totally antisymmet- 
rized and written as a Slater determinant. 
Following the usual procedure, one gets, 
after summation over spin and isotopic 
spin and integration over space coor- 
dinates: 


48h2a5 
MQ 


A 1 
(q+ 3f 3 ae 
ash ) 2 1 + (k'—k,)? 


where 2 is the nuclear volume, M the 
nucleon mass, k’ and k; the momentum 
vectors of the guest neutron and of an 
individual nucleon of the nucleus. To 
perform the summation over nucleons 
we introduce polar coordinates in mo- 
mentum space and integrate over k,. It is 
found 
12h2ae 


[LN My oy SS 2\ 1 k’), 
k') a ae 3P)G(Ko, k') 


(6) G(ko, k’) == kg ig 
a ie 
a ARE pai 


og Lt (hl + hl 
Sit (h ak) 


— tg) (k'+ ky) + tg~* (k'— ky), 


ky being the Fermi sphere in units ad). 
Finally, from Eq. (2), with AU,=0, 
we have 


(7)... Efe fe)? = 1} = Vie), 


which is solved taking into account 
Eq. (5) to get V as a function of the 
kinetic energy EH of the neutron outside 
the nucleus. ; 

The result of this calculation is 
given in the figure, where the Taylor's 
curve (dotted curve) and the zero energy 
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data (1) (+) are compared with Eq. (5) 
(full line curve). We have assumed a 
nuclear radius R—=7,At with 1 = 
= 1,43-10-1 em and for the range of 
nuclear forees aj > = 1,76-10-% em. With 
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Fig. 1. 


these values the best fit with experi- 
mental data on total neutron cross 
sections is obtained provided g?+ 3/? =2. 
_Although we have no_ possibility to 
determine the values of g? and f? sepa- 
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rately, we may point out that the value 2 
for the combination g?+ 3/? is consistent 
with the values g?=0.258 and /?=0.595 
considered by Frohlich to fit the two 
lowest energy levels of the neutron- 
proton system and the ground state 
OLE ES 

As can be seen, there is a large discre- 
paney between the theoretical and the 
empirical curve in the energy range 
between 40 and 60 MeV, which cannot 
be eliminated along the lines of the 
present calculation. However, we point 
out that the behavior of the Taylor's 
curve in this energy region is strongly 
dependent on the assumption concerning 
the constant density of the nuclear 
matter and it seems hard to think, on 
the basis of the optical model, that in 
the very steep maximum there is much 
physical meaning. 


We thank Professor N. DALLAPORTA 
for very helpful discussions and Dr. 'T- 
B. TayLor, who made his paper availa- 
ble to us before publication. 
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Measurement of the Cross-Section and the Energy Spectrum 
in the Double Compton Effect. 


A. Braccr, C. Cocrva, L. CoLtti and R. Duenani LONATI 


Laboratori CISH - 


Milano 


(ricevuto il 12 Marzo 1955) 


The double Compton effect is a third 
order process in which a y quantum 
interacts with a free electron and as a 
consequence one electron and two y are 
diffused. 

The order of magnitude of the cross- 
section of such process was calculated 
in 1934 by HerrLer and NoORDHEIM (') 
in rather restrictive conditions, unfavour- 
able for experimental verification. 

Lately MANDL and SkKYRME (?) have 
taken up again the question of caleul- 
ation with the quantum electrodinamics 
methods of Dyson and Feynman, ob- 
taining the general expression for diffe- 
rential cross-section of this process. A 
first experimental indication of the 
double Compton effect was obtained by 
CAVANAGH (8). 

In the present work the cross-section 
and the energy distribution of the two 
y quanta diffused in the double Compton 
effeet is measured for energy of incident 
y of about 1 MeV and in the particular 


@) W. Herrter and L. NorpHEem: Physica, 
4, 1059 (1934). 

(*?) F. MANDEL and T. H. R. Skyrmu: Proc. 
Royal Soe., 215, 497 (1952). 

(*) P. EH. CavanaGH: Phys. Rev., 87, 
(1952). 


113) 


case of the emission at 90° of the two 
diffused y, with respect to the incident 
y and between themselves. This con- 
dition was chosen in view of the notable 
simplification, it has, of the formulae to 


be compared with the experimental 
results. 

The experimental set up is shown 
in Fig. 1. 


The source of y is ~ 200 mC of ®°Co 
which emits y-rays of 1.17 and 1.33 MeV 
energy. The y beam, collimated within 
a solid angle of 0.34% of a sphere, 
invests a thin target of  berillium. 
Measurements have been taken with 
targets 1 and 2.5 mm thick. 

The berillium was chosen because of 
its low atomic number. There might 
be some events in which two y are 
diffused simultaneously in the target, 
one y due to a normal Compton scat- 
tering and the other to bremsstrahlung 
emission in the target by the scattered 
electron; since the bremsstrahlung emis- 
sion depends on Z?, where Z is the 
atomic number of the target element, 
the probability of these events is strongly 
reduced taking as a target a light element. 

The y are revealed by two scintil- 
lation spectrographs with cubic sodium 
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Fig. 1. — Experimental set-up., C = Y rays of Co. 
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Be = berillium target. WS Sereening Mma- 


terial: lead. Nal = Sodium Iodide Crystals. 


iodide crystals of 1 inch and _ photo- 
multipliers EMI 6262 of 14 stages. The 
erystals are screened with a. layer of 
polystyrene 0.2 g/em? thick, to avoid 
the detection of Compton electrons dif- 
fused by the target. Such layer does 
not practically absorb y up to 20 keV 
energy; the y diffused by the berillium 
target are revealed when they form 
with the incident beam an angle bet- 
ween ~ 80° and 100°. 

In Fig. 2 the electronic scheme is 
outlined. The photomultipliers work at 
a rather high voltage in such a way 
that the output pulse at the anode can 
trigger directly without the need of 
further amplification a coincidence with 
resolving time of 3.3-10~*s. 

Under these conditions the output 
pulses at the anode are no more propor- 
tional to the energy released in the 
erystal by y-rays. For this reason two 
pulses proportional to the energy of the 
y absorbed by the crystal are taken 
from the twelfth dynode of the photo- 
multipliers and are sent after due 


amplification to the vertical plates (one 
to the upper, the other to the lower 


— Electronic scheme, 


Vig. 2. 
- High voltage supply. 
F.T. = Photomultipliers. 
A = Anode output. 


D = Dynode output. 

GF = Cathode Follower. 

Amp = Amplifier. 

L.R. = Delay line. 

C.R. = Coincidence circuit. 

V = Vertical plate of the oscillograph. 
O = Horizontal plate of the oscillograph. 
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Fig. 3. — Map showing double Compton Effect. 
a couple as photographed on the oscillograph. 


plate) of the oscillograph, one of these 
pulses with ~ 6-10-*s delay. 

The oscillograph sweep is started by 
the output pulse of the coincidence. It 
is thus possible to photograph couples of 
proportional pulses which correspond to 
coincidence events. From the analysis 
of the photographs a diagram is cons- 
tructed where a pair of pulses in coinci- 
dence is represented by a point, the 
coordinates of which correspond respec- 
tively to the height of the two pulses. 
In such diagram it is possible to distin- 
guish easily background points due to 
events which are independent of the 
target or due to casual coincidences. 
This is due to the fact that points 
corresponding to different processes fall 
in rather separated areas of such a map. 
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Coordinates are the energies of the two Y forming 
Hach point represents a couple of y scattered 
by the target, which gave rise to a coincidence. This map was taken with 2,5 mm berillium thickness. 


In addition these events can be measured 
independently and deduced from the 
diagram. 

Fig. 3 represents one of the diagrams 
obtained after such deduction has been 
made. The continouos curves trace the 
points representing the energies of a 
couple of y scattered by double Compton 
effect, obtained on the basis of conser- 
vation laws in the case where the two 
y are diffused at an angle of 90° with 
incident y and between themselves, and 
where the energy of the incident y is 
1.17 and 1.33 MeV. The dotted curves 
correspond to the extreme angles of 
diffusion that the experimental set up 
allows. 

In the area contained between the 
two dotted curves are found the expe- 
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rimental points representing double 
Compton events in which the two scat- 
tered y release all their energy in the 
crystals. On the other hand the points 
in the lower area correspond to ‘the 
detection in the crystals by single 
Compton effect. 

In this lower area are also found the 
points corresponding to those y diffused 
from the target through double Compton 
effect, which have undergone a process 
of diffusion in the lead of the screen 
surrounding the crystals themselves. 

For the comparison of experimental 
results with the theoretical calculations 
of the cross-section and the energy di- 
stribution of the diffused y, it is con- 
venient to consider only the points 
between the two dotted curves. In this 
area, points due to background without 
berillium target are found to be about 


2.5%, of the total events detected and 
events due to casual coincidences are 


found to be 20%. 

With points in such area, corrected 
as said above, it is possible to construct 
a spectrum of energy in the form of an 
histogram with channels of 25 keV; this 
spectrum must be corrected for the 
detection yield versus the energy. The 
yield was calculated on the basis of the 
data obtained by MAbDER MULLER and 
WINTERSTEIGER (4) which were adapted 
to our geometrical conditions; it has 
been experimentally controlled for ener- 
gies of 500 keV and 1.2 MeV. 

Fig. 4 shows the energy spectra, 
corrected as said above, given by the 
histograms n. 1 and n. 2. The histogram 
n. 3 represents the energy distribution 
calculated according to Manpi and 
SkKyYRMbz (2) in the particular case appli- 
cable to our experimental set up. As 
the figure shows, the agreement between 
the theory and the experimental values 
is good. ’ 

From the integral of the experimental 


(4) D. Marper R. MULLER and V. WINTER- 
srriEer: Helv. Phys. Acta, 27 1 (1954). ~ 
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Fig. 4.— Energy spectrum of y diffused by double 
Compton effect in our experimental conditions, 
given in an arbitrary scale. 

—— histogram n. 1, taken with 2,5 mm berillium 

thickness. 

—'— histogram n. 2, 
thickness. 

--- histogram n. 3, as caleuiated from the conti- 
nuous curve, which represents the theo- 
retical spectrum, The histograms are norma- 
lized to the same area. 


taken with 1 mm berilliam 


histogram it is possible to deduce the 
cross-section of the process. We made 
only an approximate calculation for this 
cross-section, which gives 4-10~°° em* 
per unit solid angle. 

Measurements and calculations are in 
progress for a_ better estimate of this 
value. 

The results obtained with different 
berillium thickness, are in good agree- 
ment between themselves. 


The authors wish to express their 
appreciation for the many valuable sug- 
gestions and discussions to Protin Ge 
Boia, B. FERRETTI, P. CALDIROLA and 
U. FaccHint- : 


Reports on Progress in Physica; Vo- 
lume XVII (1954) a cura di A. C. 
STICKLAND. Ed. The Phusical So- 
ciety, London, pag. 280; 50 8s. 


E uscito quest’anno il 17° volume 
dei Reports on Progress in Physics della 
Societa di Fisica di Londra. Questo vo- 
lume, che prosegue una ben nota rac- 
colta, contiene otto articol, tutti con il 
sarattere di rassegna critica gl Autori 
sono noti specialisti della materiape- 
Vesposizione é in generale piuttosto a 
profondita, ma sempre accompagnata da 
parti introduttive e da spiegazioni ten- 
denti a rendere il testo comprensibile di 
per se stesso. Ogni articolo reca una 
raccolta di riferimenti bibliografici, tal- 
volta molto estesi. . 

Il primo di questi lavori, scritto da 
M. H. L. Pryce di Oxford, espone le 
ragioni per cui é state proposto un mo- 
dello « a shell » per la struttura del nucleo 
e ne dimostra 1 vantagegi e le limita 
zioni, confrontandolo con i modelli di 
tipo «collettivo ». 

Il secondo articolo @ una rassegna 
critica dei pit. recenti- progressi nella 
teoria classica della diffrazione, ad opere 
di C. J. BouwKamp, dei laboratori di 
ricerca Philips di Endhoven, basata su 
di una bibliografia molto estesa. 

J. A. CHALMERS tratta poi numerosi 
problemi sulla elettricita atmosferica, 
scegliendo quelli su cui negli ultimi anni 
si sono ayuti progressi significativi. 

Sulle condizioni fisiche della corona 
solare, le conoscenze si sono estese e 
approfondite notevolmente da una de- 
cina d’anni a questa parte, dopo i lavori 
di Edlén (1942), ma aleuni problemi 


non sono ancora completamente risolti- 
Ne riferisce C. W. ALLEN dell’ Osserva- 
torio’ Astronomico della Universita di 


Londra in un 
anche dati numerici e fotografie. 

EK. Tevcier della Universita di Cali- 
fornia tratta invece delle teoria sull ort- 
gine dei raggi cosmici, concludendo in: 
favore del mececanismo di accelerazione 


proposto da Fruit, completato dalla. 


localizzazione dei campi acceleratori sug- 
gerita da UNSOLD. 
Il problema della struttura elettro- 


nica delle molecole e della natura de: 


legami chimici viene discusso da W. Mor- 
FitT della Harvard University, che pre- 
senta una teoria generale degli stati di 
valenza corredata da esempi illustrativi. 
Seguono un articolo di A. B. Lipr1aRp: 
sul’ antiferromagnetismo, ed una ras- 
segna delle notizie sin ora raccolte su 
movimenti orizzontali della ionosfera, a 
cura di B. H. Briggs e di M. SPENCER 
del Cavendish Laboratory di Cambridge, 
che raccoglie i risultati di osservazioni 
compiute in ogni parte del mondo. 


F. A.’ Levi 


I. A. Dp. Lewis e F. H. WELLS — W1l- 
limicrosecond Pulse Techniques; 


Pergamon Press, 1954, 309 pag.; 
50 s. 


Lo scopo di questa opera é quello di 
fornire al lettore una trattazione mono- 
grafica sui circuiti destinati ad operare: 
in una banda di frequenze intermedie 
tra quella delle onde corte e quella delle 


breve articolo recante 


microonde, ed in particolare studiati per 
il funzionamento ad impulsi. In questa 
zona, nella quale si ha a che fare con 
intervalli di tempo dell’ordine del milli- 
microsecondo, ci si trova al confine tra 
4l regno dei circuiti a costanti concen- 
trate, per i quali le dimensioni geome- 
triche degli elementi componenti non 
hanno grande importanza essendo sempre 
agsai piu piccole della lunghezza d’onda, 
e quello dei circuiti a costanti distri- 
buite, adatti per altissime frequenze. 

La tecnica descritta nel volume, ha 
quindi due aspetti fondamentali: da un 
lato si cerca di perfezionare i circuiti 
classici a costanti concentrate per adat- 
tarli a frequenze pit alte, dall’altro s1 
ricorre alle costanti distribuite che de- 
vono essere studiate dal punto di vista 
della propagazione delle onde. Impor- 
tanti applicazioni si hanno nella fisica 
nucleare come pure in molti altri campi 
di ricerea e per tali ragioni il libro pre- 
senta noteyole interesse per i fisici oltre 
che per gli ingegneri specializzati in 
elettronica e microonde. 

Una breve introduzione teorica ri- 
chiama le leggi fondamentali ed i pro- 
cedimenti matematici necessari per la 
comprensione del testo e serve come 
premessa alla parte pit estesa del vo- 
lume, costituita da cinque capitoli nei 
quali sono presi in considerazione i sin- 
goli elementi dei circuiti e le apparec- 
chiature fondamentali; essi trattano nel- 
lordine: linee di trasmissione, trasfor- 
matori, generatori di impulsi, amplifi- 
eatori e oscillografi a raggi catodici. 

Un esteso capitolo, derivato in gran 
parte dalla personale esperienza degli 
‘Autori, illustra le applicazioni alla fisica 
nucleare, mentre altre apparecchiature 
sono brevemente elencate alla fine del 
volume. La trattazione € caratterizzata 
da una equilibrata fusione tra le consi- 
derazioni teoriche ed i dati pratici; essa 
si presenta perd piuttosto sintetica e 
richiede al lettore una adeguata prepa- 
razione specializzata. La documenta- 
zione é ampia ed accurata ed il volume 


LIBRI RICEVUTI E RECENSIONI ulis) 


é arricchito oltre che da numerosi schemi 
e diagrammi anche da disegni costrut- 
tivi e fotografie di parti di circuiti. 


Ay Evi 


G. Lupwic — Die Grundlagen der Quan- 
tenmechanik; Ed. Springer-Verlag 
(Berlin — Géttingen — Heidelberg, 
1954), pag. 460 (fig. 52). 


Questo trattato si differenzia fra 1 
numerosi sullo stesso argomento che sono 
stati pubblicati in questi ultimi decenni 
per Vintento di presentare la teoria 
quantistica nei suoi fondamenti mate- 
matici e di dare una visione unitaria e 
coerente dei concetti che stanno alla 
base della sua interpretazione fisica. Ed 
effettivamente il pregio maggiore del- 
Yopera del Ludwig consiste nell’aver 
saputo realizzare un’innegabile armonia 
fra lapparato matematico e la struttura: 
fisica della teoria. 


Naturalmente questo risultato ¢ stato 
conseguito non Senza sacrifizi: senza 
dubbio la lettura del libro risulta tal- 
volta un po’ pesante, specialmente per 
chi Vaffronta senza essere dotato di una 
adeguata preparazione matematica. 

Per questa ragione noi ne consigliamo 
lo studio, onde trarne un utile profitto, 
solo a chi ha gia seguito un buon corso 
universitario di fisica teorica. 

La materia, distribuita in dodici ca- 
pitoli, comprende Vordinaria meccanica 
quantistica (esclusa la teoria dei campi), 
presentata dal punto di vista della teoria 
delle trasformazioni, seguendo un proce- 
dimento assiomatico. Le rappresenta- 
zioni di Heisenberg, di Schrodinger di 
interazione sono illustrate come applica- 
zioni della teoria generale precedente. 

Particolarmente interessanti, per la 
densita di concetti di cui sono permeati, 
i capitoli V e VI relativi all’esame dei 
processi di mista e del modello di uni- 
verso che scaturisce dalla teoria quantica: 
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consigliamo lo studio di detti capitoli 
anche ai cultori pit seri e pit preparati 
di filosofia della Scienza. 

Vogliamo pero osservare come, nono- 
stante la preoccupazione dell’Autore di 
fare un’opera rivolta a presentare in 
modo critico i fondamenti della teoria 
dei quanti, numerose siano tuttavia le 
applicazioni a problemi pratici (spettri 
di atomi a uno o pit elettroni, intensita 
e regole di selezione per le righe spet- 
trali, problemi d’urto, spettri molecolari 
e legame chimico, ecc.). 

In due appendici matematiche sono 
infine presentati, in modo succinto ma 
-scevro di qualsiasi faciloneria, i fonda- 
menti dello spazio hilbertiano e della 
teoria dei gruppi con particolare riguardo 
alle loro rappresentazioni. 

Perfetta si puod dire la veste tipo- 
erafica, come @ tradizione del resto della 
casa Springer. 

Coneludiamo consiglando la lettura 
accurata del libro del Ludwig in modo 
particolare a tutti i nostri giovani lau- 
reati che intendono dedicarsi allo studio 
della fisica teorica col désiderio di com- 
prenderne i fondamenti logici e non sol- 
tanto di farne applicazioni piu o meno 
interessanti a problemi di attualita. 


P, CALDIROLA 


K. BECHERT — Theorie des Atombaus: 
(17 e 2 parte, 2 volumir formato 
piccolo), Walter de Gruiter & Co., 
Berlino, 1954. 


Questi due volumetti di 148 e 170 pa- 
gine fanno parte (III e IV tomo) del 
trattato Atomphysik di K. BrCcHERT e 
CHR. GERTHSEN (34 edizione rifatta) edito 
dalla Walter de Gruyter (Berlino 1954) 


nella collezione tascabile Sammlung 
Goéschen. 


Malgrado il piccolo formato e la 
minutezza del carattere tipografico, si 
puod propriamente parlare di « trattato » 


per la scelta degli argomenti, la com- 
pletezza e la chiarezza_ dell’esposi- 
zione. 

La prima parte, che puod considerarsi. 
una introduzione alla meccanica quan- 
tistica, comprende i seguenti capitoli. 

Le Relazioni di Indeterminazione - la- 
Teoria di Bohr - il Prineipio di Corri- 
spondenza - la Meccanica Quantistica - 
VAnalogia Ottica - Meceanica - Semplici. 
Esempi di Meceanica Ondulatoria - Rela- 
zione tra Caleolo degli Operatori, Mec- 
canica Quantistica e Meceanica Ondula- 
toria - lAtomo di Idrogeno. 

Gli argomenti di carattere generali. 
esposti nei primi capitoli sono illustrate 
da numerosi esempi di applicazione della 
teoria dell’atomo, talehé il lettore, a 
giustificazione del titolo del volume, é 
ragguagliato oltre che sui fondamenti ed 
i meftodi della meccanica quantistica, 
anche sullo spettro delvatomo di idro- 
geno, sulla struttura a « shell » dell’atomo,. 
sui potenziali di ionizzazione, sullo spet- 
tro dei metalli alcalini, sugli spettri. 
Rontgen caratteristici, sull’effetto Auger,. 
sulleffetto Zeeman, ece. 

Il secondo volumetto della Theorie 
des Atombaus tratta dei seguenti argo- 
menti: 

Atomi con 2 Elettroni - Perturba- 
zioni indipendenti dal Tempo - Teoria. 
dell’Urto - Momento Angolare delle Par- 
ticelle atomiche - lo Spin dell’Elettrone 
nella Meccanica Ondulatoria - Molecole 
- Perturbazioni dipendenti dal Tempo,. 
Diffusione della Luce, Effetto Fotoelet- 
trico - Teoria dell’Elettrone di Dirac. 

Il lettore trovera anche in questa. 
parte dell’esposizione numerose applica- 
zioni della teoria al calcolo dettagliato- 
di specifici effetti. 

Oltre ai pregi gia menzionati, che 
giustificherebbero ampiamente una edi- 
zione pitt costosa dell’opera, va lodato- 
il proposito di mettere nuovamente alla 
portata di numerosi lettori, tramite 
questi economici manualetti, i metodi e 
le applicazioni della meccanica atomica. 


S. GALLONE. 


; 


——— 


K. M. Cass, F. De Horrmann e G. 
PLACZEK — Introduction to the 
theory of neutron diffusion; vol. I, 
pag. viit+174, Los Alamos, Giu- 
eno 1953. 


La teoria elementare della diffusione 
dei neutroni ¢ trattata in varie pubblica- 
zioni recenti, in connessione con il pro- 
blema della costruzione dei reattori nu- 
cleari. La letteratura sulla teoria non ele- 
mentare di diffusione dei neutroni ¢ in- 
vece gparsa ed ha carattere altamente 
specializzato. 

Si sentiva cosi la necessita di un libro 
che servisse di base per un pili approfon- 
dito esame della letteratura esistente. 
Questo é lo scopo che si prefiggono gli 
autori del presente libro, basato su una 
serie di lezioni tenute da G. PLACZEK nel- 
Vestate del 1949 all’Universita di Cali- 
fornia a Los Angeles. Per accorgersi 
come lintento sia riuscito basta dare una 
scorsa al piano della monografia. Nel capi- 
tolo I e II si cerca di familiarizzare il 
lettore con i problemi della diffusione 
trattando il caso molto semplice di sor- 
genti nel vuoto e quello un po’ piu com- 
plicato di un mezzo semplicemente as- 
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sorbente. Nel cap. III viene introdotta e- 
discussa l’equazione del trasporto per 
neutroni monocinetici senza fare la re- 
strizione usuale di mezzo non moltipli- 
cante. L’abbandono di questa restrizione, 
rende anche pit interessante nel cap. [V 
la dettagliata risoluzione di problemi 
standard come quello del mezzo infinito 
senza sorgente, o con sorgente puntiforme 
0 piana, isotropa e non. Nel cap. V infine 
vengono introdotti dei teoremi che ri- 
conducono la soluzione di problemi in 
mezzi finiti a quella di mezzo infinito. 
In particolare viene risolto il problema 
di Milne generalizzato a un semispazio 
con proprieta moltiplicanti. 

La rimanente parte del capitolo, di 
noteyole interesse perché dovrebbe af- 
frontare in particolare il problema della 
criticitad di mezzi finiti, 6 rimandata al 
volume II. 

Al pregio di rigore matematico e chia- 
rezza con cui é esposta tutta la materia 
del volume, va aggiunto il fatto che di 
ogni problema é presentata la risolu- 
zione numerica riassunta in moltissime 
tabelle e grafici, che rendono il libro di 
notevole utilit& per le applicazioni pra- 
tiche. 

U. L. BUSsINARO 
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